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Abstract. The Lorentz operators are derived from either Boltzmann or Fokker—Planck collisions operators when considering

a mixture of species with disparate masses [8]. The Fokker—Planck operator is the so called “grazing collision limit” of the
Boltzmann operator as proved in [1,12,7]. In our simpler case, we improve the results by proving uniform in time convergence
and by controling the speed of the trend to equilibrium. The results are based on a spectral analysis of the operators which share
the same basis of eigenfunctions.

1. Introduction

The Fokker—Planck collision operator is usually considered as an approximation of the Boltzmann
collision operator when the collisions become grazing. This has been proved in a series of papers, start-
ing from Arsen’ev and Buryak who show in [1] this convergence result under restrictive assumptions
on the scaterring cross section and on the initial data. A mathematical framework has also been given
by Desvillettes for more physical situations, but which still exclude the Coulombian case; in [12], the
scaterring cross-section is smooth and depends upon a small paramgtieh tends to zero. This pa-
rameter however does not have any precise physical meaning. A quite different asymptotics is used in [7]
to treat the Coulombian case: here, the scattering cross section has a non integrable singularity when the
relative velocity of the colliding particles tends to zero. Moreover, the small parameter involved in this
asymptotics has an actual physical meaning: it is clearly identified to the plasma parameter. Recently,
Villani [19] obtained a complete rigorous proof of this asymptotic problem in the space homogeneous
situation, and for potentials which are not “too soft”.

In this paper, we are concerned with a simplified collision operator which is known as the Boltzmann—
Lorentz model in plasma physics. It is used to describe the effects of collisions of electrons with neutral
particles. In first approximation, the electrons are assumed to diffuse with a stationary equilibrium distri-
bution of target particles. The simplified Boltzmann—Lorentz model is then derived from the Boltzmann
equation in the limit of small electron mass with respect to the mass of atoms; this asymptotics has
been completely justified from the theory of kinetic collisional operators in [8]. The Boltzmann—Lorentz
model can also be found in the framework of semi-conductors (see [4]). More sophisticated models of
the same form have also been recently studied in the context of wave-particle modelling [10], cometary
plasma [9], ionic plasma thurster

0921-7134/01/$8.0Q1 2001 — 10S Press. All rights reserved



94 C. Buet et al. / The Boltzmann—Lorentz model

In the same way, we can define a simplified Fokker—Planck—Lorentz model which can be derived from
the Fokker—Planck—Landau equation in the limit of small electron mass with respect to the mass of ions
(see again [8]). Physical situations actually exist for which this operator appears as the leading order
collision term (see [14] for an example in the context of plasmas). From a probabilistic point of view,
the Fokker—Planck—Lorentz operator describes a random walk of the particles on any sphere of constant
energy.

In this paper, we are interested with the limit of the Boltzmann—Lorentz operator towards the Fokker—
Planck—Lorentz model in the so-called grazing collision limit. Two situations are considered: a first one,
denoted by “case 1” which corresponds to the asymptotics developed by Desvillettes in [12]; a second
one, called “case 2", is the asymptotics introduced in [7] to treat the Coulombian case. In both cases, we
show the convergence of the operators, but also of the solutions of the Cauchy problems associated with
these operators: for the last, the convergence is uniform with respect to time, on any finite time interval.
But, thanks to a precise spectral analysis, we can go further. First, we can show a uniform convergence
result when time goes to infinity. Second, we have a precise knowledge of the convergence speed towards
equilibrium. This spectral analysis also presents a great interest as a numerical point of view: it gives in
particular exact solutions which allow the validation of numerical codes. Numerical experiments are the
object of a forthcoming paper [6].

Our paper is organized in the following way. In part 2, we present the operators under consideration.
We then introduce the grazing collision asymptotics and show that the Boltzmann—Lorentz operator
tends towards the Fokker—Planck—Lorentz operator, for very regular distribution functions. Less regular
situations are considered in part 3. A spectral analysis is then carried out. The key point relies on the fact
that the two operators have the same eigenfunctions. Convergence results are then established for the
eigenvalues associated with these eigenfunctions, either in case 1, or in the Coulombian case. The proofs
are detailed in the three dimensional case, which is the real physical case; main results are also valid
in two dimensions (see Remark 3.4). We show the convergence of the solutions of the Cauchy problem
associated with the Boltzmann—Lorentz operator towards the solutions of the Cauchy problem associated
with the Fokker—Planck—Lorentz operator. In part 4, we generalize this result in presence of an exterior
magnetic field. The dependance with respect to the energy variable is also restored.

