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NUMERICAL SOLUTION OF AN IONIC FOKKER-PLANCK
EQUATION WITH ELECTRONIC TEMPERATURE*

C. BUETT, S. DELLACHERIE!, AND R. SENTIS?

Abstract. We describe a numerical scheme for dealing with an ion/electron collision operator of
the Fokker—Planck type; for that purpose, we introduce the notion of the entropic average of two pos-
itive quantities. This scheme has the property to be entropic in the sense of Boltzmann’s H-theorem
under a CFL criteria. Moreover, we prove that the solution of the semidiscrete scheme converges
towards a unique Maxwellian equilibrium state when the time grows. Numerical applications are
given and show that our scheme is more precise than the classical Chang—Cooper one.
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Introduction. In hot plasmas such as the plasmas of microballs in the inertial
confinement fusion framework (see [1]), the characteristic length of variation of hydro-
dynamic quantities may be of the order of a micrometer, but when the temperature
arises up to some KeV, the mean free path of the ions may be greater than a microm-
eter. Thus, to simulate the behavior of such a plasma, it is necessary to study the
kinetic models of the evolution of ions coupled with an electronic population which is
assumed to be Maxwellian. Before writing the relevant kinetic model, we recall the
most simple fluid model for hot plasmas which is called two-temperatures Fuler equa-
tions (in what follows, we assume that there is only one ionic species whose atomic
mass is m, the ionization level being Z):

(0.1) %z\wvw A(NT) =0,

0.2) %(mwﬁ) 4V, (mNT @ T)+ Vo(NT+P.) = T,
(0.3) % (ZNT) +V, <ZNTU)) +NTV, - U =3QN(T. - T),
(0.4) O e /(1) + V. - [ET)T] + PV, - T = 30N(T — T,),

ot

where N, U, T, and T, are, respectively, the ionic density, the ionic macroscopic
velocity, the ionic temperatures, and electronic temperatures. &.(Te.) = %ZN T, and
P, = ZNT, are the internal energy and the pressure of the electrons. 2 < 0, defined
with (4.1), is the collision frequency and is of the form = N - Qg, where Q¢ depends

continuously on NV and T 3/2 (see [2], [3], or [4]). For the numerical treatment of this
macroscopic model, see [5] and [6]; for the physical analysis of this model and the link
with a two fluid model, see, for example, [3].
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1220 C. BUET, S. DELLACHERIE, AND R. SENTIS

The kinetic model. Now we are concerned with the kinetic model. The ionic
distribution f = f(t,z,v) (r € R® and ¥ € R?) and the electronic temperature
T.(t,z) are solutions of

(0.5) %f +T - Vaf - VA";W]} Vof = B(f) + 5(f),
(0.6) D6.(1) + V. (6T )+ PV, T = =202S(1))

We have set (o) = [ dT and we define N, U by
N=(f), NU={7).

The Fokker—Planck operator S(f) is a model describing the collisions of the ions
against the electrons and is defined with

07) SUNT) =09 (T = T)f + 5901

B(f) is the classical quadratic Landau operator (see [2], [3], and [4]). On the origin of
the system (0.5) and (0.6), see [7] and the references therein; for a mathematical ap-
proach, see [12] and [13]. For some general features related to its numerical treatment,
see [7] and [9] (in the stationary case).

The numerical solution of the overall system (0.5) and (0.6) can be done with a
finite difference method in the phase space (z, @) with a splitting in five stages:

(1) resolution of 2 f + ¥ -V, f = 0 with an upwind scheme with respect to the
x variable;

(2) resolution of the ion/ion Fokker-Planck operator, i.e., we solve 2 f = B(f).
For example, see [11], [14], [16], and [18] for a conservative and entropic scheme (and
[17] in the isotropic case);

(3) resolution of % =
variable;

(4) resolution of the Fokker-Planck operator S(f), i.e., we solve

Nm

-V, f with an upwind scheme with respect to the 7

0
(0.8) ;
5 =~ (WS

(5) resolution of the remaining part of the electronic energy equation.

In this paper, we describe only the fourth stage, which is the most technical.
Thus, we introduce the notion of entropic average which allows us to build a numerical
scheme with very strong convergence and stability properties. To our knowledge, even
the classical Chang—Cooper [8] numerical scheme does not realize all these properties
(see also [9] and [10]).

Plan of the paper. In section 1, we give the main properties of the kinetic
system: We check that there exists an entropy which is the sum of an ionic part
equal to (flog f) and an electronic part. This entropy is decreasing with time, and
we check that if f is a Maxwellian function, the first three moments of (0.5) yield
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the two-temperatures Euler equations. Section 2 is devoted to the introduction of
the entropic average and to the analysis of a semidiscretization of the system (0.8)
with respect to the velocity variable: the entropic average allows us to build a scheme
whose discretized distribution f converges in large time t to the projection on the
velocity grid of a Maxwellian distribution, properties which are not shown with other
schemes as those described in [8] and [10].

In section 3, we describe the full discretization of the system (0.8): first, we
build a positive and entropic explicit conservative scheme under a classical C'F'L
criteria, and second, we build a semi-implicit conservative scheme which preserves the
thermodynamical equilibrium. Finally, in section 4, we give numerical results which
show that our scheme is more precise than the classical Chang—Cooper one (cf. [8]).

1. Preliminaries. Let us remark that even with a constant 2, the operator
S(f) is not a linear operator with respect to f. Indeed, U depends on f and we can
write

SUWW=QNWLﬂ?—WMWHﬁWW+/ﬂWMﬁﬁWﬂ~

Let us define the Maxwellian

- N m(v - U)?
Mﬁ,T(U): 573 OXP l()

(27T /m) 2T

We can write the operator S(f) in the Landau form

(1) s = 02w, - [ro0s (smy, ).

We do not emphasize in this paper the domain of the operator S(f), but we assume
in the following that f is a positive function belonging to L'[(1 + |7'|?)dv] and that
|7 2f(v) — 0 and |V'|?V, f — 0 when |7| — +o0.

For any f, we introduce an ionic temperature defined by

(1.2) 3NT = m{(7 — U)%f).

Using the properties
[ [@ = ws@swanas =,
m//?(? — W) () f (V) dmdT + NTE/WVdeW _SN(T-T),

we can check that the operator S(f) satisfies

(1.3) (S(f) =0, (S(NHv)=T, %<S(f)v2> = 3QN(T. - T).

Moreover, by using the Landau form and by assuming that f = 0 when |7'| — +oo,
we easily see that

(s (1105, ) 500) = 0% [ [ (1507, )]0
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and we get the following lemma.
LemMA 1.1. For all f >0 and T, > 0, we have

(14) (stryiog(£/vz ) <o.

Moreover, (S(f) log(f/Mﬁ . )) =0 if and only if f = MU) .
We know that the oper’a‘50r B(f) conserves the mass, the momentum, and the
energy and we have (B(f)log f) < 0. Thus

(15) (B(f)10g (/M5 )) <0.

