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Introduction

Mes recherches au Commissariat à l’Énergie Atomique concernent principalement la modélisa-
tion mathématique et la simulation numérique pour la physique des plasmas. Ce mémoire présente
mes contributions dans ce domaine.

Dans un premier temps j’ai étudié la discrétisation d’opérateurs de collisions en théorie ciné-
tique.

J’ai commencé à travailler avec Pierre Degond sur la résolution numérique déterministe de
l’équation de Boltzmann, pour laquelle j’ai développé une méthode conservative, entropique et à
coûts réduits pour le cas mono-atomique [a1]. J’ai ensuite étendu l’opérateur de collision discret
au cas d’un modèle simple de gaz polyatomique [a2]. Et avec S. Cordier et P. Degond, j’ai travaillé
sur une régularisation de l’opérateur de Boltzmann, [a4], pour pouvoir soit définir une méthode
particulaire déterministe, soit pour traiter des sections efficaces non isotropes ou des collisions
entre espèces de masse différentes dans une méthode à répartition discrète de vitesse.

Par la suite je me suis intéressé aux équations de type Fokker-Planck. J’ai travaillé sur l’équation
de Fokker-Planck-Landau (homogène) pour laquelle une discrétisation entropique venait d’être
proposée par B. Lucquin et P. Degond [92, 57]. Nous avons d’abord réduit le coût quadratique
de l’évaluation de cet opérateur par des méthodes de type sous-réseaux et multigrille qui ont fait
l’objet d’une publication dans JCP en collaboration avec S.Cordier, P. Degond et M. Lemou [a3].
Puis, avec S. Cordier nous avons justifié l’existence de solutions pour les problèmes semi-discrétisés
(i.e. uniquement dans l’espace des vitesses) et discrets (i.e. en temps et en espace) [a6]. Toujours
avec S. Cordier, nous avons analysé en détail le cas des fonctions isotropes [a5, a9] pour lequel les
résultats et les méthodes numériques peuvent être améliorés.

J’ai travaillé aussi avec S.Cordier, R.Sentis et S. Dellacherie sur diverses équations de type
Fokker-Planck modélisant les collisions ions-électrons [a7] ou un modèle simplifié de milieu granu-
laire [a14], ou encore le scattering de type Compton des photons (équation de Kompaneets) [a12],
équations pour lesquelles nous avons obtenus des schémas numériques entropiques et conservatifs.

Avec S. Cordier et B. Lucquin-Desreux, nous avons considéré le modèle de Lorentz [a8] et
notamment la limite "collisions rasantes". Par une analyse spectrale des opérateurs nous avons
montré que la convergence des solutions dans cette asymptotique est uniforme en temps et que
l’on contrôle les vitesses de retour vers l’équilibre.

Depuis quelques temps mes recherches concernent la discrétisation de modèles simplifiés hy-
perboliques en transfert radiatif et notamment la capture correcte du régime de diffusion pour
éviter les couplages hyperbolique-parabolique.

Avec B. Despres, je travaille sur l’hydrodynamique radiative. Nous avons obtenus un modèle
simplifié de moments dans le cadre relativitiste [a13]. Nous travaillons maintenant sur les aspects
numériques de ce modèle : couplage avec l’hydrodynamique [s2] et extension multi-dimensionnelle.

Et avec S. Cordier, je travaille sur des schémas numériques préservant l’asymptotique de diffu-
sion pour des équations de transport ou pour de modèles aux moments issus du cinétique (trans-
fert radiatif, plasmas d’électrons). Nous avons ainsi obtenu, en dimension 1 d’espace, des schémas
simples mais non monotones dans le cadre du modèle de Lorentz pour les electrons [a11], et un
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schéma préservant la limitation de flux pour un modèle de moments en transfert radiatif, [cr2, s1],
basé sur un schéma de relaxation et sur un schéma “well-balanced”. Nous travaillons maintenant
sur l’extension au cas multidimensionnel de ces schémas.

Plan de ce mémoire.
Il est organisé en trois parties.
Dans la première partie, je résume les travaux effectués pour la résolution numérique des

opérateurs de collisions. Le fil conducteur de cette partie est la dérivation de schémas numériques
préservant les propriétés des opérateurs à savoir conservation des invariants physiques (masse,
impulsion, énergie), des états d’équilibre et décroissance de l’entropie. Ces propriétés, si elles
sont facilement vérifiées formellement pour les opérateurs continus, posent parfois des difficultés
au niveau discret. De plus, ces propriétés sont nécessaires pour assurer le retour des solutions
approchées vers l’état d’équilibre thermodynamique local(ETL) et donc d’avoir, en temps grand,
le comportement hydrodynamique souhaité.

Dans la seconde partie je résume les travaux concernant les méthodes de moments pour le trans-
fert radiatif et les problèmes numériques liés à leur discrétisation. Le fil conducteur de cette partie
est essentiellement la dérivation de schémas numériques préservant l’asymptotique de diffusion et
les domaines invariants pour des modèles de lorentz ou pour des équations du type télégraphe non
linéaires (transfert radiatif, plasma électronique).

Dans une plus courte troisième partie je présente deux travaux n’entrant pas directement dans
mes thématiques principales de recherche mais qui sont quand même en connexion avec elles.

Je présente enfin ma liste de publications et la bibliographie.
Convention de notations : Mes publications sont repérées par des lettres. [a1-a14] les articles

parus ou acceptés, [cr1-cr3], les notes au comptes rendus, [s1,s2] les articles soumis, les actes de
congrès [c1] et les travaux non publiés [np1].
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Chapitre 1

Méthodes numériques déterministes
conservatives et entropiques pour les
opérateurs de collisions.

1.1 Introduction.
Cette partie décrit mes travaux sur les équations cinétiques et plus particulièrement pour la

résolution numérique des opérateurs de collisions de type Boltzmann ou Fokker-Planck.

Quelques généralités sur la théorie cinétique et sur les méthodes numé-
riques dans ce domaine.

Dans la théorie cinétique, chaque espèce est caractérisée par sa fonction de distribution f qui
est une fonction positive des variables d’espace x, de vitesse v et du temps t. La mesure fdxdv
représente la probabilité de présence d’une particule au point x avec une vitesse v à l’instant t. La
fonction de distribution f est solution d’une équation de transport dans l’espace des phases (x,v),
appelée équation de Vlasov, dans laquelle apparaît un terme de force qui est un champ "moyen"
ne prenant en compte que les interactions collectives à longue portée. Pour des particules chargées
par exemple, il s’agit de la force due aux champs électromagnétiques appliqués (par exemple, un
champ électrique ou magnétique extérieur...) ou auto-consistants (i.e. générés par les particules
elles-mêmes). Cette équation peut éventuellement comprendre des termes sources afin de modéliser
les collisions entre particules ou la création de nouvelles particules par ionisation (voir section 3.1,
partie III). Pour une seule espèce de particules de masse m sous l’action d’un champ de force
F = F (t,x,v), l’équation de Vlasov s’écrit

∂f

∂t
+ v · ∇xf +

F

m
· ∇vf = Q(f,f), (x,v) ∈ R3 × R3, t > 0. (1.1)

Dans le cas de la force électromagnétique (F = q (E+v∧B), q désignant la charge de la particule,
E = E(t,x) le champ électrique et B = B(t,x) le champ magnétique), cette équation est fortement
non linéaire. En effet, la partie auto-consistante du champ de force est reliée aux grandeurs macro-
scopiques associées à f par l’intermédiaire des équations de Maxwell. Dans le cas électrostatique
(B = 0), il faut coupler l’équation de Vlasov avec celle de Poisson.

Dans l’équation cinétique ci-dessus, le membre de droite Q(f,f) désigne le terme de collision
(quadratique relativement à f , dans le cas de Boltzmann ou Landau). Il est donné par un modèle
lié à la physique du problème. Ainsi pour les gaz raréfiés, il s’agit de l’opérateur de Boltzmann
décrivant des collisions binaires entre particules non nécessairement chargées. Pour les plasmas,
l’opérateur couramment utilisé est l’opérateur de Fokker-Planck-Landau (FPL). Il existe autant
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d’équations de Boltzmann ou de FPL que de potentiels d’interaction entre les particules. Nous
renvoyons à [41] pour une taxonomie des opérateurs de collisions. Le cas le plus intéressant phy-
siquement est le cas Coulombien qui correspond à des potentiels dits mous qui décroissent en
1/r2. On parle alors d’équations de Vlasov-Boltzmann ou de Vlasov-FPL, selon les cas. Il existe
bien entendu d’autres modèles d’opérateurs de collision, comme le modèle B.G.K., le modèle de
Lorentz, etc.

La théorie mathématique pour cette équation, dans le cas Boltzmann, est par exemple due à
L. Arkeryd [1, 2], R.E. Caflish [11], L. Desvillettes [67], T. Elmroth [18], T. Gusttaffson [24] et B.
Wennberg [42]. Dans [44], A.A. Arsenev et N.V. Peskov montrent l’existence, pour des intervalles de
temps courts, de solutions faibles à l’équation de Fokker-Planck homogène dans le cas Coulombien.
En dehors de ce cas, A.A. Arsenev et O.E. Buryak montrent dans [43] l’existence globale en temps
de solutions, mais sous des hypothèses fortes sur le noyau et sur la donnée initiale. Signalons aussi
des travaux très récents d’existence de solutions classiques, dans le cas de potentiels durs, établis
par L. Desvillettes et C. Villani [70, 71] pour une classe assez large de données initiales. Pour le
cas non homogène, des théorèmes d’existence globale ne nécessitant pas d’hypothèses fortes sur
les données initiales ont pu être obtenus, grâce à la notion de solution renormalisée introduite par
R.Di Perna et P.L. Lions [15] dans le cas Boltzmann. L’extension au cas Fokker-Planck résulte des
travaux de P.L. Lions [89] et, plus récemment, de C. Villani [105]. Nous renvoyons à [41] pour une
présentation de résultats récents.

La résolution numérique de ce système d’équations repose sur un algorithme de décomposition
ou "splitting" : on résout pendant un pas de temps la partie transport i.e. le membre de gauche
de (1.1) puis on calcule pendant un pas de temps l’effet des collisions ; si nécessaire, on résout les
équations électromagnétiques (Maxwell, Poisson...) et on itère le procédé. L’évaluation numérique
des opérateurs de collisions est généralement plus coûteuse que la phase de transport en raison
du caractère quadratique de l’opérateur. Les travaux présentés dans cette partie sont consacrés
à la résolution de la phase collision ou de façon équivalente du cas homogène (lorsque que f est
indépendante de x et que F = 0). La convergence d’un tel algorithme a d’ailleurs été obtenue par
L. Desvillettes [66] pour l’opérateur de transfert radiatif, et par L. Desvillettes et S. Mischler pour
le cas Boltzmann [69].

Les deux façons les plus utilisées(par les physiciens par exemple) pour représenter les fonctions
de distribution sont les méthodes dites particulaires et les méthodes à répartition uniforme des
vitesses.