2. The Lorentz models
2.1. Definition

The “Boltzmann-Lorentz” model is the elastic-collision operator which has the following expression
in d velocity-dimension [8]:

QNE = [, Blo—o) 1) = 1)) & (2.1)
whereS¢—1 denotes the unit sphereRf. The cross sectioB is a positive function which expression is

directly connected to the type of interacting potential between the particles. More pre&igely; w’)
only depends offfw — /||
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Physical cases are mainly in three dimensions; from now on, we suppoge-th#tLet us precise the
notations. We introduce the following local orthonormal basisd,, w). Using spherical coordinates,
we can write

W' = sinf(cosper + singes) + coshw, (2.2)

where¢ € [0,2x] and 6 € [0,7]. As a physical point of view, the angk represents the so called
“scaterring angle”, i.e., the angle of deviation undergone during a collision by a particle havdsg
initial velocity andw’ as post-collisional velocity. The integrand/ddenotes the elementary area$st
with the above notations, we have'd= sinf df d¢. Now, a simple computation shows thiat —«’||> =
2(1 - cos@)), so thatB(w — w’) only depends on the scaterring angl@and not onp), or, equivalently,
on the scalar product - w'.
The Lorentz—Fokker—Planck operator is nothing but the classical Laplace—Beltrami operator on the
unit sphereS?. Still using spherical coordinates, it is defined by:

d df 1 92f

P(f) =D f = ﬁ{@<sin9@> +Wa752]‘ (2.3)

Let us recall that this operator in fact appears quite naturally, when considering for example collisions
of heavy charged particles against light ones. We write the veloaitiesspherical coordinates (i.e.,

v = |v|w). The leading order term of the Fokker—Planck—Landau collision operator is then precisely,
up to a multiplicative function of the modulus of the velocity, the oper&tbf). We refer to [14] for a
precise description of this.

2.2. Cross sections for grazing collisions

In the grazing collision asymptotics, the cross sectivim the Boltzmann—Lorentz operator (2.1) is
supposed to depend on a small parametere denote it byBc. The associated Boltzmann—Lorentz
operator then writes

CUN@ = [, Bl - f@)] b’ (2.4)

Sd

Let us now precise the definition of the cross sectitin As we have seen previously, the kerii#
only depends on one angles [0, 7], so that we can writd3¢(w — w’) dw’ = B"(0) dd d¢. Now for most
potentials,B" is of the form [12]

B°(H) = é?(g), (2.5)

with B(#) = o(6) sin(®)x[0,-(F); we denote by, the characteristic function of the interval, p] and
o is a positive function. We then have:

B(6) = 6—130(2) sin<§> X[0.ex] (6)- (2.6)
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Unfortunately, this asymptotics does not allow to treat the Coulombian case, which is the most relevant
physical case. In the last, the kernel writes

1 sing
Log(1/sin$) [sin 9]4 X[ex](0), (2.7)

BY(0) = o(8)

where the positive functios is such that(0) # 0, and the parameterhas a physical meaning: it is what
physicists call the “plasma parameter” [7]. The logarithm factor represents the so called “Coulombian
logarithm”.

From now on, we denote by “case 1” the non-Coulombian case which corresponds to cross-sections
of the form (2.6), and by “case 2" the Coulombian one; in the last, the cross sections are given by (2.7).

2.3. The grazing limit for smooth distribution functions

In this part, we present a formal justification of the so called grazing collision limit, which can be
justified in the context of regular distribution functions. In the next paragraph, we shall perform a spec-
tral analysis of the operatox@® and P. This will allow to get a more precise result, for less regular
distribution functions; but it will also give a precise result concerning the trend to equilibrium.