Lemma 1.1 with (1.5) gives the following proposition.

PROPOSITION 1.2. Let f and T, be solutions of (0.5) and (0.6) with T, smooth
enough with respect to the variable x. Then we have the relation of the decay of the
entropy

9
ot
(1.

((flog f) + He)+Vy- ((Wflog )+ U}He) <0, where M,= ZNlog(NT.3/?).
6)

Proof of Proposition 1.2. Let us denote P, = m{f(v —U)® (v —U)). By taking
the two first moments of the kinetic equation (0.5), a classical calculus yields

0
5N+ Ve (NT) =0,
(1.7) %(mNU) 4V, - mMNU®U)+ Ve (ZNT.) +V,- P, = 0.
Now, using the classical relation
0 0
(1.8) —(Nw)+Vy- (NwU)=N(—w+TU - Vw ),
ot ot
which is valid for any w, we get
(1.9) N(;(Nlnﬁ.vxuvl)) -V, -U =0,
mN (aatﬁ‘f'ﬁv;vﬁ) +va: (ZNTQ)‘FV;E ﬁ: U)

If we multiply the kinetic equation (0.5) with mv?/2, we get

(1.10) m% <U;f> +mV, - <?”22f> + T -V, (ZNT,) = 3QN(T, - T).

(i) The electronic entropy. According to (0.4) and (1.8), the electronic energy
balance equation may be written as

3 (T, 90
2<8t +U)~VxT@>+TeVon)3Z(TTe).
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Thus

9 - B Q(T.—T)
Z1og(NT3/2Y 4+ T -V, log(NT3/2) =3¢ 7/,
at Og( e )+ vﬂ? Og( e ) 3Z Te I

that is to say
OH. T.-T)
(1.11) 5t Ve (UH.) —SQNT.

(ii) The ionic entropy. According to Lemma 1.1, the inequality (1.5), the relation
(B f + T - Vauf) =0, and the relation (V, f) = 0, we see that

<<logf+ ZW;W) 2 >+<<logf+ ’;“7:;5))2) v, (f7)> <.

Since ( % log f)+ (f7 - V,log f) =0, we get

e e s < - (550) (v The) v ()

On the other hand, we can notice that

m<<7.ﬁ;f>+<(7.ﬁ)vm.(f7)>) - [ﬁ QHNT)+ T - ( ﬁ@v)ﬁ
=T- [at(mNﬁ) +V, (mNT ® U’)]
+U -V,P,
However, according to (1.7), this last expression is equal to
~TU V,P,~TU -Vi(ZNT.)+ U -V, P, = ~U - V,(ZNT.).
By gathering the previous relations and (1.10), we get

(T — Te)

e

10 )+ Vi (7 log f) < 30N

which, by adding (1.11), gives the result. 0

Remark. If the ionic distribution function is Maxwellian, we have ? iNT and,
according to (1.10), we obtain

(;+v (ﬁ)) (2NT+NIU)|2)+WV (ZNT.)+V,-(UNT) = 3QN(T.~T).

Thus, according to (1.7), we see that (0.3) is satisfied. Then, N, U, T, and T, satisfy
the fluid system (0.1), (0.2), (0.3), and (0.4).
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2. Semidiscretized scheme for the ion/electron Fokker—Planck opera-
tor. For the sake of simplicity, we shall consider only the monodimensional Cartesian
case; that is, f depends only of t € Rt and v € R. Then, &.(T,) = %NTE and 3NT
has to be replaced by NT in (1.2) and the system (0.8) becomes

21=5(f),

3@ (NTG) = QN(T*TG)

t

(2.1)

SN

with
5() =0, |- 0+ 1-0,1]

We will study discretization in velocity only (semidiscretized model). We use a dis-
cretization of R by a finite difference grid {v;} (j € {1,..., jmaz}) and Av = v 11 —v;
is constant. Let us note f;(t), the evaluation of f(t) at the point v;. From now on,
we set

(T) =Avd 0,

Let us recall that, in the continuous case, the collision operator S(f) verifies the
conservation properties (1.3), which implies in the homogeneous case that ;N = 0
and 0,U = 0; these properties will have to be verified in the discretized case (which
will be verified; see Proposition 2.2).

2.1. Definition of the semidiscretized scheme and preliminary results.
Boundary conditions in the general continuous case for a compact veloc-
ity domain. Since we will consider compact velocity domain V' for the numerical
applications, we briefly study the boundary conditions that we have to impose in the
general continuous case to verify again the conservation properties (1.3) when the
velocity domain is compact. The first consequence is that we cannot say that f and
V., f are equal to zero on the frontier §V of the compact velocity domain and, then,
we must give new boundary conditions even for the general continuous system; for
this one, in order to ensure the mass conservation, the best boundary conditions are
the Robin ones

(2.2) (T - T)f + %va ~ T when T coV.

And, to ensure the momentum conservation, we have to define the macroscopic ve-
locity U with

T J, T f(v)dv

(2.3) i + 6T,
where

w = 7T€ v
(2.4) 5 TWBf@MUAVf<M?,

ds being the measure of V. And, due to the corrective term 67, it is easy to verify
that

(2.5) /V m 2 S(f)dv = Q- (T. ~T) - /v Fv)dv
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(d is the dimension of the velocity space V) with

T e /v(? _ T2 f(0)dv + 6,
(2.6) Y
=T v — v .
ot = | w=0rwas

d-fv fe(v)dv

We will use this remark at the discretized level when j = 1 and j = jinqee- Indeed, we
define the following numerical scheme with the following discrete boundary conditions.

Statement of the semidiscrete scheme. For initial conditions f° and T2, we
consider the following scheme:

aifi = S(f); Vi€ {1, . dman} : £5(0) = 9,
(2.7) N

%8t(NT€) = Q(NT_NTe)a TE(O) :Tgv
with

(&

Q - ~ ~ QT.
S(f); = Ao [(”j+1/2 = U)fjt172 = (Wjm1y2 = U) fi-1)2 +m(ajfj+1—bjfj+cjfj—1)

(2.8)
and
N ={f),
N = Z Fis1/200,
J
(2.9) U= Zvj+1/2fj+1/2A’U/N + b,

J

NT = Zm(vj+1/2 - ﬁ)2:fvj+1/2Av + N - 6t.
J

E+1/2(t) is an appropriate average of f;(t) and f;41(t): we will see that we will use
the entropic average (see Definition 2.1) to define this average.

6T and 6t are corrective terms necessary for the conservation of momentum and
energy, knowing that the distribution f is not always equal to zero on the boundary
of [v1,vj,..]. These terms are defined in the following way:

(fjmax - fl)a

ou =

T
mN
o= [fjmx (Uj,nax+1/2 - 17) + fi (f] - U1/2):|.