Dans le premier cas, la fonction de distribution est approchée par une somme de masses de
dirac de poids fi(t) et situées dans l’espace des phases en (Xi(t),Vi(t)).

f(x,v,t) ≈
∑

i

fi(t)δ(x−Xi(t))δ(v − Vi(t)). (1.2)

où δ désigne la masse de Dirac. Dans cette approche, la phase transport est très simple à résoudre
car il suffit d’intégrer l’équation des trajectoires des particules sachant la position, la vitesse et la
force qui s’applique sur la particule i. Le calcul de la force Fi nécessite de connaître les grandeurs
macroscopiques et donc d’intégrer dans l’espace des vitesses pour les particules situées dans la
même cellule d’un maillage en espace (méthodes PIC).

Le traitement de la phase de collision se fait généralement par une méthode de Monte-Carlo
donc probabiliste. À la fin de la phase de collisions les particules auront changés de position Vi(t)
dans l’espace des phases, les poids fi(t) n’évoluant généralement pas. On donc une représentation
dynamique de l’espace des vitesses. C’est ce qui fait la force de ce type de méthodes pour assu-
rer par exemple la conservation de la quantité de mouvement et de l’énergie pour l’opérateur de
Boltzmann pour des collisions binaires : le processus de collisions imite ce qui se passe pour des
vraies particules. L’inconvenient majeur d’une méthode Monte Carlo est le bruit numérique. Pour
réduire ce bruit, les deux méthodes utilisés sont soit de prendre un grand nombre de particules
par maille d’espace (par exemple calcul de solutions instationnaires), soit de moyenner des résul-
tats indépendants (calculs de solutions stationnaires). Typiquement en gaz raréfies pour calculer
l’écoulement stationnaire autour d’un objet rentrant dans l’atmosphere, on prend de l’ordre de
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10 à 20 particules par maille et dès que l’on estime que la solution calculée est stationnaire, on
moyenne des instantanés de la solution pris à intervalles régulier, les intervalles de temps étant
pris suffisamment grands pour supposer ces instantanés indépendants. Avec une moyenne de 20
particules par mailles le nombre d’instantanés est généralement de l’ordre de plusieurs centaines.
Le grand avantage de ces méthodes est bien entendu le faible coût en temps CPU et mémoire. Au
regard du développement des ordinateurs on peut estimer que dans le domaine des gaz raréfiés
c’était la seule méthode praticable jusqu’au début des années 1990.

Les méthodes particulaires déterministes, voir par exemple [206] pour le principe général, où
l’on fait évoluer les poids fi et non les vitesses Vi pendant la phase de collision ne sont guère
utilisées car elles ne permettent pas d’assurer la conservation de de la quantité de mouvement ou
de l’énergie dans le cas de Boltzmann ou Landau par exemple.

Au debut des années 1990 les ordinateurs étant alors de plus en plus performant il paraissait
concevable pour l’opérateur de Boltzmann en gaz raréfiés de développer des méthodes dites dé-
terministes. Le choix fait par tous ceux ayant travaillé sur le sujet a été celui de méthodes avec
répartition uniforme et discrète des vitesses [39, 40, 37, a1, 28].

Pour ces méthodes, la fonction de distribution est connue par sa valeur aux points d’un maillage
uniforme et indépendant du temps de l’espace des phases. On peut toujours écrire (1.2), mais cette
fois ce sont les poids fi(t) qui vont évoluer et non les positions Xi ou les vitesses Vi, et l’évolution
sera de nature déterministe. On a donc une représentation statique de l’espace des vitesses. Une
méthode de type différences finies ou volumes finis rentre dans ce cadre là.

Mais être déterministe ne suffit pas si l’on veut minimiser la taille du maillage dans l’espace
des vitesses et donc le coût mémoire et CPU de l’algorithme.

Par exemple les équations de Boltzmann homogène ou de Fokker-Planck-Landau homogène
possèdent des propriétés physiques et mathématiques communes, comme celle de conservation (de
la masse, de l’impulsion et de l’énergie) et de (dé)croissance de l’entropie (mathématique). Ces
propriétés sont souvent plus faciles à énoncer sur la formulation faible de l’opérateur de collisions :
soit ψ une fonction test, on montre que les seuls invariants de collisions∫

Q(f,f,)(v)ψ(v)dv = 0 ⇔ ∃a,b,cψ(v) = a+ bv + cv2,

qui correspondent respectivement à la masse, l’impulsion et l’énergie. Le théorème H s’obtient en
choisissant ψ = log(f) dans la formulation faible (de Boltzmann ou de FPL) et on obtient∫

Q(f,f)(v) log(f(v))dv ≤ 0.

La fonctionnelle d’entropie H =
∫
f log(f) décroît et son minimum correspond aux états d’ETL

ou Maxwellienne locale

f(t,x,v) = n(t,x)
e−|v−u(t,x)|2/2T (t,x)

(2πT (t,x))3/2
.

Lorsqu’on suppose que le milieu est à l’ETL, on obtient en prenant les 5 premiers moments de
l’équation de Vlasov (1.1) et compte tenu des invariants de collision, les équations de l’hydrody-
namique. Il s’agit donc d’une fermeture du système d’équations de moments basée sur l’hypothèse
que la fonction de distribution est une Maxwellienne. Pour d’autres échelles de temps, on obtient
des modèles de diffusion. La justification de ces passages à la limite a fait l’objet de très nombreuses
études [3, 4, 14].

Une discrétisation déterministe mais non conservative de ces opérateurs de collision engendrera
de grandes erreurs de calculs à moins de prendre un maillage suffisamment fin de l’espace des
vitesses, ce qui peut conduire à des coûts prohibitifs. C’est par exemple le cas des méthodes pour
l’opérateur de Landau basées sur la forme convection diffusion avec potentiels de Rosenbluth, [79].

Vu aussi sous l’angle du couplage entre une équation cinétique et sa limite hydrodynamique, il
sera toujours plus facile de coupler une méthode conservative et entropique avec un schéma pour
le modèle fluide qu’avec une méthode bruitée ou non conservative et entropique.
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C’est pourquoi nous nous sommes donc attachés à construire des solutions approchées de
ces équations préservant ces propriétés de conservation et qui assurent le retour vers l’ETL, des
solutions. C’est ce type de méthodes que l’on appellera dans ce qui suit DVM pour "Discrete
Velocity Models". La totalité de mes travaux pour le traitement numérique des termes de collision
ont été faits faite dans le cadre des DVM.
Remarque 1 Les méthodes spectrales, voir les travaux de Pareschi et Russo dans ce domaine
[97, 35, 36, 95, 98, 34], ne sont guère utilisées pour le traitement des termes de collisions, car non
conservatives, peu pratiques pour représenter des fonctions de distribution piqués.

Principe et mise en oeuvre des DVM dans le cas homogène en espace.
Le premier objectif est de construire une version discrète de l’opérateur considéré ayant les

propriétés de conservation, retour à l’équilibre et solutions positives du modèle continu.
Les DVM que je présente sont en fait toutes construites sur le même principe. L’espace des

vitesses est donc discretisé de façon uniforme, presque toujours représenté par un maillage carré :
vi = i∆v, ∆v étant le pas de maillage, et i dans Z3.

Pour obtenir un modèle de collision discret préservant les invariants de collision et assurant la
décroissance de l’entropie c’est la formulation faible symétrisée et "entropique" de l’opérateur qui
doit, de préférence, être discrétisée. Comme en numérique il n’y a généralement pas équivalence
entre les discrétisations des différentes formes d’une même expression, le moyen le plus simple
d’avoir les propriétés souhaitées de conservation et de décroissance de l’entropie, c’est donc de
discrétiser la forme de l’opérateur la plus "adéquate". On peut illustrer cela sur l’équation de
Landau isotrope pour des potentiels Maxwelliens. L’équation en variable d’énergie ε s’écrit

∂f(ε)
∂t

=
1√
ε

d

dε

∫ ε0

0

(
f(ε′)

d

dε
f(ε)− f(ε)

d

dε′
f(ε′)

)
ε3/2ε′3/2dε′. (1.3)

Soit ρ =
∫

ε
f(ε)

√
(ε)dε le nombre de particules et ρE =

∫
ε
f(ε)ε

√
(ε)dε l’énergie totale alors (1.3)

s’écrit aussi tout simplement

∂f(ε)
∂t

= ρ
1√
ε

d

dε
ε3/2

(
d

dε
f(ε) + Ef(ε′)

)
(1.4)

ou alors sous la formulation faible symétrisée et "entropique" suivante,

∫ ε0

0

∂f

∂t
φ
√
εdε = −1

2

∫ ε0

0

∫ ε0

0

f(ε)f(ε′)
(
∂φ(ε)
∂ε

− ∂φ(ε′)
∂ε

)
(
∂ ln f(ε)
∂ε

− ∂ ln f(ε′)
∂ε

)
ε3/2ε′3/2dε′dε, (1.5)

pour toute fonction test φ. Des trois formes de cette équation de Landau, c’est sur la dernière,
(1.5), qu’on lit aisément la conservation du nombre de particules, de l’énergie et de la décroissance
de l’entropie ρ =

∫
ε
log(f(ε))f(ε)

√
(ε)dε. C’est donc cette forme que l’on discrétisera de préférence

à la forme (1.4) bien plus simple. Sur cet exemple on peut penser que l’on augmente le coût de
l’évaluation de l’opérateur, mais en fait il n’en est rien comme on le verra par la suite, paragraphe
(1.6) pour l’equation de Landau isotrope pour des potentiels Coulombiens ou (1.10) pour une
équation de Fokker-Planck pour les milieux granulaires.. .

Pour les opérateurs de Boltzmann ou Landau, on peut dire aussi que c’est grace à un maillage
uniforme que l’on arrive à construire de tels opérateurs discrets.

Cette façon d’obtenir le schéma est donc aux antipodes des schémas construits par les phy-
siciens, par exemple pour les équations de type Fokker-Planck. Pour l’équation de Landau, les
physiciens préféreront discrétiser la formulation avec potentiels de Rosenbluth, voir par exemple
[79], c’est à dire la forme convection diffusion, les deux potentiels de Rosenbluth seront calculés
par les méthodes standards de calculs des potentiels ou par résolution d’équations de Poisson, les
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opérateurs d’ordre 1 et 2 seront discrétisés par les formules de différences finies classiques. Sur
l’exemple ci dessus les physiciens utiliseront la forme (1.4). Qu’en est-il alors des propriétés de
conservation et de retour à l’équilibre. Dans le cas d’une équation plus simple de type Fokker-
Planck linéaire c’est aussi la méthodologie retenue, même si dans ce cas on peut facilement forcer
la méthode à préserver les états d’équilibre, voir Chang et Cooper [49].

Comme on cherche à calculer une approximation d’une fonction de distribution, donc une
fonction positive, il faut aussi s’assurer de la positivité des solutions du problème homogène discret
associé. Si pour des opérateurs de type Boltzmann ou pour de opérateurs de type Fokker-Planck
linéaire cela ne pose pas de problèmes, en revanche pour l’équation de Landau ce n’est pas le cas,
comme on le verra, pour l’opérateur discret originel [57]. Le problème de la positivité des solutions
est évidemment relié à l’existence d’un pas de temps minimal garantissant la positivité pour une
discrétisation temporelle explicite. Dans le cas du schéma proposé pour l’équation de Landau, voir
[57], cela se traduit donc par la difficulté de choisir un pas de temps assurant la positivité dans un
code de calcul.