Proposition 2.1. Let f € C3(S?). We consider the Boltzmann—Lorentz opergf#)with cross sections
of the form(2.6), i.e., casel. We suppose moreover that the cross sectigsuch that

C= / 120 (i) sinpu du < +oc. (2.8)
0
Then, for allw € S2, we have
lim Q°(f)(w) = C= A, f(w).
e—0 2

Proof. The functionf, defined on the sphere, is first extended on the whole space in such a way that the
third derivative off remains bounded. For example, one can use the following extensipnf¢f) =

F@/ @D (||lw])), wherew € R? and¥ is aC? function which is equal to 1 in a neighborhood of 1. We
then use the following Taylor expansion

( ! 2

w-aiﬂg(w)ﬁ-}%(w,w/),

F) = F@) + (& —w)idif@) + ——

where the integral remainder is such th&fw, w’)| < M|lw — «'||, due to the regularity assumptions
on f. Note that noww are vectors ilR® andd; denote the partial derivatives ¢fin the ith direction and
x;,; 1s the tensor product;z;. The index: andj varie in {1, 2, 3} and we use the Einstein convention
(summation of repeated index).

We writew’ in the basis (2.2) linked t@. Recall that in this basis’ — w = sinf(cosge; + Singey) +
(cosf — 1w, sinceez = w. The first term in (2.4) corresponding to derivatives of order 1 vanishes using
the eveness of the kernel. It remains:

QW) = 52,7 [ FOW - w),, dodo+ R,
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where 6, ¢ are the spherical coordinate af in the basis (2.2), whilek® is defined by:R°(w) =
Jq2 B (A)R(w — ') df do. Let us now consider the first integral term, i.e., the matrix defined by:

?,) % [ BOW -w),, 0.

This matrix is diagonal since it vanishes for eackt j by eveness. Then, far= j = 3, we have,
integrating ing and using (2.6)

Saw) = 277/ (cos — 1)°B(0) df = 8—/ sin’* %ua(,u) sinpdy — 0, ass — 0,
0 0

7
o2
thanks to the assumption (2.8). By integrating ayewe also have

5 1) = D5 ow) = /0 " SirP(0)B(0) do = 5 /0 " sirP(ep)o(u) sinpdu — 7C,  ase — 0,

by using the assumption (2.8) and the definitionCaf Therefore,#* — &, whene — 0, whered
is the projection matrix onto the plane perpendiculatstonultiplied by #C, that is to say®(w) =

7C(Id — (w x w)/||w||?). Moreover, we haved; ; f(w) - ; j(w) = V - (B(W)V f) = A, f(w), forw € 52,
Using the following upper bounfit,’ — w||® < 8sirf(d/2), we get an estimate for the remainder term

16 M [T . .
R < =25 [ s Lo(sinda,

which shows that this term vanishes when- 0. This end the proof. O

Using the semigroup theory, we deduce from Proposition 2.1fhathe continuous semigroup as-
sociated withQ®, converges towards the semigrolipassociated with the Laplace—Beltrami operator.
Then, the Pazy theorem [16] allows to obtain for any arbitrary large fihte 0 and any initial data
fo € LP, the following estimate:

lim, sup [7(0)(fo) = TOo) 157y = ©

The convergence is thus uniform in time but on bounded intervals of the tyf#@. [Dhis also implies
convergence results in somé° (0, oo, LP(S?)) weak (like in the work of Desvillettes). We shall not detail

the proof of this result since it does not give us informations on the trend to equilibrium, i.e., on the large
time behaviour of the solution. It is however expected that, for large time, the solution homogeneizes,
i.e., tends towards a constant state (the average of the initial distribution function on the unit sphere).
But, it is not clear, using such techniques, if the convergence is uniform in time; the trend towards this
constant state can be as slow as the grazing collision paramggeds to 0. In the next part, we shall
answer to this point using spectral analysis of the operator which gives more precise (explicit, uniform
in time) result on the existence of solution and on its grazing collision limit.
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3. Spectral analysis of the Boltzmann—Lorentz model
3.1. The spectral analysis

The spherical harmonics,,, defined by [15]

I+1/2 (1—m) Y2

_ mil
Vinl,6) = (1)1 |5

€m?(sing)™ <%> mPl(cose),

where P, denotes the Legendre polynomials, are eigenfunctions of the Laplace—Beltrami operator. More
precisely, we have, far> 0 and—I < m < [ [15]:

DYy = 1 Yim,  With vy = I(I + 1).