Let us remark that (2.9) and (2.10) are the discrete versions of the relations (2.3),
(2.4), and (2.6) (see the proof of Proposition 2.2 for a justification of these formulas).
From a practical point of view, we can say that when |vi| and |vj,,, .| will be

large enough, these corrective terms will be very small since the distributions {f;}
converge to the projection of a Maxwellian distribution on the velocity mesh {v;}

(2.10)
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when ¢ goes to infinity; see Theorem 2.8. Then, it would be possible to forget them
for the numerical applications.

Discrete boundary conditions. To take into account the Robin’s boundary
conditions (2.2) at the boundary of the velocity domain V = [v,v;,,,.], we set

a; = 1if j # jmax,

by =2ifj € {2, .., jmax — 1},
(2.11) c;j=1ifj#1,

by =0b;...=landa; =c =0
and
(2.12) F1/2 = Fiuwerr/2 = 0.

Now, we introduce the entropic average.

DEFINITION 2.1. The entropic average f of two strictly positive quantities x and
y is defined by

z—y .
~ log x—logy fo ;é Y

f=

T otherwise.

By continuity, we extend this definition by setting ]7: 0ifx=0o0ry=0.
Notice that for any smooth and positive function f, we have
flv+Av) - f(v) 2
v+ Av/2) = + O(Av?),
g /2) log f(v + Av) — log f(v) (Av%)
which makes the discretized operator (2.8) of second order in velocity space.
Preliminary results.
PRrROPOSITION 2.2. The conservation laws

(5(f)) =0,
(S(f)) =0,

N

m(%S(f)) = QNT. — NT)

2

are verified. Thus, N = (f), NU = (vf), and m(%ﬁ + ZNT. do not depend on
t.
Proof of Proposition 2.2. The first relation comes from

9 -~ .
(S(f) = Ao [(UjmxH/Q - U)fjmax+1/2 - (U1/2 - U)f1/2}

QT Jmax Jmax—1 Jmax Jmax—1

+mAv2 ij— Z fj—ij-F Z fi|l =0.
J=2 j=l1 j=2 j=1

We also have

Jmax

o Or,
(wS(f)) =-Q Z(Uj—i-l/Q —U) fjr1280 + 2 (f1 = Fimax)
j=1

m

Jmax

N 7 0T,
= Qéu Z fj+1/2A'U + ?(fl - fjmax) =0.

J=1
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For the variation of the ionic energy, we obtain

B U2 Jmax -~ ~
O 'm <2S(f)> == 2 mlvipr2 = U)vsiryafjan2Av

j=1

Jmax Jmax —

1
- T Z fjvj—1/2 - Z ijj+1/2
j=2 j=1

Jmax

== m(vjr172 = Dvjgryafiiajpio
=1

Jmax—1
- Te fjmaxvjmaxfl/2 - f1v3/2 - Z f]A’U
Jj=2
Jmax o .
- Z m(vj41/2 — U)ij+1/2Av +mNUbu
j=1

= T (fmaxVimant1/2 — J10172 — N)
= (NT. - NT). O

Now, we introduce the numerical entropy

ZN
H(f,T.)=(flog f) — TIOgTe

and the Maxwellian

_ T2
M-~ o= m(v—U)

(0,1) = ——
v, ————exp | —
U.Te V21T, /m P 2T

associated with (f,T.). Using the fact that

(2.13) (W*S(f)) = (v =U)*S(f)),

we can show that

(2.14) %H(f,Te)ﬂS(f)logf)*w <S(f>1°g (Mf >>

T. U,T.

This is still true by defining };'4_1 /2(t) in another way, but the entropic average allows
us to have the following results.
LEMMA 2.3. For all strictly positive f;(t) and Te(t), we have

or, | -~
(2.15) S(f) = WTUQ fi+1/2 |log (Mf ) — log (M]: )
j+1 J

U,T.

7 / /
*fj—1/2 log ( — log
MG,TE j 1\/1[’7,'1"e j—1
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and

2
0 QT ~
(2-16)5H(f7 T.) = ) ij+1/2 log <le> —log (Mf ) <0.
J+1 J

U,T. U,T.

This lemma shows that there is equivalence between the convection-diffusion form
(0.7) and the Landau form (1.1) of the discretized Fokker—Planck collision operator
and that the semidiscretized scheme is entropic: these strong properties, due to the
definition of the entropic average, are essential to obtain the convergence results in
the next paragraph.

Proof of Lemma 2.3. The first point comes from

mAv ~

(217) log(Mﬁ,TC )j+1 — IOg(MU,TC )j = —?(qurl/g — U)

The second one comes from the first point and from (2.14). 0

And now we can show the following result.

PROPOSITION 2.4. For all strictly positive initial conditions, the semidiscretized
scheme defined by (2.7) and (2.8) has a global positive solution and

inf  T.(t) > 0.
te[0,4o00]
The proof of Proposition 2.4 is in the appendix.
COROLLARY 2.5. There ezists a constant H* such that
: _ o0
dim H(f,T.) = H*.

Proof of Corollary 2.5. A direct consequence of Proposition 2.4 is that H(f, T,) is
well defined on [0, +00[. By applying Lemma 2.3, we see that H(f,T.) is a decreasing
function. Since the scheme conserves the energy, T.(t) is bounded from above, which
implies that H(f,T.) is bounded from below on [0, +o00[ since x +— zlog z is bounded
from below on [0, +oo[. Therefore, H(f,T,) has a limit H>* > —oco when ¢ goes to
infinity. a

2.2. Convergence of the semidiscretized scheme toward an unique equi-
librium. Now we define the numerical equilibrium state f7° which is a projection of
a Maxwelian distribution on the discretized velocity grid {v;}.

DEFINITION 2.6. The numerical equilibrium state f7° is defined with

M-~ (v;)
Uoo, Too\"]
(2.18) fP=N.—2e
J M. )
where
N m(v — U>)?
2.19 M-~ V)= ———=exp |———— |,

knowing that ((7°°,Teoo) is a solution of the nonlinear system

ﬁ ’ <UM500’TEOO> = (vf?),

Uoe, oo

oo oo
Do e Uee,Ts
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. _ _m(va)2 Av .
Let us notice that (My,r) = N _; exp] 57 Nera is not exactly equal

to N according to the discretization errors.

We can now state the following result.

PROPOSITION 2.7. For all strictly positive initial conditions,

(i) the semidiscretized scheme defined by (2.7) and (2.8) ensures that there exists
a subsequence (ty) such that the functions f;(ty) converge to the equilibrium state I3
given by (2.18);

(ii) any solution (U, T) of (2.20) satisfies

Vi H(f*,T) < H(f,T.);

(iii) the system (2.20) admits a unique solution.

The proof of Proposition 2.7 is in the appendix.

Now we write the main result of this section.