Ayant obtenu notre opérateur de collisions discret, il reste donc à le mettre en oeuvre. Et ce
n’est pas aussi simple que ça.

Par exemple pour l’opérateur de Boltzmann ou Landau, ces opérateurs étant quadratiques le
coût de leur évaluation en chaque point du maillage est prohibitif. De part la nature parabolique
des équations de type Fokker-Planck, pour assurer la positivité de la solution discrète c’est la
restriction sur le pas de temps qui devient rédhibitoire pour un schéma explicite. Il convient donc
de trouver aussi des solutions soit pour évaluer à moindre coût ces opérateurs soit pour impliciter
le schema en temps. Notons que c’est pour l’équation de Landau que le problème représente le
plus de difficultés, car l’opérateur est quadratique et le problème de nature parabolique.

C’est cette méthodologie que j’ai essayé d’appliquer à quelques types d’opérateurs de collisions.

1.2 Une méthode entropique et conservative pour l’équation
de Boltzmann dans le cas d’un gaz monoatomique [a1, c1]

Dans cet article j’ai étudié une méthode conservative et entropique pour l’équation de Boltz-
mann pour un gaz monoatomique. L’opérateur de boltzmann peut s’écrire sous la forme faible et
symétrisée, [13]∫

R3
Q(f,f)ψdv =

= −1
4

∫
R3

∫
R3

(∫
S2
q(v − v∗,ω)(f ′f ′∗ − ff∗)(ψ′ + ψ′∗ − ψ − ψ∗)dω

)
dvdv∗

(1.6)

f = f(x,v,t), f∗ = f(x,v∗,t), f ′ = f(x,v′,t), f ′∗ = f(x,v′∗,t)

et

v′ =
v + v∗

2
+Rω(

v − v∗
2

), v′∗ =
v + v∗

2
−Rω(

v − v∗
2

),

C’est sur cette forme de l’opérateur que l’on montre facilement la conservation en temps, du
nombre de particules

∫
v
fdv, de la quantité de mouvement

∫
v
vfdv, de l’énergie

∫
v
‖v‖2fdv

et la décroissance de l’entropie
∫

v
f log(f)dv. C’est donc cette forme de l’opérateur que l’on

discrétise.
Les difficultés que l’on rencontre pour définir un opérateur discret proviennent de l’intégrale

sur la sphère unité.
Étant donné un maillage uniforme vi = i∆v, i = (i1,i2,i3) ∈ Z3, on définit une approximation

de f en résolvant le système
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pour tout i ∈ Z3,
dfi

dt
= Bi, fi(0) = f0(vi),

Q(f,f)(vi) ' 1
(∆v)3 Q̄(f̄ ,f̄)i

=
1

(∆v)3
∑
j∈Z3

∑
(k,l)∈Sij

4π
Card(Sij)

q(vi − vj ,ω
kl
ij )(fkfl − fifj)

(1.7)

Sij = {(k,l) ∈ Z3 × Z3, k + l = i+ j, |k|2 + |l|2 = |i|2 + |j|2}.

ce qui correspond à l’approximation suivante de la formulation faible de l’opérateur∫
R3
Q(f,f)ψdv ' 1

4(∆v)3
∑

i,j∈Z3

∑
(k,l)∈Sij

4π
Card(Sij)

(ψk + ψl

−ψi − ψj)q(vi − vj ,ω
kl
ij )(fkfl − fifj)

On peut vérifier facilement sur (1.7) que la méthode développée est bien conservative et entropique.
L’intégrale sur la sphère unité dans (1.6) a donc été discrétisée de la façon la plus simple qui

soit. Cela revient effectivement à considerer un gaz à répartition discrète des vitesses, voir [20] :
quand deux particules de vitesses i et j collisionnent, leur vitesses après collision sont les points
d’intersection du maillage et de la sphère de collision et les probabilités de transition sont toutes
égales. Cela fournit une méthode bien plus simple et au moins aussi efficace que celle proposée par
Rogier et Schneider [37, 39].

Bobylev et Schneider ont montré [6] que (1.7) est une approximation consistante de l’opérateur
(1.6). On peut remarquer aussi que l’opérateur discret est une somme d’opérateurs de Broadwell
q̀uatre vitesses.

La seconde difficulté que l’on rencontre dans la discrétisation de l’équation de Boltzmann est
le coût exorbitant de l’évaluation du terme de collision. Pour réduire ce coût CPU, j’ai mis en
oeuvres deux techniques. Elles constituent l’apport essentiel de ce travail. C’est ce qui a permis de
faire des calculs en dimension 2 d’espace à un coût inférieur à celui d’une simulation Monte-Carlo,
et ce pour de meilleurs résultats.

La première est une technique de sous-réseaux, qui sera d’ailleurs réutilisée dans la cas de
l’opérateur de Landau. À chaque pas de temps on évalue en tout point le terme de collisions avec
un sous-reseau du réseau initial, le choix du sous-réseau se faisant de façon aléatoire ou cyclique,
je renvoie le lecteur au paragraphe (1.5.1) pour une explication plus détaillé.

La seconde est basée sur une formule de quadrature de type Monte Carlo pour l’opérateur de
collision.

Dans tous le cas on garde une approximation conservative et entropique du terme de collision.
L’opérateur reste toujours une somme de modèle de Boadwell à quatre vitesses.

La discrétisation en temps est faite soit par un schéma explicite soit par splitting et résolution
exacte de modèle de Broadwell. Ce second choix permet d’avoir un schéma positif, implicite et
entropique. le pas de temps est de l’ordre de quelques temps de vol libre moyen.

Pour des calculs non homogène en espace, j’ai utilisé un schéma de type volume fini classique
pour la partie transport.

Les résultats numériques ont été obtenus en dimension un ou deux d’espace sur des cas réalistes
modélisant des écoulements hypersoniques de gaz raréfies. Ces résultats ont étés comparés avec
ceux obtenus par un code Monte-Carlo. On montre ainsi qu’avec la méthode à répartition discrète
de vitesses on obtient des résultats en adéquation avec ceux d’un code de calcul Monte Carlo, et
ce pour un coût CPU moindre et sans bruit aléatoire.
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1.3 Opérateur de Boltzmann discret pour un modèle de gaz
polyatomique [a2]

Cet article constitue la suite logique de l’article précédent sur la discrétisation de l’équation de
Boltzmann. Dans le travail précédent on considérait un gaz monoatomique, il était donc naturel
d’étendre la méthode numérique à une équation de Boltzmann modélisant un gaz polyatomique.
Le choix s’est porté sur le modèle le plus simple qui soit, ne nécessitant que l’introduction d’une
variable supplémentaire pour modéliser tous les phénomènes de vibration rotation, le modèle de
Larsen-Borgnakke [17, 8, 7].

Soit δ le nombre de degrés internes de liberté, f(x,v,I,t) la fonction de distribution. La densité,
la quantité de mouvement et l’énergie totale sont définies respectivement par n(x,t)

n(x,t)U(x,t)
n(x,t)E(x,t)

 =
∫

R3×R+

 1
v

|v|2

2
+ I2

 f(x,v,I,t)dvIδ−1dI.

L’opérateur de Larsen-Borgnakke-Boltzmann est défini par, voir [8] :

Qδ(f,f) =
∫

∆

B(f ′f ′∗ − ff∗)dv∗Iδ−1
∗ dI∗dη(r(1− r))

δ
2−1drR2(1−R2)δ−1dR

avec
g =

v − v∗
2

= vitesse relative,

E2 = |g|2 + I2 + I2
∗ = énergie totale,

(v∗,I∗,η,r,R) ∈ ∆ = R3 × R+ × S2,+ × [0,1]2,

B = B(E,|Rg|,|Rg.η|,I2r(1−R2),I2
∗ (1− r)(1−R2)) > 0,

f = f(x,v,I,t), f∗ = f(x,v∗,I∗,t), f ′ = f(x,v′,I ′,t), f ′∗ = f(x,v′∗,I
′
∗,t),

et le processus de collision est défini de la façon suivante
v + v∗ = v′ + v′∗

g′ =
RE

|g|
{g − 2(g.η)η}

I ′ =
√
r(1−R2)E

I ′∗ =
√

(1− r)(1−R2)E

S2 est la sphère unité de R3.
L’équation de Boltzmann s’écrit donc :

∂f

∂t
+ v.∇xf = Qδ(f,f)

Les états d’équilibre sont de la forme

f(v) = Cδ
ρ

(RT )(3+δ)/2
exp(−|v − u|2 + 2I2

2RT
),

Par exemple pour le modèle “variable hard sphere” (VHS) B est donné par :

B = CR1−2α|g|−2α|g.η|

avec α ∈ [0,
1
2
].

Dans cet article j’ai proposé deux approximations discrètes de cette équation vérifiant les
propriétés de conservation et de décroissance de l’entropie. Le principe de construction bien que
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plus compliqué à mettre en oeuvre est celui employé pour le cas monoatomique. Dans le cas où
le nombre de degrés internes de liberté est nul on retrouve bien dans les deux cas l’opérateur de
Boltzmann discret pour un gaz mono-atomique décrit dans le paragraphe précédent (voir [a1]).

Les techniques de réduction de coût pour l’évaluation du terme de collision et de discrétisation
en temps utilisées pour le cas mono-atomique peuvent s’appliquer sans problèmes dans le cas
polyatomique. Les modèles de Broadwell sous jacents peuvent encore se résoudre exactement.

Par suite d’une ré-orientation des objectifs de recherche du CEA il n’a pas été possible de
tester cette méthode. Mes travaux se sont trouvés recentrés sur la physique des plasmas et plus
particulièrement sur la discrétisation de l’équation de Fokker-Planck-Landau.

1.4 Régularisation de l’équation de Boltzmann [a4]
En coll. avec S. Cordier et P. Degond.
Dans les méthodes à répartition discrète de vitesse (DVM)(voir [21, a1, 37]), les vitesses sont

sur un maillage fixe de R3. La consistance de ces méthodes est liée à la répartition des solutions
entières de l’équation a2 +b2 +c2 = n, qui vient de la conservation de l’énergie pour un quadruplet
de vitesses sur la grille uniforme. Des résultats partiels ont été obtenus en utilisant des techniques
issues de la théorie des nombres (par exemple [6]).

Du point de vue numérique et pratique, la principale difficulté avec les méthodes DVM est liée
au petit nombre de paires de vitesses post-collisionnelles pour un couple de vitesses donné. En
effet, le nombre de points d’intersection entre la sphère de collision et le maillage peut être très
petit [22]. Dans de telles circonstances, la grille doit être raffinée et le coût devient exorbitant.
Pour pallier cette difficulté, nous avons étudié une régularisation de la sphère de collision.

La seconde motivation de ce travail était liée à l’approximation de l’opérateur de Boltzmann
par des méthodes particulaires [16, 30, 33]. Les méthodes de type Monte Carlo permettent de
traiter les phases de transport et de collision de façon naturelle et relativement facile à mettre en
oeuvre [5, 31, 32]. Cependant, le calcul par une méthode Monte Carlo des intégrales de collisions
génère un fort bruit numérique. Il serait donc intéressant de trouver une résolution déterministe des
intégrales de collisions. Cet objectif a été atteint pour la théorie du transport linéaire [16, 30, 33]
mais cela nécessite de trouver une régularisation du processus de collision microscopique afin que
l’opérateur soit globalement conservatif.