These functions form an orthonormal basis of the sgz€?). Moreover, they are also eigenfunctions
of the operato)© [3,11], and we have:

—Q°(Yim) = v Yim, Withvf =2r /7T [1— P(cosh)| B~ () do. (3.1)
0

These eigenvalues first satisfy > 0, 15 = 0, as a direct consequence of the fact that [13]: €
[—1,1], -1 < Pi(z) < 1,Py(x) = 1. In order to get a uniform bound, in termsegfof the eigenvalues,
we first show the following preparatory lemma:

Lemma 3.1. Let us suppose that

/ o(h)sinf?dd < +oo, in casel, (3.2)
0

sup o(f) < +oo, incase2. (3.3)
6€[0,7]

Then, we have

3C4(0) > O such that Ve > 0, /0 " 02B(0)do < Cu (o). (3.4)
Moreover, there exists a positive constéf{r), independent of, such that

foralll >0, v <C(o)y. (3.5)

Proof. We first prove (3.4). The first case results from a simple change of variables. In the Coulombian
case, we have:

s! 2
6? (9) h < 16 Su{(arcsmr) sup o(6),
[0,1]

T o—c
/0 0" (0) b = Log(l/sm 5) / ] z 0€[0,7]
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which gives the expected estimate. Let us now show (3.5). Sincel{{8] = 1, sup¢_1 1 |P/(t)] <
I(1+1)/2, we have:

» 10+ 1
|1—Pl(l+x)\:‘/o P{(l+t)dt‘ < | er ),

Applying this tox = cos@) — 1, we get, sincézr| < 6%/2:

vi <l er 1)/0 07B°(6) do,

which gives (3.5) foiC'(0) = (7/2)C1(0).
3.2. The Cauchy problem

We are interested with the following Cauchy problem

Vo) Fe=0=1 356)

where fq is a given function inL?(S?). We split this function in the orthonormal basis formed by the
spherical harmonics, i.e., we write:

m=l m=l
fo= Z Z i Yim, With ||f0\|%2(52) = Z Z alzm < +o00. 3.7)

1>0 m=—1 120 m=—1
From the above spectral analysis, we easily get:

Proposition 3.2. The functionf¢ defined by

m=l

FEO=>>" amexp(—vit)Yin (3.8)

120 m=—I

is a weak solution, in the spade®((0, c0); L?(5?)), of (3.6). Moreover, if the initial data is such that

m=l

Z Z a2, v < +oo, (3.9)

120 m=—1

then the above solution is the unique one such fHat L>°(0,00; H1(S?)) and Q°(f°) € L>(0,oc;
H1(S?)).

Proof. The first point results from (3.1) and the non negativity of #ieNow condition (3.9) implies
thatQ=(f°) € L>((0,00); H1(S?)). In fact anyy € HY(S?) writes

m=l m=l
¥ = Z Z bimYim,  With Z Z blzml/[ < +o00,

120 m=—I 120 m=—1
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so that by Cauchy—Schwartz inequality, we have, for any fixed 0,

m=l
Z Z almblmyla

IKLm=-1

m=l m=l
@@Jz 5 afmwz S

120 m=—I 20 m=-I

(Z Z AV Ylm>¢dw

IKLm=-1

thanks to the estimate (3.5). The Banach—-Steinhaus theorem showglgbaggi L0V Yim €
HY(S?), so thatQ*(f¢) € L>((0,00); H~1(S?)). We also have, for all > 0,

<Q€(f€)(t) fe(t) H-1HL = Z Z almyl eXp 21/ )
>0 m=—1

which gives

[ e o< [ (o)) o
52 52
and shows the uniquenessl

In the same way, the functiofdefined by
m=l

F& =" > amexplut)Yin, (3.10)

1>0 m=—1
is a weak solution, in the spade®((0,cc); L?(S?)) of the Cauchy problem:

0
S enr e=0=1fo (3.1D)

Moreover, if the initial condition satisfies (3.9), then the above solution is the unique one such that
f € L>((0,00); HY(S%) andA,, f € L>((0,00); H~*(5?)).