THEOREM 2.8. For all strictly positive initial conditions, the semidiscretized
scheme defined by (2.7) and (2.8) ensures that

(i)
lim fj (t) o0

t—+o00 i
(ii)
lim T.(t) =T,

t——+oo

where f7° and T2 are given by the unique equilibrium state defined with (2.18), (2.19),
and (2.20).
Let us remark that

and that
o 70 + ZTB
c T 14z

where NT%=((v — UO)2 1O).

Proof of Theorem 2.8. We know that H(f,T,) has a limit (see Corollary 2.5) and
that H(f,T.) is bounded from below by H(f°°,T>°) (see point (ii) of Proposition
2.7). Then we can write

thI-F H(f,T.,)— H(f*,T>°)=a>0.

On the other hand, using point (i) of Proposition 2.7, we can say that there exists a
sequence (t) such that

i : = f>®
tkl_l)r};_loof](tk?) f] .

Then, for the sequence (ty), we also have

lim  H(f,T.)(t) — H(f*,T®) = 0.

tr—+o0
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Then, a = 0; that is,

(2.21) lim H(f,T.)(t) — H(f*,T) = 0.

t——+oo

However, the Csiszar-Kullback inequality (cf. [21] and [22]) allows us to write that

b= 1 <2 g ()

and

M

U ,T. MEN,T:O

/M 10g< Uee T)dv.
U°°T°°

Then, by applying Lemma A.1 (see the appendix) with the limit (2.21), we obtain

lim HfJ fj‘?OHll:O

t——+oo
and
N S
this last limit showing that lim; 4 Te(t) = T5°. |

3. Fully discretized scheme. Let us denote by a superscript n the values of
the various variables at the time " and let us define the time step At = ¢"+!1 —¢»,

3.1. Time explicit scheme. We define the following explicit scheme:

AT =) =S,

(3.1) —n
& [F (T - 2(NT)"] = on(NT" - N
with
n Qn TN fn rTny Fn
S(f"); = [(Uj+1/2 -U )fj+1/2 - (Uj—1/2 -U )fj71/2
QTL TL n n
(32) + mAv 2(01_7 41 bfj +ijj—1)'

f:+1/2 is the entropic average of fI' and f}; (see Definition 2. 1)' aj, bj, and ¢;

are given by (2.11); and we set f1/2 = meXH/Q =0. U" and NT " are defined by
(2.9); and Q™ is evaluated with the values known at time ¢". We obtain the following
conservation relations.

PropoSITION 3.1. The conservation laws

(frh)y = ().
(ufrrh) = (f"),

m(%fn+1> _ m<§f"> = AtQ"(N"T? — ﬁn)
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are verified. Thus, N* = (f") = N, N"U" = (vf") = NU, and m(%f") +
ZNTr = 5(T° + ZT?) do not depend on n.

That is, the scheme conserves the mass, the momentum, and the energy, which is
consistent with (1.3). Let us note that the equation for the electronic energy can be
written in the following way:

20" NT"
n+1 _ m o n
(3.3) T =17 (1 At~ )+2AtQ Fant

Positivity and conservation of the equilibrium state. Now we show that
the time explicit scheme defined by (3.1) and (3.2) is positive under a CFL criteria
and verifies a discrete version of the H-theorem. We set

m Av? Z

4 A= . d At =2
(34) T T TN 27 90m

with

IM" = max [Mﬁ"aTQ»J‘iI]
J Mz 10 5

(where j and j+1 € {1,..., jmax}). Let us recall that

N m(v; — Un)?
—  exp|ond
\2rT /m 21

that £ is defined by (2.18), and that (U, T°°) is the unique solution of the system
(2.20).

We have the following result.

Mﬁn,T:,j -

9

PRrROPOSITION 3.2. For all strictly positive initial conditions, the explicit scheme
defined by (3.1) and (3.2) preserves the positivity of f;”rl and TP and verifies a
discrete version of the H-theorem

(S(/")og(f" /Mg, 1)) <0
under the CFL criteria
(3.5) At < min(At}, Aty).
Moreover, we have
fr=F% and T} =TF>0 <= [f"T'=f" and Vj:f!'>0, T} >0.

The proof of Proposition 3.2 is in the appendix.

The decay of the entropy. Now we show that the scheme is entropic, that (T2") is
bounded from below, and that the time step At does not vanish in finite time under
a very weak hypothesis. We set
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At”—At"-%- 1 and At"—lAt"
37T g 4 an 4T T

max

n o _ £
h] o = Mmaxg <M~ > ,
untr /) g

h ., = ming (Mf ,
unTe /g
o — L. maxy, (v —U™)*
Tz (Tg/m)>

and
ZN
H" = (f"log f™) — - log T}

PROPOSITION 3.3. For all strictly positive initial conditions, the scheme defined
by (3.1) and (3.2) verifies the inequality

H(f>,T°) <H'™ < H"
if we have
(3.6) At < min(Aty, At}).

The proof of Proposition 3.3 is in the appendix.
COROLLARY 3.4. For all strictly positive initial conditions, and under the CFL
condition (3.6), we have

infT)' >0,
n
and there exists a constant H° such that

lim H" = H*™.
n—-+4oo
Since inf,, T}* > 0 (see Corollary 3.4), we also have inf, At} > 0. However, we do
not have inf,, At§ > 0 because this property is related to the property infj)n(f]”) >0
which seems to be difficult to obtain. (This lower bound would prove that the explicit
scheme converges to the equilibrium state f° given by (2.18).) However, we have to
check on the numerical experiments that the coefficient At} does not vanish.

3.2. Time semi-implicit scheme. Despite its good behavior, the explicit scheme
is expensive since the CFL condition is in Av2. This leads us to implicate the diffusive
term. Then, we define the semi-implicit scheme as

A= 1y = S(f Y,

(3.7 mt1)2

&[Sy = (V| = en (VT - N

with

n

n gn Q rrn m rrn m
S = xg [(Uj+1/2 UMY s = (01, = U +1/Q)chel/z}
Qnrr

(3.8) A

+1 +1 +1
(ajfi0 = b fi + i fi7).
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As in the explicit case, f /2 is the entropic average of f;" and fl'; a;, b;, and

¢; are given by (2.11) and we set f1/2 = fjmx+1/2 =0. In (3.7) and (3.8), U"+1/2

+
and NT & (defined with (2.9)) are semi-implicit only through the corrective terms

Su™t1/2 and §t"+1/2 defined with

~ 54 1
St = e (fi —

)

)

ST = [ (v, 1o = U7 2) 4 bt (D012 2wy )

max

However, for and only for the numerical applications, we will neglect the corrective
~ ~ ~ ~entl/2 . .
terms 6a"*+1/2 and 67°+1/2, and then U"/2 and NT / will be completely explicit.
We obtain the following conservation laws.