Dans cet article nous avons étudié deux stratégies possibles. La première consiste à "épaissir"
la sphère de collisions et à autoriser les vitesses post-collisionnelles à être situées sur une coquille
sphérique. L’opérateur de Boltzmann peut s’écrire sous la forme :

Q[f ](v)=
∫

(R3)3
c (v,v1,v′,v′1) (f ′f ′1 − ff1) dv′dv′1dv1,

où l’intégration est prise sur l’ensemble des triplets de vitesses et c est défini par

c (v,v1,v′,v′1) = δ0(v + v1 − v′ − v′1)δ0(|v − v1|2 − |v′ − v′1|2)C
(
|v − v1|,

(v − v1,Ω)
|v − v1|

)
,

où Ω =
(v′ − v′1)− (v − v1)
|(v′ − v′1)− (v − v1)|

et δ0 représente la mesure de Dirac en x = 0. Notons que les fonctions

c et C ne sont définies que pour les vitesses v, v1, v′ et v′1 satisfaisant les propriétés de conservation
de l’impulsion et de l’énergie

v + v1 = v′ + v′1, |v|2 + |v1|2 = |v′|2 + |v′1|2. (1.8)

Dans cette formulation, que l’on trouve par exemple dans [13], les conservations (1.8) sont assurées
par les mesures de Dirac et nous avons cherché à régulariser ces mesures de façon à augmenter le
nombre de vitesses post-collisionnelles admissibles. L’opérateur régularisé Q̃ est écrit sous forme
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faible symétrisée pour une fonction test Ψ(
Q̃[f ],Ψ

)
=

−1
4

∫
(R3)4

C̃

(
v − v1

2
,
v′ − v′1

2

)
(Ψ′ + Ψ′

1 −Ψ−Ψ1)(
f ′f ′1δ

(
v + v1

2
,
v − v1

2
,
v′ + v′1

2
,
v′ − v′1

2

)
−ff1δ

(
v′ + v′1

2
,
v′ − v′1

2
,
v + v1

2
,
v − v1

2

))
dv dv′ dv′1 dv1 ,

avec C̃ (z,z′) défini par C(|z|, |z−z′|
2|z|

), où |z| est une valeur moyenne de |z| et |z′|. On obtient d’abord
des conditions nécessaires sur la fonction δ pour que les propriétés (conservations, décroissance
de l’entropie et états d’équilibre) soient satisfaites. Lorsque seule la condition sur l’énergie est
régularisée, on construit un tel opérateur mais lorsque les deux contraintes (impulsion et énergie)
sont relaxées, la construction nécessite des conditions sur la fonction de distribution elle-même
afin d’assurer que lorsque le paramètre de régularisation tend vers 0, on retrouve l’opérateur de
Boltzmann usuel. De plus, la section efficace régularisée dépend de la fonction de distribution ce
qui complique la structure de l’opérateur et son implémentation. Rappelons que les propriétés re-
quises sont indispensables pour garantir le retour vers la Maxwellienne d’équilibre en temps grand.

La seconde approche consiste à "modifier les masses" lors du processus de collisions tout en
préservant les propriétés macroscopiques. Précisons la démarche. Pour un couple v,v1 de vitesses,
on définit un centre de masse approché par

V (x) = xv + (1− x)v1,

et les vitesses post-collisionnelles

v′ = V (x) + (1− y)rω, v′1 = V (x)− yrω, (1.9)

où x et y sont deux réels proches de 1/2. La conservation de l’énergie permet de déterminer r en
fonction de x, y, v et v. On définit une suite régularisante hε(x− 1/2) = ξ((x− 1/2)/ε)/ε, avec ξ
une fonction paire, positive, régulière telle que

∫
z∈I ξ(z − 1/2)dz = 1 et pour tout ε > 0 et toute

fonction f , on pose

Cε(f,f) =
∫

R3

∫
S2

∫
(x,y)∈I2

q(
|v − v1|+ |v′ − v′1|

2
,ω)χ

(
f

M
,
f1
M1

,
f ′

M ′ ,
f ′1
M ′

1

,x,y

)
(
M1Mf ′f ′1 −M ′

1M
′ff1√

M1MM ′
1M

′

)
hε(x−

1
2
)hε(y −

1
2
)dv1dωp(x)dxdy,

où (v′,v′1) est calculé à partir de (v,v1,ω,x,y) à partir des relations (1.9) et q(u,ω) = uσ(u,ω)
et σ est la section efficace différentielle de collision, M = Mf est la Maxwellienne d’équilibre
associée à f , χ est une fonction permetttant d’assurer la décroissance de l’entropie et p(x) =
64x(x− x2)3/2 la microréversibilité de l’opérateur. On montre formellement la convergence de cet
opérateur régularisé vers l’opérateur de Boltzmann

lim
ε→0

Cε(f,f) =
∫

R3

∫
S2

(f ′f ′1 − ff1) q(|v − v1|,ω)dv1dω.

Nous vérifions qu’il satisfait les lois de conservations et la décroissance de l’entropie. Il est im-
médiat d’après la définition de Cε que les Maxwelliennes sont des états d’équilibres. L’implication
inverse n’est pas claire mais nous montrons comment modifier cet opérateur pour éliminer les
éventuels invariants non physiques. L’intérêt de cette méthode par rapport à la précédente est que
la modification de la section efficace de collision ne dépend que de la Maxwellienne d’équilibre et
non de la fonction de distribution.
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1.5 Équation de Fokker-Planck-Landau.
Avant de présenter mes travaux sur l’analyse numérique de l’opérateur de Fokker-Planck-

Landau, nous allons d’abord en rappeler quelques propriétés.
La dérivation statistique de l’opérateur de Fokker-Planck que l’on trouve par exemple

dans le chapitre 6 de [113], repose sur le fait que les grandes déviations subies par une particule
résultent essentiellement d’une succession de "collisions rasantes" i.e. de faibles déviations (voir
section (1.9) pour la justification de cette limite pour un opérateur simplifié).

Citons les travaux de Lucquin, Degond et Desvillettes sur la justification de cette limite [65,
56]. Dans [56], on montre que, moyennant une adimensionnalisation convenable de l’opérateur de
Boltzmann (dans le cas d’une loi d’attraction Coulombienne), il est possible de mettre en évidence
un petit paramètre physique, appelé paramètre plasma. Nous constatons ensuite que le premier
terme du développement asymptotique de cet opérateur de collision en fonction du petit paramètre
est précisément l’opérateur de Fokker-Planck (voir la section (1.9) pour une étude similaire dans
le cas de l’opérateur de Lorentz).

L’opérateur de Fokker-Planck, que nous noterons de manière spécifique QFP (f,f), s’écrit dans
le cas général

QFP (f,f)(v) = ∇v ·
(∫

R3
Φ(v − v1) (∇vff1 −∇v1f1f ) dv1

)
,

où, pour simplifier les notations, la variable t est omise, et : f = f(v), f1 = f(v1), ∇vf = (∇f)(v),
∇v1f = (∇f)(v1). Pour tout w ∈ R3, le potentiel Φ(w) = Φ(−w) est une matrice carrée d’ordre
trois symétrique et semi-définie positive qui s’écrit

Φ(w) = (B S)(w), S(w) = Id− w ⊗ w

|w|2
,

Id désignant la matrice identité dans R3. Le noyau B qui apparaît dans cet opérateur est le
produit de |v|3 par la section efficace différentielle de collision, quantité statistique qui est elle-
même étroitement liée au potentiel d’interaction entre les particules. Plus précisément, si la force
d’interaction est de la forme r−s, avec s ≥ 2 (r désigne la distance entre deux particules), le
noyau s’écrit B(v) = C|v|γ+2, où γ = s−5

s−1 , et C est une constante positive. On appelle potentiels
durs les potentiels pour lesquels γ > 0, et potentiels mous ceux pour lesquels γ < 0. Enfin le
cas particulier γ = 0 correspond aux molécules Maxwelliennes. De cette distinction résultent des
propriétés mathématiques, qui sont en général beaucoup plus difficiles à obtenir dans le cas de
potentiels mous. Le cas Coulombien correspond à s = 2, soit γ = −3.

Nous avons écrit l’opérateur de Fokker-Planck sous une forme conservative, parfois appelée
forme de Landau ; c’est une forme très agréable d’un point de vue mathématique. On rencontrera
aussi dans la littérature physique une autre écriture de cet opérateur, appelée forme de Rosenbluth :
en développant la forme de Landau précédente, l’opérateur de Fokker-Planck apparaît comme
une combinaison (non linéaire) entre un opérateur de diffusion et un opérateur de friction ; les
coefficients de cette combinaison s’appellent potentiels de Rosenbluth.

Si toutes les formes de l’opérateur sont équivalentes au niveau continu, une fois discrétisé, il
n’en est pas de même. Des schémas de différences finies conservatifs ont été décrits antérieurement,
soit dans le cas totalement isotrope (la fonction de distribution ne dépend de la vitesse que par
l’intermédiaire de son module) dans [47, 48], soit dans le cas d’une géométrie à symétrie azimutale
(i.e. en variables sphériques, la fonction de distribution est supposée indépendante de l’angle
azimuthal) par différents auteurs [99, 100, 106]. La conservation des invariants collisionnels y est
en général assurée, la décroissance de l’entropie parfois établie. Mais nulle part n’est vérifié le fait
que les seuls invariants collisionnels soient les invariants "physiquement acceptables", à savoir la
masse, la quantité de mouvement et l’énergie. Concernant les simulations numériques effectives de
l’équation de Fokker-Planck, les premières remontent à 1957 pour le cas isotrope, [102] (voir aussi
la section 1.6) et 1987 pour le cas axisymétrique [78]. Plus récemment, O. Larroche implémente
dans [79] un schéma volumes finis qui ne préserve que la masse. Ce schéma est ensuite amélioré,
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selon une méthode de correction inspirée de [45], de manière à ce qu’il conserve aussi l’impulsion
et l’énergie [54]. Toutes les travaux cités ci dessus sont basées sur la forme avec potentiels de
Rosenbluth.

Citons pour conclure les travaux de Lucquin, Degond [57, 59], Epperlein [72] (isotrope), Frenod-
Lucquin (axisymétrique [76]) et Lemou [84, 85], G. Russo et L. Pareschi (méthodes spectrales [96])
et aussi ceux de Dellacherie [64] pour les plasmas électrons-ions.

Les travaux que je vais présenter maintenant portent sur la formulation "Landau" de l’opéra-
teur : la première section est consacrée aux algorithmes rapides (multigrilles et sous-réseaux), la
seconde à l’existence de solutions du problème semi-discret et discret.