3.3. The grazing collision limit
Let us now examine the convergence of the eigenvalues whero.

Lemma 3.3. Let us suppose that

Q . 2 .
/ ofsinfv?dd = =, in casel, (3.12)
0

™

1 .
0(0) = —, incase2. (3.13)
2
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Let = ¢(#) be any function of clas§? such thatp(0) = ¢’(0) = 0. Then
/2 B (w)p(0) dw — 245" (0), whene — 0. (3.14)
s

Proof. In both cases, we use a change of variables followed by a Taylor expansion around point 0. We
get in the first case:

/ B )el) do — 1(0) ( / " o sinza? dx), whene — 0.
S 0

In the Coulombian case, we have:

)(9) ((?])3 dd — 4no(0)"(0), whene — 0,

/Sz Brw)plw) o = Log(l/sm 2)/ (v

becauses(0) = ¢'(0) = 0
We deduce from this the:
Proposition 3.4. Under the hypotheses of Lemi3&, we have
foralll >0, vi—vy =1(+1), whens— 0. (3.15)
For any finite time interval0, T], we have

[guTﬁJHf‘f(t) — f®)lz2¢s2 — 0, whens — 0. (3.16)

Proof. We first apply (3.14) withp(6) = 1 — P;(cos#). The point (3.15) is then a simple consequence
of the fact thatip”(0) = P/(1) = I(l + 1)/2. We deduce from (3.8) and (3.10) that

m=l
FO- 0= amYinexp(—rft) — explt)), (317)

120 m=—1

with 37,59 szl_l alzm < 400, so that we can write, for anye [0, T7:

L—-1 m=l
1 f2@) — f(t)HLZ(SZ) 22 Z alm+z Z alm\yl 1/1|T.
I>Lm=-1 =0 m=—1

The first sum is the remainder of a convergent series, which can be arbitrary small for a sufficiently large
index .. The second part is then a finite sum of terms which all vanish when0, which shows (3.16)
and ends the proof. O
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3.4. The large time behaviour

We are now interested with the large time behaviour of the solutions (3.8) and (3.10). In order to do
this, we need a positive lower bound for the opposite of the eigenvafuasdy;, which means we have
to “eliminate” the zero eigenvalue which corresponds to the equilibrium states. Since the kernels of the
Lorentz operators are formed of constant functions, we easily get following result (we state it here for
Q°, but this result also trivially holds faP):

Lemma 3.5. Let f¢ by given by(3.8). The functiong® defined byg® = f° — I(fo), with I(fo) =
ﬁ Js2 fodw, is of zero mean value over the unit sphere and it satisfies the following Cauchy problem

0g° .
a—i =Q%(¢°), g°(t=0)=go, withgo= fo— I(fo). (3.18)

Moreover, using the notatiof8.7), we have

m=l m=l
go = Z Z i Yim, ge(t) = Z Z Aim exp(—ylet)}/lm' (319)

>0 m=—I >0 m=—I

We now analyze the convergence towards equilibrium. First, sjnee f — I(fp), with f given by
(3.10), is of zero mean value, we have the following ellipticity relation, wherelenotes the first non
zero eigenvalue of the Laplace—Beltrami operator [2]:

1
2 2 .
IVwgllzese = A—ngHLZ(SZ)’

this gives [, ¢?dw < exp(—A—ll t) [s2 g3 dw, which shows thay converges exponentially fast towards
zero, when time goes to infinity. Now, if there exists a positive consiastich that, for alk we have

B¢ > C, then the same behaviour holds fgr Our aim is to generalize this result for situations where

the above assumption on the kernel is not satisfied. In order to do so, we need a uniform lower bound for

thevy.