PROPOSITION 3.5. The conservation laws

(frh) = (M),
(3.9) (vfr*h) = (uf™),

’U2 n ’U2 n n n mn ’I’L+1/2
m(Z frly —m(2 ) = AtQR(NTTE — NT )

are verified. Thus, N* = (f*) = N, N*U" = (vf™) = NU, and m( L UW f")
ZNTr = 5(T° + ZT?) do not depend on n.

That is, the semi-implicit scheme is also totally conservative and consistent with
(1.3), and the discrete temperature equation for the electrons has the same form as
the explicit scheme (3.3); that is,

" —~—n+1/2

2Q)
n+1 __ gmn _ n
Tt =77 (1 At= >+2AtQ _

Conservation of the equilibrium state by the semi-implicit scheme. For this scheme,
we cannot prove an H-theorem since we cannot obtain a formulation of S(f", f**1) j
equivalent to (A.9). However, we have the following result.

PROPOSITION 3.6. The scheme defined by (3.7) and (3.8) preserves the equilib-
rium state; that is,

fr=r% and T!=TX>0 <= ["T'=f" and Vj:f]'>0, T, > 0.

We recall that f*° is defined by the relation (2.18).
Proof of Proposition 3.6. Let us assume that

fr=C-Mp. po and TP =T

Then, as for the proof of the relation (2.15), we get

n+1
VAL (fH - OM L),
Qe
mAv2

= At aj(f"'H CM~ )]+1 - bj(fn+l OM~ )j

Uee,Toe Uoe,Too

+ Cj(fnJrl CMZ}oo T’-’C) —1
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with C = ﬁ Since the diffusive matrix D (see (2.11)) is diagonally dominant,
U, 1ge

7 + At - D is definite positive, which necessarily shows that

e

Now, by assuming that f"*! = f" we can apply the equality (A.11) and we get
DS )i log(f /M 1 )7
J

- mAv2 Z Ty [log(f/MU 7)1 —log(f /Mg )} =0,

which shows that there exists C' such that

fr=C M~

Un,Tr
since, by hypothesis, f]n+1/2 > 0 and Q"I > 0. To conclude, we have to say only
that the solution of the system (2.20) is unique (see point (iii) of Proposition 2.7)
and that MUn o is a solution of the system (2.20) since the scheme is conserva-
tive. |

On the positivity of the semi-implicit scheme. We can remark that the semi-

implicit scheme realizes a splitting between the convective and the diffusion parts of
the operator. Then, by neglecting the corrective term 6§u"*/2, we can formulate it as

1

an rTny £ rTny F1
~ (@512 =T F a2 = @512 = U F o]

= =5

discretization of

(3.10) O f =00, [(v—-U)f],
and
1 n n QnTe n n n
AT T = s b 5,
discretization of
(3.11) O f = 0T Op2 f.

It is clear that f;lﬂ/z >0 = f}”rl > 0 for any time step At since the inverse of a
diagonal dominant matrix is a positive matrix. The difficulty arises for the convective
part since we have to find a criteria At < At" such that f' > 0 = an/Q > 0.
Such a criteria with At™ not going toward 0 can be found only if inf; ,,( f") is strictly
positive. In our case, we can expect only that we would have inf; ,,(f}') > 0 thanks to
the smoothing effect of the diffusion operator, knowing that the solution of (3.10) is a
classical Dirac measure when ¢ goes to infinity; the numerical results seem to confirm
this fact.
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4. Numerical results. We test the numerical semi-implicit scheme. In the
following test cases, the collision frequency {2 is given by (see [2], [3], or [4])

4 — JmeNZ% log A
(4.1) Q= oy fop VT2 € 083
3 ng’/Q

where log A is the Coulombian logarithm which is supposed to be a constant and equal
to 10. We recall that the numerical entropy is defined by

ZN
H(t) = (flog f) — 71OgTe~

We introduce a CF L number equal to

mAv?

It is related to the discretization of the diffusion operator and then to the theoretical
time step At} given by (3.4). Moreover, we take

T0
Vjpax = —V1/2 = 54/ == with T? = 2 KeV
m

1 T9
Av=— /=%,
10 m

that is, jmax = 100 (except for the test case 3 also tested with jyax = 10). Then, we
can rewrite the variable CFL as (when jyax = 100)

and

CFL 1
At=—"1
'="500

For the three first test cases, the results of our explicit and semi-implicit schemes
(i.e., by using the entropic average) are quasi-identical because the C'F L number is
close to 1. In the fourth test case, we show that the semi-implicit scheme allows us
to use very large time steps.

Test case 1. We consider the following initial conditions:

O = bi-Maxwellian centered and of temperature 7°,

T0 = 1 KeV,
T? =2 KeV,
UY=0

with

p/m =10* cm=3,
m = 2.5m,, (where m,, is the proton mass),
7 =9

and we take CFL = 1.7. We can remark on Figures 1, 2, and 3 that the relaxation
has a good behavior. We can also remark that when j,,x = 100, the entropic average
and the arithmetic average give very close results.
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Test case 2. To study the conservation of the equilibrium state, we now consider
a plasma whose initial conditions are

O = centered Maxwellian with temperature 70,

T° =1 KeV,
T9 =1 KeV,
o =0,

and we study the behavior of the scheme when fis defined by the entropic average, the
classical Chang—Cooper average (see [8]), the arithmetic average, and the harmonic
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average (used in [17]) with jmax = 100. Figure 4 shows that only the two first choices
of fpreserve the equilibrium state. _

Test case 3. To study more finely the difference between all choices of f, we
consider the following initial conditions:

% = centered Maxwellian with temperature T°,
T° =1 KeV,

TO = 2 KeV,

U%=0
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with

p/m = 10%2 cm—3,
m = 2.5m,, (where m,, is the mass of a proton),
Z =2,

and we take CFL = 1.7. We also remark on Figures 5-13 that these four averages
give similar results on a fine grid, but only the entropic and the Chang—Cooper ones
give good relaxation that trends to the right equilibrium state and positivity of the
solution. For jpnax = 10, we also verify that the scheme is entropic only for the entropic
(see Figure 11) and Chang—Cooper (see Figure 12) averages. Figures 5, 7, 11, and 12
show also that the entropic averages give results that are better than the ones given
by the Chang—Cooper average on a small grid.

Test case 4: Study of the time step. We can see in Figure 14 (see test case 3
for the initial conditions) that the semi-implicit scheme gives a good relaxation of
the temperature even when the CFL factor is large (we have taken CFL = 108).
However, we can also notice that for this test case, the value of the CFL factor to
ensure the decay of the entropy is about of an order of 20 (with jyuax = 100). For the
explicit scheme running on the same test case, the maximum CFL factor is about 1.7,
independently of the velocity step Aw.

All the results of these test cases show us that the explicit and semi-implicit
schemes using the entropic average allow us to simulate the ion/electron collision
operator well even on a grid with very large Av. Moreover, the semi-implicit scheme
accepts very large time steps.