1.5.1 Algorithmes rapides [a3]
En coll. avec S. Cordier, M. Lemou et P. Degond.
Nous avons mis au point des algorithmes rapides (de type multigrille et sous-réseaux) pour

résoudre l’équation de Fokker Planck à partir d’une discrétisation de cet opérateur proposée par
P. Degond et B. Lucquin [92, 57]. Ceci permet de réduire le coût a priori quadratique de telles
simulations numériques à un coût d’ordre N ln(N) et donc d’envisager de simuler des phénomènes
beaucoup plus complexes.

Plus précisément, nous avons travaillé sur la formulation dite Landau-Log de l’opérateur. Un
schéma d’approximation par différences finies de l’équation de Fokker-Planck homogène préservant
au niveau discret toutes les propriétés physiques (conservations de la masse, l’impulsion et l’énergie,
décroissance de l’entropie et états d’équilibre Maxwelliens et uniquement ceux là!) a été proposé
par P. Degond et B. Lucquin dans [92, 57]. Rappelons en la structure. Étant donné un maillage
uniforme vi = i∆v, i = (i1,i2,i3) ∈ Z3 de R3, on définit une approximation de f en résolvant le
système

pour tout i ∈ Z3,
dfi

dt
= FPLi, fi(0) = f0(vi), (1.10)

où FPLi ' QFP (f,f)(vi) est défini par :

FPLi = −D∗ ·
[ ∑

j∈Z3

φ(vi − vj) fifj (D log fi −D log fj) ∆v3
]
.

Dans cette expression, D est un opérateur de différences finies, défini de manière uniforme sur tout
le maillage, et approchant l’opérateur gradient au moins à l’ordre 1 et D∗ est l’opérateur discret
adjoint. On peut l’écrire sous forme faible :∑

i∈Z3

FPLiψi =
−∆v3

2

∑
(i,j)∈Z6

fifj

((Dψ)i − (Dψ)j)
T Φ(vi − vj) ((D ln f)i − (D ln f)j) . (1.11)

Il est clair sur la formule (1.11) que le coût de cet opérateur sera quadratique. Nous rappelons
comment se ramener à un domaine borné de l’espace des vitesses en suivant les idées présentées dans
[57]. Puis, nous expliquons comment cette discrétisation peut être étendue de façon immédiate au
cas multi-espèces. Rappelons que cette extension, indispensable pour traiter les cas physiquement
intéressants est un obstacle majeur lorsqu’on utilise une discrétisation basée sur la formulation de
Rosenbluth [79].

Choix de l’opérateur de différence finies.

Il a été montré dans [56] que pour l’opérateur obtenu avec le schéma différence fini décentré
(avec εi ∈ {±1})

(Dsψ)i = εi
ψi+εies

− ψi

∆v
, s = 1,2,3,
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les seuls invariants de collisions sont les combinaisons linéaires de 1, v et v2 (correspondant res-
pectivement à la masse, l’impulsion et l’énergie). Avec le schéma centré,

(Ds
cψ)i =

ψi+es
− ψi−es

2∆v
, s = 1,2,3, (1.12)

l’opérateur possède des invariants supplémentaires associés à des états d’équilibre parasites. En
revanche, les schémas décentrés ne sont que d’ordre 1 et ils introduisent une dissymétrie artificielle
dans la discrétrisation. Nous avons montré qu’il était possible d’éliminer les invariants parasites
tout en conservant la symétrie de l’opérateur en prenant la moyenne arithmétique des opérateurs
obtenus pour chacun des 8 choix (2 possibilités pour 3 dimensions) possibles de direction pour les
opérateurs décentrés. L’opérateur obtenu s’écrit comme celui obtenu avec le schéma centré avec
une correction d’ordre 2 qui élimine les invariants parasites du schéma (1.12).

Réduction du coût calcul : sous-réseaux.

La première méthode que nous avons considérée est inspirée de mes travaux pour l’opérateur de
Boltzmann. Cette méthode appelée méthode des sous-réseaux consiste à ne retenir dans la somme
double que les indices i et j telles que le vecteur (i− j) soit un multiple de a. Nous montrons que
l’opérateur (Qi[a]+Qi[b])/2 avec a et b premiers entre eux possède les mêmes propriétés que Q, en
particulier, les seuls invariants sont les invariants physiques. Le coût de l’évaluation est multiplié
par 1

a3 + 1
b3 . Par exemple, avec a = 7 et b = 8, il est divisé par environ 25.

Méthodes multigrilles.

On découpe le domaine cubique unité de calcul C0 = [0,1]3 (le "père") d’arête 1 en 8 cubes
réguliers Cr

1 (les "enfants") d’arête 1/2 et de centre

Or
1 = (

1
22

+
r1
2
,
1
22

+
r2
2
,
1
22

+
r3
2

),

avec r = (r1,r2,r3) ∈ I1
def
= {0,1}3. On écrit ensuite la somme (ou l’intégrale) double∫

C0

Q(f,f)(v)ψ(v)dv =
∑

(r,r′)∈I2
1

∫
Cr

1×Cr′
1

H(v,w)dvdw.

On itère le procédé en divisant à nouveau chaque sous-cube en 8 cubes d’arêtes de longueur 1/4
etc... jusqu’à un niveau K. On définit ensuite la notion de cubes de niveau k ∈ {2 · · ·K} - i.e.
d’arêtes de longueur 2−k bien séparés. On dit que deux cubes de niveau k sont bien séparés s’ils
ne sont pas voisins (pas de faces ou de sommets communs) mais que leurs "parents" le sont.
On obtient ainsi une partition de C0 × C0 en prenant la réunion des sous-cubes bien séparés de
niveau k variant de 2 à K et des sous-cubes voisins au niveau le plus fin K. On utilise ensuite
une méthode aléatoire de type Monte-Carlo d’autant plus précise que le niveau est grand (exacte
au niveau K) pour évaluer la contribution entre deux sous-cubes. Cette méthode est bien adaptée
au cas Coulombien pour lequel la section efficace décroît avec la vitesse relative de sorte que la
contribution entre les sous-cubes des premiers niveaux est moins importante que celle des niveaux
élevés. Le coût d’un tel algorithme est N ln(N) avec N = 23K le nombre de points de discrétisation.

Une autre méthode a été étudiée par M. Lemou dans [84] : il s’agit d’une méthode de type
multipolaire. On conserve la décomposition en niveaux et la hiérarchie multigrille mais on remplace
le calcul Monte-Carlo par un développement multipolaire tronqué. Il s’agit d’une approximation
(à cause de la troncature) qui est exacte dans le cas maxwellien. La complexité de l’algorithme est
comparable. Ces algorithmes rapides (sous-réseaux, multigrilles et multipolaires) ont été adaptés
au cas axisymétrique par M. Lemou [85].

Récemment, un autre type de méthode, dite spectrale, a été proposé par G. Russo et L. Pareschi
[96]. Celle-ci est également en N lnN grâce à l’utilisation de la transformée de Fourier rapide. De
plus, il est possible d’en contrôler la précision. En revanche, le seul invariant est la masse et la
fonction de distribution tend vers une valeur constante en temps grand.
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1.5.2 Existence de solutions et propriétés des schémas [a6]
En coll. avec S. Cordier.
Nous avons montré l’existence de solutions pour le système d’équations différentielles non li-

néaires couplées correspondant à l’opérateur de Fokker-Planck discrétisé dans l’espace des vitesses.
Nous montrons également que le problème peut être discrétisé explicitement en temps moyennant
une condition sur le pas de temps de type CFL.

Rappelons que les algorithmes basés sur la formulation dite Landau-log de l’opérateur de
Fokker-Planck permettent de vérifier les propriétés physiques (conservation, entropie et états
d’équilibre). Ces propriétés sont indispensables pour éviter un chauffage ou un refroidissement
artificiel de la fonction de distribution, comme cela a été noté pour l’équation de Boltzmann [25].
En d’autres termes, la décroissance de l’entropie est importante pour assurer la thermalisation du
plasma et les conservations pour qu’elle se fasse vers l’ETL (équilibre thermodynamique local).
De plus, comme nous l’avons montré dans [a3], il est possible de généraliser ces schémas au cas
multi-espèces.

Numériquement, nous avons observé dans cet article que la décroissance de l’entropie et la
positivité de la fonction de distribution généraient des solutions sans oscillation. Cette propriété
de type principe du maximum est démontrée dans le cas de FPL linéaire. Dans le cas isotrope
(section suivante et [a5]), nous avons montré sur des exemples numériques l’existence de telles
oscillations dans le cas non linéaire.

Comme nous l’avons rappelé, ces propriétés de conservation et d’entropie pour les schémas
FPL sont satisfaites en utilisant la formulation dite Landau-log qui a fait l’objet de nombreux
travaux [57, 47, 100, 48, 92, 76, 99]. Dans ce papier, nous montrons que le schéma basé sur la
formulation "sans"-log est bien conservatif mais qu’il existe des fonctions de distribution initiales
positives qui conduisent à une solution négative après un temps arbitrairement petit.
Remarque 2 D’ailleurs un résultat récent que j’ai obtenu avec S. Cordier, voir [cr3] ou voir pa-
ragraphe (3.2) semble en fait indiquer qu’il n’existerait pas de schémas positifs pour la formulation
"sans"-log. Une solution pour avoir la positivité est de prendre un schéma non-liéaire par exemple
en partant de la formulation Landau-log.

Les résultats principaux de ce travail sont l’existence de solutions positives pour le système
d’équations différentielles ordinaires correspondant au problème semi-discrétisé (1.11) i.e. unique-
ment en vitesses et la vérification de la décroissance de l’entropie pour le schéma totalement
discrétisé (i.e. en temps et en vitesse, avec un schéma explicite). En effet, les travaux cités précé-
demment vérifient que l’entropie de la solution du problème semi-discrétisé décroît mais pas celle
du problème discrétisé en temps qui est effectivement implémenté dans les codes de calcul. Nous
montrons que ces propriétés sont bien vérifiées pour une variante du schéma exposé auparavant.

On considère dans un premier temps l’equation de FPL linéaire (en dimension d) qui décrit
l’effet sur les électrons des collisions électrons-ions et que l’on peut écrire sous la forme

∂f

∂t
= ∇ ·

(
Tf ~∇v log(f/Mf )

)
,

On discrétise cette formulation par

dfi

dt
= FPL

i = (D∗ · p)i, ps
i = gs

i (D
s log(f/M))i, (1.13)

où M est la maxwellienne discrète centrée de même masse et température que f et (D,D∗) sont
des opérateurs de différences finis adjoints. Les coefficients gs

i sont des approximations de fi définis
par

gs
i =

(]Ns)
∏

k∈Ns fi+k∑
k′∈Ns

(∏
k∈Ns−{k′} fi+k

) , i ∈ Zd, (1.14)

où Ns est l’ensemble des points pris en compte pour calculer l’opérateur de différences finis dans la
direction s et (]N) est son cardinal. Le schéma obtenu peut s’interpréter comme un schéma de type
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volumes finis : en intégrant sur une maille Ci cubique centrée en vi, avec formule de quadrature
au point milieu, on obtient une formulation équivalente à (1.13)

dfi

dt
= FPL

i =
1

∆v2

∑
µ∈{−1,1}

∑
s=1···d

gi,i+µes

(
log
(
fi+µes

Mi+µes

)
− log

(
fi

Mi

))
,

en utilisant une approximation bien connue dans le cas des équations de diffusion [74] qui consiste
à prendre la moyenne harmonique

gi,i+µes
=

2fifi+µes

fi + fi+µes

≈ f

(
v =

vi + vi+µes

2

)
,

qui garantit la continuité des flux aux interfaces. On montre ensuite comment se ramener à un
domaine borné I dans l’espace des vitesses et également que le problème de Cauchy est bien posé :
soit (f0

i ) ∈ R(]I) avec f0
i > 0 pour tout i ∈ I; le système (1.13) avec fi(t = 0) = f0

i possède une
solution positive, entropique, globale en temps telle que ∀i ∈ I, limt→∞ fi(t) = Mi. On montre
qu’il existe une constante C > 0 - dépendant de la donnée initiale - telle que pour des pas de
temps de la forme C/∆v2 la solution discrète en temps est positive, entropique et converge vers
la Maxwellienne discrète en temps grand.