Lemma 3.6. We suppose the assumpti@?2) fulfilled, with & non identically equal to zero. In the
Coulombian case, we suppose that there exists positive congkaatsd oo, o < /2, such that
infocio,00] 7(0) > 00. Then, we have

Jeo > 0, Ca(o) > 0 such thatve €10, |, /7 6075 (0) d6 > Cs(0). (3.20)
0

Moreover, there exists positive constanfsand s, such that

forall I > 1andalle € [0,e0], 1§ > 1°. (3.21)
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Proof. We first prove (3.20). Like in Lemma 3.1, the first case results from a simple change of variables;
we findeg = 1/2 andC»(0) = [§ o(u) sinuu? du. In the Coulombian case, we have, choosing- 6o,

S - 8v/2 <@>
/0 PEO® > [ onootos( ),

which gives the following estimate fag sufficently small:f07 02B°(0)dd > 4v/20¢. Let us now get a
uniform lowerbound for;. We recall the Laplace formula [13F(= —1)

P(x) = %/Oﬂ (x+i\/1—xzcos¢)ld¢, -1<z<1,

which gives:|P(z)| < 2 [7(2? + (1 — 2?) cog $)/?d¢. The quantity inside the integral being less
than 1, we deduce that, for ady> 2, we have|P(z)] < 2 [§(22 + (1 — 2?)cog ¢)dg, so that:
|Pi(z)| < (1+ 22)/2. Now this last relation is also valid fér= 1, sincePy(z) = =, which finally gives:
1— P(z) > (1 — 2?)/2, forl > 1. Using the inequality sifl) > (2/x)6, for 6 € [0,7/2], we deduce
the following lower bound, for any > 1:

T, 4 (2
Ve > 77/ S 6B (0)do > = /2 075°(6) o,
0 T Jo
which gives the expected result, once condition (3.20) is fulfilled.
We can now derive the asymptotic behaviour when time goes to infinity.

Theorem 3.7. There exists a positive constatsuch that

sup [[f5(t) — I(fo)ll z2(sz — O, whent — +oo. (3.22)

e€[0,e0]

More precisely, using the notations of Lem&6 we have

sup] 1£5) — I(fo)ll ragraxszy < exp(—v°t) || foll raaxs?)- (3.23)

e€[0,e0

Proof. In order to prove the uniform convergence result (3.22), we in fact only need a weaker form of
the estimate given in Lemma 3.6. We here suppose that:

foralll > 1, 3P > 0, €Y > 0 such that for alk € [0,e9] vf > 1. (3.24)

Now by (3.19), we have, for all > 0,

m=l m=l
lg"OlZzn < Do D0 ameXP(=241) + > > agy

O<I<L—1m=-1 I>L m=-I
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ilm

so that the second sum in the above expression (which is independgrdanf be arbitrary small fof.

large enough. On the other hand, the first term is a finite sum of terms that all converge exponentially fast
towards 0 when time goes to infinity, on account of the above assumytion® > 0. More precisely,

there exists a positive constafgtsuch that, for alk € [0, o], we have:

because the; are all non negative. Now, singg € L?(S?), the serie$",.o > "=", a?  is convergent,

m=l m=l
Z Z a2, exp(—2vft) < Z Z a2, exp(—2v2t).

O<I<L—1m=-1 O<IKL—1m=-I

Whent goes to infinity, this sum tends then to zero uniformaly with respeet tohich finally gives
(3.22).

In the three dimensional case (which is the case under consideration here), we have a more precise
result. In fact, thanks to the uniform lower bound (3.21), we get the estimate (3.23): the decrease, when
time goes to infinity, is thus exponential.

Remark 1. In the two dimensional case, we obtain the same uniform convergence result (3.22). In case
1, the decrease, when time goes to infinity, is exponential, because we can find for the opposite of the
eigenvalues a uniform lower bound with respect,teuch as in Lemma 3.6. But in the Coulombian case,

we could only manage to find the weaker estimate (3.24).

4. Some complements
4.1. The dependence with respect to the modulus of the velocity variable

The distribution function in fact depends on the whole velocity variabte pw, p = |v|, although
the differential operator only acts on the variables S2. If we recover the whole velocity variable, the

Cauchy problems (3.6) and (3.11) respectively write [14]

of¢

S k() = P, =0 o @)
T A =plasg, ft=0=fo (4.2)

The powery is directly connected to the type of intercating potential between the particles. The case
~ > 0 corresponds to what is usually called “hard” potentials; 0 to “soft” potentials, whiley = 0 is
the particular case of Maxwellians molecules.