5. Conclusion. To solve the ion/electron Fokker—Planck equation in Cartesian
geometry, we have proposed a numerical scheme of finite difference type based on the
entropic average, an average which is introduced in this paper (see Definition 2.1).
The semi-implicit scheme has been used in [19, Part 2, Chapter 4] for solving the
full kinetic system (0.5) and (0.6). This scheme may obviously be extended to the
dimension 2 or 3, and we have shown that it is a good alternative to the Chang—Cooper
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average: indeed, it always gives positive and precise solutions even on very coarse grids
(see also [19, Part 2, Chapter 4]) for hard numerical applications coming from the
inertial confinement fusion field) and it is simpler. Moreover, it is possible to recover
the results of this paper in axisymmetrical or spherical geometries (see [19, Part 1,
Chapter 4]), and the entropic average may also be used for the numerical treatment
of other kinetic operators of Fokker—Planck type (see [15] and [20])—for instance, for
the classical quadratic Fokker—Planck operator B(f) in spherical geometry which is
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defined by (see [11])

B =25 [ ()G )~ ) gL @) minw?, w2

Here, w is the square of the modulus of the velocity. In this framework, the entropic
average defines a scheme which is closely related to one of the schemes proposed in
[11] (see [15]).
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Appendix. Proof of Propositions 2.4, 2.7, 3.2, and 3.3.

A.1. Proof of Proposition 2.4. Let us remark that by applying the Cauchy—
Peano theorem (or the Cauchy—Lipschitz theorem), we can say that there exists a
maximum interval [0, T on which the semidiscretized scheme (2.7) and (2.8) admits a
strictly positive solution. (We recall that the initial conditions are strictly positive.)
Let us note that H(f,T.)(t) is defined on [0, 7] and that, due to Lemma 2.3, we have
H(f,T.)(t) < H(f,T.)(0) < 400 on [0,T]; then, since z — zlogz is bounded from
below on [0, +-o00[, we have inf,c[o 7 Te(t) > 0 (otherwise, lim; .p H(f,T)(t) = +00)
and, consequently, inf,c(o 7 Q(t) > 0.
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If T' < +o00, necessarily, 3jo/ lim;—1 fj, (¢) = 0 which implies that lim;_, 7 ijﬂ/Q(t) =
0. When limy_7 N(t) > 0, we have SUPyeo, 7 |U(t)| < +o0; and when lim,_p N(t) =
0 (ie., Vj : limy_p fjH/Q(t) = 0 which does not mean that Vj : lim,_ f;(t) = 0),
by continuity, we obtain lim; ,p ﬁ(t) = 0. Then, in each case, when T' < +o0, the
convective part of (2.8) goes to zero when ¢ goes to T, which shows that

th_,nqlﬂ atfjo (t) = lim w

t>T  mAv? [fio+1(t) + fio—1(1)] = 0.
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On the other hand, since f;,(¢) is strictly positive for ¢ < T, necessarily, we must have

Thus, lim;_,7 0, fj,(t) = 0, and then lim; 7 fj;+1(t) = limy7 fj,—1(t) = 0 since
infyep0, 7 Te(t) > 0 and inf,cpo [ Q2(t) > 0. By continuation, we obtain that

T < +oo:>Vj:tliHilpfj(t) =0

which is impossible since we know that for all ¢ € [0,T[: >_, f;(t)Av = N(t) = N(0) >
0 (see Proposition 2.2).

Then, the only possibility is that the maximal interval is equal to [0, 400[. And,
finally, we can write that inf,cjo oo Te(t) > 0.

A.2. Proof of Proposition 2.7. Let us recall the notation
N [ m(v — U)T
——exp | ————— | .
V21T /m 2T
A.2.1. Preliminary results: Lemmas A.1, A.2, and A.3. The proof of

Proposition 2.7 uses the following lemma.
LEMMA A.1. The relation

M~
T [ ey P =

Uoe,Too

My, r(v,t) =

is verified.
LEMMA A.2. For all sequence (ty) such that

(A.1) lim mjax <fj+1/2(tk) [log(f/M[77Te)j+l(tk) log(f/MUT )i (tk)}2> =0,

ti——+0o0
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it exists a subsequence, still denoted (ty), such that

(i)
ir};f ‘N(tk)‘ >0, sup ‘ﬁ(tk)‘ < 400 and sup|bu(ty)| < +oo,
k k
(i)
(A.2) lknf fi(tg) > 0.
J
The proof of Lemma A.2 is based on the following lemma.

LEMMA A.3. Let us define two sequences xyp and yi of positives reals, fk their
entropic average, and zia real sequence. And let us suppose that

vk : fk[log xy — logyr — zx]? < C.

Then, the two following properties are verified:
(i) If for one C' positive we have for all k

2k > *O/,
then
zp — 0= yr — 0.

(i) If zx is bounded, then

fk—>02$k—>0 and yi — 0.
Proof of Lemma A.1. We can write
H(f,Te) = H(f=,T)
= Z filog fiAv + Z/MGOO,TE log Mﬁw,Tedv
J

=Y frlog fPAv -7 / Mg g log Mg pdv
J

i Mz
= fjlog (OO Av+7Z | M~_ , log| ——= | dv

Uoe T°
HE = )t A+ 2 [ (Mg, ~ Mg ) log Mg do
7 3
Since this scheme conserves the mass, we have
oo oo 1 m ~ 2 o
S = I og 7700 = s 35 (0= 0%) (15 = 1) A

Then
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Z (fi = fjoo) log f*Av = T% Z % (v — U0)2 (fjoo — f;) Av
¢

J

m(UO—(}‘X’) _
e (UO—UOO) D (=) Av2) (v = U°) (£ = f) Av

J

+

However, we have 3 (f7° = f;) Av = 0 and >, (v UO) (f7° = f;) Av = 0 since

the scheme conserves the mass and the momentum and since MUOC o is a solution

of the system (2.20). Then we can write

Yo (fs =) log foAu =

J

Too ~ U (57— 17) A

And since

N o
/(Mﬁm . Mﬁm,T:o) log Mz oo = =g (T = T7)

in conclusion we have

M
H(f,T.) — H(f>,T>) ij10g< )Av—i—Z/M elOg<M~W’n>dv

Uoe,Too

1 m N2 [ roo ZN
g |2 (U (5~ ) Avt T (T2 - T
J
However, the last term of the right-hand side is equal to zero since the scheme con-
serves the energy and since M~ is a solution of the system (2.20). Then, we

obtain the result. a
Proof of Lemma A.2. (i) If there exists a subsequence of (¢;) such that

Uoo Too

(A.3) lim N(t;) =0,

tr—+oo

then, for any j, we get

lim f]+1/2(tk) =0.

tp——+
Since N (tr) = N(0), there is at least one j such that (up to an extraction)
(A.4) ir]%f fi(te) > 0.