Dans le cas non linéaire, en utilisant l’approximation des fi par les moyennes harmoniques
généralisées gs

i et en étudiant l’évolution de

K
def
= sup

i∈I,k∈N

∣∣∣∣ fi

fi+k

∣∣∣∣ ,
on montre qu’il existe une solution entropique et positive pour des temps arbitrairement grands au
problème de Cauchy analogue à (1.13) avec FPL défini cette fois par (1.10) où le produit fifj est
remplacé par gigj défini par (1.14). Dans le cas linéaire, la fonction K est bornée ; dans le cas non
linéaire, elle est bornée en temps fini. En particulier, la fonction de distribution pourrait s’annuler
en quelques points (nécessairement multiples) lorsque t → ∞ et le problème de la convergence
vers l’ETL pour le problème semi-discret reste ouvert.

De façon analogue, pour le problème discrétisé en temps, on n’a pas une borne supérieure du
pas de temps qui assure la décroissance de l’entropie et la positivité mais une suite de pas de
temps dont la série diverge. On sait donc qu’il existe une solution pour le problème semi-discret
et discrétisé en temps (avec la modification de f en g) qui est positive, entropique et globale en
temps mais on ne peut montrer le retour vers l’ETL. En pratique, les pas de temps restent bornés
inférieurement et la solution s’approche de la Maxwellienne discrète. Les pas de temps entropiques
sont donnés par la condition

∆tH
def
=

−
∑

i∈I FPi log(fi)∑
i∈I FP

2
i /fi

.

1.6 Équation de Fokker-Planck-Landau isotrope.
Nous avons également travaillé sur un modèle simplifié (symétrie sphérique des fonctions de

distribution) pour lequel les résultats du cas tri-dimensionnel peuvent être améliorés [a5].
L’opérateur de Fokker-Planck-Landau peut s’écrire sous une forme simplifiée pour des fonc-

tions de distribution possédant des propriétés de symétrie. En particulier, lorsque la fonction de
distribution a un axe de révolution, ce qui est le cas en présence de champ magnétique par exemple;
ce cas appelé cas axisymétrique a fait l’objet de travaux récents de Frenod-Lucquin [76] et Le-
mou [85]. Lorsque la fonction de distribution possède un centre de symétrie, c’est à dire quand la
fonction est indépendante de la direction de la vitesse, on obtient le modèle isotrope considéré ici.
L’opérateur satisfait alors les mêmes symétries et la solution reste donc symétrique. L’opérateur
de FPL dans le cas isotrope est utilisé pour la modélisation des phénomènes de fusion par confine-
ment inertiel (FCI). Plus précisément, il s’agit de décrire précisément le transport d’énergie dans
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un plasma produit par un laser. Dans certaines conditions, il est admis que la théorie du transport
fluide (dans lequel on ferme les équations hydrodynamiques par une loi pour le flux de chaleur, voir
Spitzer-Harm [119]) n’est pas valable. L’opérateur de FPL isotrope peut également être considéré
comme le premier terme du développement de FPL en harmonique sphérique (modèles SHE). Nous
renvoyons à [72, 73] pour une présentation des modèles physiques et des méthodes numériques pour
les résoudre. Outre l’intérêt intrinsèque de l’opérateur isotrope, que l’on rencontre également en
astrophysique [50, 51], celui-ci sert à calculer des solutions de références dans le cas Coulombien
[101, 102] pour lequel il n’existe pas de solutions exactes contrairement au cas Maxwellien [83].

Au niveau numérique, un schéma conservatif et entropique a été proposé dans le cas isotrope
[47]. Les auteurs donnent des conditions sur les pas de temps pour assurer la décroissance de
l’entropie sans justifier ces propriétés. Comme on l’a déjà dit, la décroissance de l’entropie est
importante pour assurer le retour vers l’équilibre mais aussi pour empêcher la formation d’oscilla-
tions parasites. Celles-ci sont particulièrement visibles sur une fonctionnelle appelée information
de Fischer. Les solutions discrètes doivent également rester positives et cela n’apparaît pas dans
[47]. Rappelons qu’un schéma peut être conservatif et ne pas préserver la positivité, comme on
l’a vu avec le schéma sans log dans le cas tridimensionnel. Il est annoncé dans [47] que dans le
cas isotrope, les propriétés (conservation, entropie) sont satisfaites sur la forme sans log. Nous
en donnons la preuve moyennant une modification utilisant les moyennes entropiques. Ceci nous
permet également de montrer que la solution discrète tend en temps grand vers l’ETL.

Les deux sections suivantes décrivent les résultats obtenus : la première est une adaptation et
une amélioration des résultats obtenus dans le cas tridimensionnel (section 1.5.2) pour le schéma
basé sur la formulation log; la deuxième est basée sur autre formulation, sans log, pour laquelle
on vérifie les propriétés de conservation, entropie et états d’équilibre et qui permet de proposer de
nouveaux schémas en temps.

1.6.1 Existence de solutions pour FPL log [a5]
En coll. avec S. Cordier.
Nous nous intéressons à l’opérateur de FPL pour les fonctions de distribution isotropes i.e. qui

ne dépendent que de la variable d’énergie ε et du temps f(ε,t). On ne note pas la dépendance en
temps pour simplifier. Cet opérateur s’écrit (voir [47]) une fois ramené à un domaine borné en
énergie et adimensionné, dans le cas Coulombien

∂f(ε)
∂t

=
1√
ε

d

dε

∫ ε0

0

f(ε)f(ε′)
(
d

dε
ln f(ε)− d

dε
ln f(ε′)

)
k(ε,ε′)dε′,

avec k(ε,ε′) = inf(ε3/2,(ε′)3/2) et ε0 assez grand pour que la fonction f soit bien représentée. On
considère une forme faible de cet opérateur∫ ε0

0

∂f

∂t
φ
√
εdε = −1

2

∫ ε0

0

∫ ε0

0

f(ε)f(ε′)
(
∂φ(ε)
∂ε

− ∂φ(ε′)
∂ε

)
(
∂ ln f(ε)
∂ε

− ∂ ln f(ε′)
∂ε

)
k(ε,ε′)dε′dε, (1.15)

qui vérifie les conservations de la masse (resp. l’énergie) en prenant φ = 1 (resp. φ = ε) dans
(1.15). L’entropie définie par

H =
∫ ε0

0

f(ε) ln(f(ε))
√
εdε,

décroît en temps (prendre φ = ln(f) dans la formulation faible) et on a le théorème H. Les états
d’équilibre sont de la forme

∂tH = 0 ⇔ f(ε) = exp(−Aε+B).

Le problème est plus simple que dans le cas tridimensionnel. Nous montrons d’abord l’existence
d’une unique solution, globale en temps pour le problème semi-discret qui est décrit dans la section
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suivante. Ce résultat est obtenu en considérant à nouveau une moyenne harmonique comme dans
le cas tridimensionnel (1.14). Ensuite, pour le problème discretisé en temps, nous obtenons une
borne sur les pas de temps pour assurer la positivité et la décroissance de l’entropie.

En outre, nous montrons que l’évaluation de cet opérateur peut-être réalisée avec un coût
proportionnel au nombre de points de maillage malgré le caractère quadratique de l’opérateur.
Nous expliquons également qu’il est possible dans ce cas (isotrope) de considérer un maillage
arbitraire alors que les travaux précédents dans le cas 3D [a3, a6, 84] nécessitent un maillage
uniforme. Ceci permet de raffiner le maillage pour les faibles énergies et donc d’obtenir des solutions
très précises. On montre également sur quelques tests numériques que si la condition sur le pas
de temps pour rester entropique est relaxée, des oscillations apparaissent sur la fonction. Ces
oscillations sont particulièrement visibles sur la fonctionnelle de Linnick ou information de Fischer

L(t) =
∫

ε≥0

(
∂f

∂ε

)2
ε3/2

f
dε,

dont on ne sait pas montrer si elle est monotone sauf dans le cas linéaire [104]. Quelques questions
restent ouvertes comme le comportement en temps grand de la solution à la fois pour le problème
semi-discrétisé et discretisé en temps, bien qu’on observe le retour vers l’ETL de la solution.

1.6.2 Forme sans log et schémas en temps [a9]
En coll. avec S. Cordier.
Dans cette partie, nous nous intéressons à nouveau aux opérateurs de FPL dans le cas isotrope.

Nous considérons une autre moyenne que la moyenne harmonique, la moyenne dite "entropique" :

gi,j
def
=

fiDfj − fjDfi

D(ln f)j −D(ln f)i
,

si D(ln f)j 6= D(ln f)i et fifj sinon (mais les termes correspondants ont une contribution nulle à
l’opérateur de collisions). Cette expression est une approximation d’ordre 1 du produit fifj sauf
pour une grille uniforme où elle est d’ordre 2. Cette moyenne a également été utilisée dans [a7].
Pour un tel choix, l’opérateur semi-discrétisé qui s’écrivait :

N∑
i=1

ci
∂fi

∂t
φi = −1

2

N−1∑
i=1

N−1∑
j=1

gi,jki,j∆εi∆εj (Dφi −Dφj) (D(ln f)i −D(ln f)j) , (1.16)

devient
N∑

i=1

ci
∂fi

∂t
φi = −1

2

N−1∑
i=1

N−1∑
j=1

ki,j∆εi∆εj (Dφi −Dφj) (fjDfi − fiDfj) .

On a donc dans ce cas une façon de passer de la formulation discrète avec "log" (qui permet de
montrer la décroissance de l’entropie) à la formulation sans log qui a une structure quadratique.
Ceci n’est valable que pour un maillage uniforme en énergie et n’est pas généralisable facilement
au cas tridimensionnel. Nous montrons l’existence d’une solution strictement positive en utilisant
la décomposition de l’opérateur en terme de perte et de gain qui est classique pour l’opérateur de
Boltzmann. Nous en déduisons une borne inférieure en utilisant l’inégalité de Csizar-Kullback

‖f −M‖2L1 ≤ 2H(f‖M),

où H(f‖M) est l’entropie relative discrète. Ceci nous permet de conclure que f(t) tend vers l’ETL
pour une suite de temps t tendant vers +∞. Il s’agit du premier exemple à notre connaissance de
discrétisation de l’opérateur de FPL pour lequel on sache montrer cette propriété.