The unknown isf = f(t, p,w), with p € R*, w € S2. We denote by 2,(0,00) and X the following
weighted spaces

T .09) = {w = v, [ ot dp < +ool,

X = i (©o0n 22(5%) = {0 = 000, [, [ 3ot dods < oo ).
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We split the square integrable initial dafa= fo(p, w) (p = |v|) in the following way

m=l
fO(P’W) = Z Z alm(p)mm(w)y

>0 m=—I

with || foll% = J5° Ym0 Sm=", a?,(p)p? dp < +oc. With a proof similar to that of Proposition 3.2, we
easily get:

Proposition 4.1. The functionf¢ defined by

m=l

Fp) =3 Y am(p) eXp(—15p78) Vi () (4.3)

120 m=—I

is a weak solution, in the spade® (0, cc; X), of (4.1). Moreover, if the initial data is such that

/Rsz Z alzm(P)Vz,Ozdp < +oo,

120 m=—1

then the above solution is the unique one such that
fe € L>(0,00; L%, ((0,00); H*(S?))) and Q°(f°) € L>(0,00; L, ((0,00); H1(5?))).

Concerning the large time behaviour, we will not obtain in general (i.e., for any type of potentials)
an exponential decrease when time goes to infinity. With the notations of Lemma 3.5, the fufction
defined by

m=l

gFa,0) =" > amlp)exp(—vip"t)Yim(w)

[>0m=—1

satisfies the following Cauchy probledg® /0t = A%(¢°), ¢°(t = 0) = fo— I(fo). Thanks to the estimate
(3.21), we have, for small enough,

m=l
19" @113 23 52) < /]R 2. D aim(p)exp(=2°p7t)p? dp

1>0m=-1

so that this quantity tends to zero when time goes to infinity, but it tends exponentially fast towards zero
only in the casey = 0. For~y > 0, this exponential decrease holds outside any ball centered at zero with
arbitrary small radius, while foy < 0, it happens inside any ball centered at zero with arbitrary large
radius. Let us introduce the dependent function defined b fo)(p) = ﬁ Jg2 fo(p, w) dw. Gathering

all the cases, we have shown the following result:

Theorem 4.2. There exists a positive constantsuch that

s[gp] /@) — I(fo)||x — 0, whent — +oc. (4.4)
e€|0,e0
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4.2. The presence of an external magnetic field

The action of a magnetic fiel® on the spherical harmonics is well known [11]. In particular, when we
take the direction of the vectds as the axis of the spherical coordinates, one has the following identity,

for anyw € 52 (w A B) - Vo Yin(w) = —im||B||Yim(w). This allows an explicit computation of the
solution of the following Cauchy problem

af5 € g € €

sr T @AB)Vuf = Q°(f), f(t=0)=fo, (4.5)

with fo in L?(S?). In fact, still using the expansion (3.7) ¢, we have:
Proposition 4.3. Letv;, = vj — im||B||. The functionf® defined by

m=l

FO=" " aumexp(=vimt)Yim (4.6)

120 m=—1

is a weak solution, in the spade™((0, c0); L?(5?)), of (4.5). Moreover, if the initial data is such that
(3.9) holds, then the above solution is the unique one such that

fe € L>®((0,00); HY(S?%)) and Q°(f) € L*°((0,00); H1(5?)).
In the same way, the functiofidefined by
m=l
f@) = Z Z Aim exp(_yl,mt)}/lmf
1>0 m=—1

with v, ,,, = v, — im|| B|| satisfies the Cauchy problem

S WAB) Vol =Bf, fG=0)=Jo (4.7)

with the same datgp. Finally, we also keep the following exponential decay when time goes to infinity:

sup Hfa(t) - I(fO)HLZ(]R3><52) < eXp(—Vot) HfOHLZ(R3><SZ)‘ (48)
e€[0,e0]
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