Moreover, up to an extraction, U (t;) is bounded from below or bounded from above;

let us suppose that U(t;,) is bounded from below. (Proof is similar if we suppose that

Ul(t),) is bounded from above.) Since f]H/Q(tk) converges to 0 and since infy, f;(t) >

0, we deduce that fj+1(tx) converges to 0. The relation (A.1) can be also written as
i fia(tn)log fre (te) —log fi(t) — 2)* =0 with

(A.5) 2z = —Z}eﬁ:)} (ij/g - ﬁ(tk)) .
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And since infy T, (tx) > 0 (see Proposition 2.4), we can see that there exists C' > 0
such that zp > —C’; the hypothesis of Lemma A.3(i) is verified with xp = f;41(tx)
and yr = f;j(tx). Then, lim;, 4 f;j(tx) = 0, which is in contradiction with (A.4).
Thus, (A.3) is false and we have

inf ‘]V(tk)‘ > 0.
Knowing that

- Te®) | Uimae ) = 1) 574 < bio s1/a+ Te(t) | (finest) = 11(0)

we also obtain
sup ‘ﬁ(tk)‘ < +o00.
k

(Aw is fixed and N (t) < 4o0; then, for all j,¢ > 0: f;(t) < +00.) Using the definition
of 6u(t), we also have

sup |6u(ty)| < +o0.
k

(i) If (A.2) is false, there exists a jo such that, up to an extraction, limy, 4o fj, (tx) =
0. Then, we have lim, oo fjy+1/2(tk) = 0. Since the relation (A.5) is true with 2
bounded, point (ii) of Lemma A.3 claims that also

lim fj,—1(tx) =0 and

li j ty) =0
i m fora(te) =0,

which gives

i Fucap(t) =0 and T Fsaa(t) =0
By continuation, we deduce that for any j, limy, .10 fj(tx) = 0 and limy, 4 o0 N(t) =
0 which is in contradiction with the conservation of the mass. ]

Proof of Lemma A.3. (i) We suppose that there exists a subsequence of yy, also
called yg, which is bounded below by a constant a > 0. Then, there is a contradiction
since

Fellogy —logyy, — 2i]* = (z1 — yx)[log xx — logyi] + frze? — 221(zk — yi)

> —yrllogzy —logyk] + 22k (yx — k) + o(1) — +o0.

(ii) This point is a consequence of the first point since xj and y; play symmetrical
roles. ]

A.2.2. Proof of point (i) of Proposition 2.7. Since H(f,T.) is continuous,
decreasing, and bounded from below (see Lemma 2.3 and Corollary 2.5), and since
infye[0,+00[ Te(t) > 0 (see Proposition 2.4), the relation (2.16) shows that there exists
a sequence (tx) going to +oo and such that

(A.6) lim max (:fvjﬂ/g(tk) {log(f/MaTe)jH(tk) - log(f/Mﬁ,Te)j (tk)} 2) =0.

tr—+o0
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By using point (ii) of Lemma A.2, we know that up to an extraction of a subsequence
ikﬂjf fi+172(te) >0

(except for j = 0 and j = jmax because of the boundary limits (2.12)). And using
(A.6), we obtain

 Jim ma [log(f/M 1) (1) = log(f/Mg ), ()] =0,
which implies that there exists C' > 0 such that
i(t
lim 13 (te)

) LU N——)
t——+o0 Mﬁ,TC,j (tk)

By applying point (i) of Lemma A.2, we see that U(t;) is bounded. Moreover, T,(t)
is also bounded since the scheme conserves the energy. Then, we can state that there
exists T2° > 0 (since T¢(t) is also bounded from below; see Proposition 2.4), U*, and
a subsequence of (tx) still noted (¢x) such that

lim T.(t) =T >0 and lim U(ty) = U™,

ty—-+o00 t——+o00
which gives

lim M~ (t,) =M

tp—+00 U,ij Uoo,Tcoo ’j
and then
lim fi(ty) =C-M=~ .
tp—+o0 fj( k) U=, Tg,j

Since the scheme conserves the mass and the energy, (U, T2°) is a solution of (2.20)
and we have

A.2.3. Proof of point (ii) of Proposition 2.7. Let (U, T°) be a solution
of the system (2.20) and let us recall Jensen’s inequality (see [21] and [22]) which says

that
[ stotauto) > [ oo L]

for each convex function g(w) and finite positive measure du(v). Then, by applying
this inequality with the function g(w) = wlogw and the measure 3, f>°6(v;) (6

being the classical Dirac measure) or the measure Mz joodv, we get
, M-
Zf'log i Av >0 and M-~ log =L gy >0
J foo U T, M~
J J Uee, T
since
>, [iAv d J MEO@,Te (v)dv 1
= an =
225 I7°Av J Mg g (v)dv

To conclude, we have to use only Lemma A.1.
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A.2.4. Proof of point (iii) of Proposition 2.7. To obtain the unicity, we

now apply the Csiszar—Kullback inequality (cf. [21] and [22]), which gives a better
result for the convergence toward the equilibrium state

s = £l <23 filog (#) Av

and
M-~ M-~ * oM 1 U=1. |,
U>,T. UeTe || = U1, %% | M~
Uoe T
Then
oo 2 oo o0
1= 575+ 2 | M g, ~ M ||| < 21070 — H (=, 79)

by using Lemma A.1. Thus, if the system (2.20) has two solutions Mz_ , .. and
Mﬁoo,Z Tx,z Wlth 4

N m(v — U2
Mﬁw,kyT;Q_,l(v,t) = l exp l_ ( = ) ]
\/ 27T m 2Te

(k,1 € {1,2}), we have
H(f2, T2 — B(f1 T >0 and  H(f, T2 — H(f2,T&2) > 0,
which gives
H(f>%,T2%%) = H(f*!, T2 = 0.

Then, we have

2

2
(A7) 77 = £, =0 and (LTS ¥ S — L, =0
And the first part of (A.7) gives
. p00,2 _ poo,l
(A.8) Wi f0 = oL,
The equality (A.8) shows that U2 = ! which implies that Mz gt =

Mﬁm,z oot Then, using the second part of (A.7), we obtain Mﬁoo,l ool = Mﬁoo,a o2
and then 7°*2 = T°! which gives us the unicity of the solution of the system
(2.20).