Nous nous intéressons ensuite à la discrétisation en temps de ces opérateurs. On considère
dans un premier temps un schéma explicite basé sur la structure quadratique de l’opérateur. En
effet, l’opérateur défini par (1.16) peut s’écrire comme une somme de systèmes à quatre vitesses
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généralisés [a1, a2]. Nous obtenons une limitation sur le pas de temps pour que le schéma soit
positif et entropique qui dépend de la norme sup de la solution (pour laquelle il n’existe pas
d’estimations). Le schéma explicite dont le coût est un O(N3) n’est en fait pas plus coûteux que
le schéma implicite basé sur une linéarisation de l’opérateur de collision, proposé par Epperlein
[73], et qui necessite l’inversion d’une matrice pleine.

Nous étudions aussi des schémas d’ordre supérieur en temps pour lesquels le schéma explicite
fournit une phase de prédiction qui est corrigée. Ces schémas vérifient également la positivité et
la décroissance de l’entropie.

Nous présentons quelques résultats numériques en particulier pour une distribution initiale très
singulière, de type Dirac en énergie, qu’on ne pouvait traiter avec les schémas précédents basés
sur la formulation log.
Remarque 3 En fait il est possible de définir un schéma en temps implicite et positif suivant
en cela ce que j’ai fait pour l’équation de Fokker-Planck pour les milieux granulaires, paragraphe
(1.10) ou [a14]. Les schémas en temps implicite proposés par [73] ou par [86] ne sont pas positifs et
pour le cas du schéma proposé dans [73] aussi coûteux que le schéma explicite en temps. Le coût du
procédé itératif que nous avons proposé pour l’équation de Fokker-Planck des milieux granulaires
est quant à lui linéaire par rapport au nombre de points.

1.7 Résolution numérique d’une équation de Fokker-Planck
ionique avec température électronique [a7, cr1]

En coll. avec S. Dellacherie et R. Sentis.
Cet article décrit un schéma numérique pour le traitement d’un opérateur de collision ion-

électron de type Fokker-Planck ; pour cela on introduit la notion de moyenne entropique de deux
quantités positives. Ce schéma a la propriété d’être entropique au sens du théorème H de Boltz-
mann sous un critère de type CFL. On montre de plus que la solution converge en temps grand
vers un unique état d’équilibre Maxwellien.

L’évolution d’une population f = f(t,x,v) d’ions (de masse m et de charge Z) et de la tempé-
rature électronique Te = Te(t,x) (où x ∈ R3 et −→v ∈ R3 ) est régie par le système

∂

∂t
f = S(f), (1.17)

∂

∂t
Ee(Te) = −m

2
〈v2S(f)〉 (1.18)

où Ee(Te) = 3
2ZNTe, Pe = ZNTe, N = 〈f〉, N

−→
U = 〈f−→v 〉, et

S(f)(−→v ) = Ω∇v ·
[
(−→v −−→U )f(v) +

Te

m
∇vf

]
.

En introduisant une température ionique T définie par 3NT = m〈(−→v −−→U )2f〉, l’opérateur S
vérifie

〈S(f)〉 = 0, 〈S(f)−→v 〉 = 0,
m

2
〈S(f)v2〉 = 3ΩN(Te − T ).

Définissons la Maxwellienne M
N,
−→
U ,T

(−→v ) = N
(2πT/m)3/2 exp

[
−m(−→v −−→U )2

2T

]
.

Le schéma entropique et conservatif pour (1.17-1.18) est construit à partir de la formulation
faible logarithmique de l’opérateur de collision S :

S(f) = Ω∇v. [f∇v log(f/M)]

Pour simplifier la présentation plaçons-nous dans un cadre monodimensionnel en −→v et Ee(Te)
devient alors 1

2ZNTe L’extension au 3-D est triviale.
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On définit une approximation discrète de S en tout point d’une grille uniforme i∆v, i ∈ Z
par :

S(f)
m∆v2

ΩTe
= f̃j+1/2

(
log(

f

MeU,Te

)j+1 − log(
f

MeU,Te

)j

)

−f̃j−1/2

(
log(

f

MeU,Te

)j − log(
f

MeU,Te

)j−1

)
(1.19)

Pour éliminer les logarithmes de fj+1/2 qui ne sont pas souhaitables pour traiter des distribu-
tions de type masse de Dirac et aussi pour avoir un schéma sous la forme plus standard diffusion
+convection, nous avons pour cela introduit la moyenne entropique de deux quantités positives x
et y

m̃x,y =
x− y

log x− log y
si x 6= y, m̃x,y = x sinon.

On prend donc
fj+1/2 = m„

log( f
M eU,Te

)j+1, log( f
M eU,Te

)j

«
ce qui fournit donc le schéma entropique et conservatif sans logarithme suivant{

∂
∂tfj = Ω

∆v

[
(vj+1/2 − Ũ)f̃j+1/2 − (vj−1/2 − Ũ)f̃j−1/2

]
+ ΩTe

m∆v2 (Af)i
∂
∂tEe(Te) + m

2 < v2
jS(f) >= 0

(1.20)

et (Af)i = aj(fj+1 − fj) − bj(fj − fj−1) avec aj = 1 (sauf ajmax = 0), bj = 1 (sauf b1 = 0) n’est
rien d’autre que le laplacien discret usuel.

Nous avons comparé les résultats obtenus avec le schéma utilisant la moyenne entropique, et
la moyenne arithmétique, et aussi avec le schéma de Chang et Cooper [49] sur un maillage fin
et sur un maillage grossier. Pour la simulation appliquée à la Fusion par Confinement Inertiel,
comme la température est très forte en fin de calcul, il faut avoir un ∆v adapté, ce qui conduit
à une discrétisation sur quelques mailles seulement de la fonction de répartition initiale f0 où la
température est beaucoup plus faible. Lorsque le maillage est grossier, on constate que la moyenne
entropique donne un résultat plus précis que le schéma de Chang et Cooper et que la moyenne
arithmétique ne preserve plus la positivité.

Le schéma proposé s’étend en géométrie bidimensionnelle axisymétrique sans difficulté. Par
ailleurs, on peut impliciter facilement la partie diffusion dans (1.20) ce qui permet des pas de
temps plus grands tout en gardant d’excellents résultats numériques ; on montre que l’équilibre
thermodynamique f∞ est encore solution stationnaire avec ce schéma semi-implicite.

Remarque 4 Avec S. Dellacherie nous avons montré plus tard que le schéma de Chang et Cooper
est en fait un schéma entropique de la forme 1.19(voir [np1]).

1.8 Méthode numérique pour l’opérateur de scattering de
Compton [a12]

En coll. avec S. Cordier.
On s’intéresse à un gaz de photons isotrope et homogène, décrit par la densité f = f(t,k) ≥ 0

de photons qui à l’instant t ≥ 0 possèdent l’énergie k > 0 qui vérifie l’équation de Boltzmann
quantique

k2 ∂f

∂t
=
∫ ∞

0

(f ′(1 + f)B(k′,k)− f(1 + f ′)B(k,k′))dk′, (1.21)

22



où l’on note f ′ = f(t,k′). La section efficace B(k,k′)/k2 représente la probabilité de transition par
scattering de l’état d’énergie k à l’état d’énergie k′. On vérifie alors, au moins formellement, que
pour toute solution f de (1.21), on a conservation de la masse N(f) et décroissance d’une entropie
S(f) définie dans [127]. Il est alors naturel de penser que les états d’équilibre de (1.21) sont les
états qui maximisent l’entropie à masse donnée. Les distributions de Bose-Einstein (cas µ > 0) et
de Planck (cas µ = 0) définies par

fµ(k) =
1

ek+µ − 1
.

On vérifie aisément que les fµ sont des solutions stationnaires de (1.21) i.e. Q(fµ,fµ) = 0 et
que fµ est solution du problème de maximisation S(fµ) = maxN(f)=N S(f), avec µ défini par
Nµ = N(fµ) = N lorsque N ≤ N0. De plus, l’état de Planck f0 est le maximum global de
l’entropie, i.e. S(f0) = maxS(f) et satisfait N(f0) <∞. On peut alors se demander quelle est la
solution du problème de maximisation de l’entropie pour N > N0. Caflisch et Levermore montrent
dans [123] que les fonctions de masse supérieure à celle de l’état de Planck f0 qui maximisent
l’entropie sont égales à la somme de f0 et d’une masse de Dirac en 0. Mischler et Escobedo
étudient le problème d’évolution et montrent la convergence faible des solutions vers ces états
d’équilibre singuliers à l’origine et la convergence forte dans L1([k0,∞)) fort (pour tout k0 > 0)
lorsque t → ∞ [127]. Soulignons deux conséquences de leur théorème. Si l’on part d’une donnée
initiale régulière, la solution reste régulière pour tout temps. De plus, si N = N(f(t = 0)) > N0

alors f(t,.) ⇀ f0 + α δ0 et α = N − N0 > 0, i.e. un état initial régulier de masse supérieure à la
masse de l’état de Planck N0 "condense à l’origine" en temps infini.

Nous nous sommes intéresseés plus particulièrement à la discrétisation de la limite collision
rasantes de (1.21) qui est l’équation de Kompaneets [128] :

∂tf(k,t) = k−2∂k(k4(f + f2 + ∂kf)).

Cette équation présente un autre comportement singulier par rapport à l’équation de Boltz-
mann (1.21) comportement mis en évidence dans [126] : pour un certain type de conditions initiales
vérifiant quand même N < N0 on a un phénomène d’explosion en temps fini à l’origine.

La méthode développée est évidemment entropique et conserve l’énergie des photons. La dis-
crétisation en temps est implicite.

Les résultats numériques montrent bien les deux comportements singuliers attendus : lorsque la
masse de la condition initiale dépasse celle de l’état de Planck, on voit apparaître une concentration
à l’origine en temps grand et pour les conditions initiales permettant une explosion en temps fini
on assiste bien a la formation d’une concentration de masse à l’origine en temps fini.

1.9 Analyse spectrale de l’opérateur de Lorentz [a8]
En coll. avec S. Cordier et B. Lucquin.
Dans ce travail, on s’intéresse à la limite collision rasante d’un opérateur de collision élastique

de type Boltzmann :

Qε(f) =
∫

Sd−1
Bε(ω − ω′) [f(ω′)− f(ω)] dω′, (1.22)

où Sd−1 est la sphère unité Rd de dimension d = 2,3 et Bε est une suite de sections efficaces de
collisions qui se "concentrent sur les faibles déviations". Plus précisément, Bε est une fonction
positive qui ne dépend que de l’angle de déviation θ entre les vitesses ω et ω′ de la forme (voir
[65]) (cas 1) :

Bε(θ) =
1
ε3
σ(
θ

ε
) sin(

θ

ε
)χ[0,επ](θ),

où χ[a,b] est la fonction caractéristique de [a,b] et σ une fonction positive. Ce choix exprime que
les collisions se concentrent bien vers les petits angles. Cependant, cela ne permet de traiter le cas
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Coulombien qui correspond à des sections efficaces de la forme (cas 2) :

Bε(θ) = σ(θ)
1

log( 1
sin( ε

2 ) )
sin(θ)

[sin( θ
2 )]4

χ[ε,π](θ).