A.3. Proof of Proposition 3.2. e As for the semidiscretized problem, we show
that

o QrTr

(A.9) S(i= 1 (kj1/2 +kjo12)
with

kj+1/2 = f;L+1/2 1Og(f]n+1/fjn) - log(Mﬁnyng’jJrl/Mﬁn,ngyj):| .
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If kj11/2 and kj_y /5 are positive, f;“’l will be positive. We restrict the study for the
more restrictive situation which corresponds to

kj+1/2 <0 and kj_l/g <0,
which is equivalent to
n n n -
j+1/f < MUn g J+1/ Un ,Tm g and 1/f < MUn Tr,j— 1/MU",T:’,j'
We now suppose that [, #+ [~ Then, we can write

RN
kjti/2 = [( Tl fi—1) - W '1°g(Ml7n,Tg,j+1/Ml7",Tg,j)] '

Since x — lf);; is continuous, positive, and increasing on Rt and since I / i<

Mg 21/ Mgin 1

we get

’kj+1/2| < fjﬂ [| +1/fn 1| + ‘MU” n g+1/Ml7",Te",j - 1H
< fr [max (1 [l f ) + max (1 MUn T g+1/M5n,Tﬁn,j)]

< 2f” max (1 MU" TrL J-‘-l/Mﬁ"yT”vj)

<2f} max (Mﬁn,TQ,iil/MUTL T, ) :
This is still true when f}' ; = f'. Now, according to (A.9), we obtain that

4Q" T At
n+1 m e
(A.lO) fj > ij {1 YN mZaX (Mﬁn,T:,i zl/MUn T, )} .

This is still true if k; /o or kj_y/5 is positive. Therefore
At < At} = Vj, fIH > 0.

e The positivity of T/*! when At < At} is clear if we use the expression (3.3)
and the definition of NT' .
e To prove the H-theorem, we use the relation (A.9) which allows us to write

Ty
Zs(fn)J log(f/Mﬁ’Tc)? = Av2 Zf—',—l/Z IOg f/MUT )]-‘,—1
J

(A.11) —1og(f/Ml~]7Te)?]2 <0.

o Let us now show the conservation of the equilibrium state. We suppose that

N
ff=———-M~___ and 1I.'=1T.".
<Ml700’Tpoo> v ’Te

By construction, we have (see the system (2.20))

(f") =N ((w-U"f") =0
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(- os3]- [+o53]) -

since T7' = T2°. Using the boundary conditions ]71"/2 = ﬁﬂmx+1/2 = 0, we can also
verify that Un = U. Then,

and

3C>0/f"=C Mg, ;-
And, according to (A.9), we get for all j : S(f™); = 0; that is to say f**! = f". For
the converse, if for all j : S(f™); = 0, then, according to (A.11), we get

Vi log(f/My 1 )1 = log(f /My . )}

silnce ~JTL+1/2 >0 (for j € {2,..., Jmax — 1}) and QT > 0 by hypothesis. This shows
that

n _ ~
aC>o0/fr=C- MU”,TQ'
To conclude, we have to say only that the solution of the system (2.20) is unique (see
point (iii) of Proposition 2.7) and that M, ., is a solution of the system (2.20) since
the scheme is conservative. ‘

A.4. Proof of Proposition 3.3.

A.4.1. Preliminary result: Lemma A.4. The proof of Proposition 3.3 uses
the following lemma. B

LEMMA A.4. When fJTLH/Q is the entropic average of f' and of f}',, the inequal-
ity

- S . e mn max S(fn)] IOg oy
; f] mAU2 hmin Z M&'",Té” ;

is verified.
Proof of Lemma A.4. By applying Schwarz’s inequality, we obtain

QnrTn ~ QP o 2
n\2 e n n e n n n
SU™E = s (B + ) ez { B o (/15
~ 2
+fi1)2 {log (h?—l/h;lﬂ }7
where h} = f'/ Y o i Moreover, we can verify that
fjn:l:l < Mﬁ”xTenmjil . hglax <M. ?nax
f]n - M51L7T€n7j hnnl]in N h&in

Then

fﬂ12+fﬂ71 Q(Qﬁnhn /hn- —1)
A.12 Jj+1/ j=1/2 < max/ '"min
(4.12) mpx < 5 log (M /M)

min
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we obtain

. z—1 -
smce log =

n 2
QnT’en (mnhn ax/hmm — 1) QnTn n
Z f" h s A log (M hpy /hi) A2 me/z log (Rf'41/h5))"

On the other hand, due to the equalities (2.14) and (2.16), we know that

Qrrr
ZS I 108 (f" /M, 1) = mAUszHl/z llog (h341/h) 1%,

which give us

S(f™; _ 4Qr T MO /R, — fn
< _ € . max min n 1 .
; fjn B mAUQ Sj'tnh” mln Z S f Og .
J

log ( max Un Tn

(z,1) when = > 0, we get the result. ad

A.4.2. Proof of Prop051t10n 3.3. Using the inequality for all z : log(14+x) < z,
we obtain

D oal 0], < D owt ) + A3 strmton(rm + a0

that is,

(A13) ™ < (" log(f")) + At <5 (") log(f™) + AtS%)Q > )

On the other side, we have
At
n+1l __ n _ 2 n
(A.14) ™ =1 (1 7ZNnTenm<ij(f )>)
Using (2.13), we verify that

(S(/") log(M., 1)) = ~ 37

e

(W*S(f"),

which allows us to claim that

(A.15) =1 (1 + 221Avi <S(f")1og (Mﬁn,T:>>>

using (A.14). Then, by putting (A.15) in (A.13), we find

Hntl SH”—!—At< (fn)log(fn)+At (;n) >

ZN" ")
5 log ZN”ZSf log(Mg;, .);Av

We remark that

At < Aty =T >0 =

i ZS f1) log( U",Tg)jAv > —1.
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We deduce that

2(2

2At < Aty = ZN") ZS(fj )log(Mgn’Tg)jAv > —1;
j

that is,

2A¢ 1
n __ n n+1 n ~ . I
At <At} = A3 /2= T} >0 and N Ej S(f; )log(MUn’T:)JAv it

On the other side, we easily verify that

1 1
Vo > —— :log <1+$> < z(2z —1).

And, by setting z = &% > S log(Man’Tﬁn)jAv, we obtain that

H™ ' <H"+AtY  S(f]")log (Jcﬂ) Av+ At—2 SUTY Av
; M. 1n /7

4At2 n)
ZNn ZSf log( U"T“)A

2

Using Schwarz’s inequality, we can also write

2 2
AAE? ANAL? U")
N ZS ) log(M, 4080 = ZS f" Av
4At2 ~n 4
< n
— Z Nn Z fn AU ij 4 Tn/m Av
i _ U”)
< AP ] . maxk(vk .
< At Z fjn Av 2T Jm)?
Then

n S n 2
H™ < H + At [S(f")log <Mf> + At(1+a™) (;) Av.
J

j un,Tr J

And, by applying Lemma A.4, we obtain

n+1 n 4AthT: n h’gax fn
H"W <H +At[1 — =M h?nm (1+am) };s 10g<MﬁnTn> Aw.
We conclude the proof by using the equality (2.14) and the inequality (2.16) which
allow us to write that when At < At}, we have H"™! < H". To show that H" >
H(f*,T2°), we use the first point of Proposition 2.7, which does not depend on the
time discretization.
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