Dans ce cas, le petit paramètre ε que les physiciens appellent "paramètre plasma" a une signifi-
cation physique, liée au nombre de particules dans la sphère de Debye (voir [56]).

Lorsque la fonction f est suffisamment régulière (au moins C3) et que les sections efficaces
possèdent des moments bornés∫ π

0

σ(θ) sin(θ)θ2 dθ < +∞, cas 1,

on montre que
lim
ε→0

(Qε(f)(ω) = C∆ωf(ω)),

où C dépend des moments de σ et ∆ω est l’opérateur de Laplace-Beltrami. Ceci permet de montrer
que la solution du problème homogène sur Sd associée à l’opérateur de Boltzmann-Lorentz (1.22)
converge vers celle associée à l’opérateur de Laplace-Beltrami pour tout t ∈ [0,T ] où T est un
temps arbitraire.

Ces opérateurs peuvent être dérivés à partir des opérateurs de Boltzmann ou Fokker-Planck
en considérant des mélanges d’espèces de masses différentes [59, 61, 62]. On rappelle que la limite
collisions rasantes de Boltzmann vers Fokker-Planck a été étudiée dans [65, 56]. Dans notre cas,
l’opérateur est plus simple mais d’une part, nous pouvons améliorer le résultat en obtenant une
convergence de fε vers f uniforme en temps et d’autre part, on contrôle la vitesse de retour vers
les fonctions d’équilibre : on montre que la vitesse de relaxation des solutions à ε donné tend vers
celle du système limite. Ce résultat est basé sur une analyse spectrale des opérateurs. Notons que
les deux types d’opérateur ont la même base de fonctions propres. En dimension trois, il s’agit
des harmoniques sphériques Yl,m qui forment une base orthonormée de l’espace L2(S2). Il est bien
connu que ce sont des fonctions propres de l’opérateur de Laplace-Beltrami associées à des valeurs
propres νl = −l(l + 1). Elles sont également fonction propres de Qε (voir [122, 110]) avec des
valeurs propres qui ne dépendent que de l données par

νε
l = 2π

∫ π

0

[1− Pl(cos(θ)]Bε(θ)dθ.

où Pl sont les polynômes de Legendre. On montre qu’il existe des constantes C± telles que

C−νε
l ≤ νl ≤ C+νε

l , lim
ε→0

νε
l = νl.

Ces travaux ont fait l’objet d’applications numériques [52].

1.10 Méthode numérique pour une équation de type Fokker-
Planck modélisant les milieux granulaires [a14]

En coll. avec S. Cordier et V. Dos Santos.
Dans un milieu granulaire, Chaque grain interagit par des collisions quasi instantanées, proche

du modèle classique d’un gaz. Comme les grains peuvent être sans cohésion, ils doivent interagir
comme des sphères dures, sans forces de grande porté.
La différence importante entre les collisions du granulaire et les particules des gaz parfaits, se
trouve dans l’inélasticité des collisions entre les grains. L’énergie perdue lors d’une collision est
exprimé par la diminution de la vitesse relative, dans le repère du centre de masse :

v′ − u′ = −h(v − u)
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où v,u et v′,u′ sont les vitesses des grains, respectivement avant et après collision, et 0 ≤ h ≤ 1
est le coefficient de restitution. Les collisions parfaitement élastiques correspondent à h = 1, alors
que les collisions parfaitement inélastiques sont obtenues pour h = 0. Dans le premier cas, les
particules ont après collisions les mêmes vitesses de centre de masse.

Ce travail porte sur l’étude d’une méthode numérique pour une équation de type Fokker-
Planck pour un milieu granulaire monodimensionnel ([134, 130, 131]). Cette équation représente
une approximation cinétique d’un système de particules quasi-élastique dans un bain thermique.

Dans cette méthode, on utilise un "splitting" entre l’équation de transport et l’opérateur de
collisions. La partie transport peut être traitée en utilisant des schémas "upwind". Par conséquent,
nous nous intéressons uniquement à l’équation homogène.

Le modèle considéré, est une équation de type Fokker-Planck, représentant la limite quasi
élastique d’un modèle granulaire de type Boltzmann

dtf = ∂v(λFf + β(v − u)f + σ∂vf),

où F est le terme du granulaire pur, définie ci-dessus comme l’accélération, et F s’écrit

F (v) =
∫

R
|v − v′| (v − v′)f(v′)dv′

et λ,β,u,σ sont des constantes arbitraires. D’autre part σ∂2
vf représente le bain thermique, où

σ est lié à cette température (apport d’énergie par agitation). Ce terme "remplace" le terme de
diffusion D. β∂v(v− u)f est le terme de friction. Définissons ρ et uf comme la masse et la vitesse
moyenne respectivement

ρ =
∫

R
f(v′)dv′,uf = 1/ρ

∫
R
f(v′)v′dv′

Les propriétés de ce modèle sont la conservation de la masse (et du moment quand β = 0) et
la décroissance de l’énergie (pour β = σ = 0) et de l’entropie définie par :

H =
∫
σ[v2 + ln(f(v))]f(v)dv +

1
6

∫
v

∫
v′
|v − v′|3f(v′)f(v)dv′dv

Pour ce modèle d’équation de Fokker-Planck, on a bien l’existence et l’unicité d’un état d’équi-
libre (cf. [132]) mais on n’a pas d’expression analytique de l’état d’équilibre en fonction des quan-
tités conservées.

Les difficultés liées à la discrétisation de cette équation sont la prise compte de la conservation
de la quantité de mouvement et à l’absence d’expression analytique pour l’état d’équilibre. D’autre
part il nous paraissait nécessaire d’obtenir une méthode qui pour un maillage fixé nous permettent
de traiter des valeurs de la température du bain thermique quelconque, donc éventuellement nulle.
Une méthode numérique analogue a celle utilisée pour l’équation de Landau ne permet pas d’une
façon générale d’assurer ce second point.

Le schéma proposé est construit par une méthode inspirée de celle de Chang et Cooper, méthode
utilisée couramment pour les équations de Fokker-Planck linéaire.

Les atouts bien connus de méthode de Chang et Cooper sont sa simplicité (pas de logarithme),
c’est un schéma monotone et qui préserve les états d’équilibre. Mais en fait on peut montrer que
ce schéma est entropique, [np1] :

Soit l’équation de type Fokker Planck linéaire (FPl), similaire à celle du granulaire, mais avec
F = v, β = 0

∂tf = ∂v(vf + σ∂vf), (1.23)

qu’on peut réécrire sous la forme

∂tf = σ∂v(M∂v(f/M))

où M est une Maxwellienne, donnée par M(v) = exp(−‖v‖2/2σ).
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On recherche alors une discrétisation de la seconde forme (formulation faible) i.e.

∂tfiφi = σ(Dφ)i+1/2(Mi+1/2D(f/M)i+1/2)

où Dg représente la différence centrée finie i.e. D(g)i+1/2 = (gi+1 − gi)/∆v et les coefficients
Mi+1/2 constituent une moyenne de la valeur entre Mi et Mi+1 à définir. En prenant

Mi+1/2 =
MiMi+1

Mi+1 −Mi
log(Mi+1/Mi) (1.24)

On trouve une discrétisation de (1.23) de la forme

∂tfi =
Fi+1/2 − Fi−1/2

∆v

avec Fi+1/2 = σ
∆vM̃i+1/2(

fi+1
Mi+1

− fi

Mi
). On pose M̃i+1/2 = MiMi+1

Mi+1−Mi
(lnMi+1 − lnMi), d’où

Fi+1/2 =
σ

∆v
(fi+1 − fi) +

σ

∆v
(−1 +

M̃i+1/2

Mi+1
)fi+1 +

σ

∆v
(1−

M̃i+1/2

Mi
)fi.

Analysons chaque terme :

σ
∆v (1− M̃i+1/2

Mi
) = σ

∆v (1− Mi+1
Mi+1−Mi

(lnMi+1 − lnMi))

= σ
∆v ln Mi+1

Mi
( 1
ln Mi+1−ln Mi

− Mi+1
Mi+1−Mi

)

= − σ
∆v ln Mi+1

Mi
( 1

ln
Mi

Mi+1

− 1
Mi

Mi+1
−1

)

Si on pose w = ln(Mi/Mi+1), on obtient :

σ

∆v
(1−

M̃i+1/2

Mi
) =

σ

∆v
w(

1
w
− 1

expw − 1
)

=
σ

∆v
wh(w) =

σ

∆v
wθ

où θ = h(w) et h est la fonction

h(x) =
1
x
− 1
ex − 1

.

Or, h est positive sur R, décroissante et comprise entre 0 et 1.
On fait de même pour le second terme :

σ

∆v
(−1 +

M̃i+1/2

Mi+1
) =

σ

∆v
wh(−w),

et h(−w) = −h(w) + 1, d’où

σ

∆v
(−1 +

M̃i+1/2

Mi+1
) = − σ

∆v
w(θ − 1).

Alors
Fi+1/2 =

σ

∆v
(fi+1 − fi) +

σ

∆v
(−w(θ − 1))fi+1 +

σ

∆v
(wθ)fi

=
σ

∆v
(fi+1 − fi) +

σw

∆v
(θfi + (1− θ)fi+1).

26



C’est la définition du schéma de Chang et Cooper, construit à l’origine pour préserver les états
d’équilibre, voir [49]. Cette construction du schéma de Chang et Cooper, que j’ai obtenu avec S.
Dellacherie voir [np1], montre en fait que ce schéma est entropique. On vérifie aussi que ce schéma
permet de traiter une température de bain quelconque, c’est à dire que dans la limite σ → 0 on
obtient un schéma upwind pour

∂tf = ∂v(vf),

Ce qui n’est pas le cas pour d’autres choix des poids Mi+1/2.
Dans le cas du granulaire, pour assurer la conservation de mouvement l’opérateur a été syme-

trisé,

∂t

∫
fφdv =

−σ
2ρ

∫ ∫
(∂vφ− ∂v′φ

′) ff ′ (∂v log(f/M)− ∂v′ log(f/M)′) dvdv′.

puis sur cette forme, on définit un schéma de type Chang et Cooper en partant de la formulation
faible et en utilisant les moyennes de type (1.24).

L’inconvenient du schéma de Chang et Cooper est qu’il requiert la connaissance explicite de
l’état d’équilibre. Dans le cas du granulaire ce n’est en fait pas gênant, car on utilise en réalité un
pseudo état d’équilibre.

On a montré que le schéma ainsi construit a toutes les qualités requises, conservatif, entropique
et qu’il redonne une discrétisation correcte pour une température de bain nulle.

Comme pour FPL isotrope le coût de l’évaluation de l’opérateur est linéaire bien qu’à priori
quadratique(en fait les deux termes de collisions ont la même structure).

Mais plus intéressant, on a utilisé une discrétisation temporelle implicite qui peut aussi être
utilisée dans le cas de FPL isotrope. L’implicitation est basée sur une méthode itérative non
conservative en quantité de mouvement où les coefficients de drift et de diffusion sont pris à l’itérée
précédente. À chaque itération la solution obtenue est positive. La conservation de la quantité de
mouvement est obtenue à la convergence du processus itératif. Numériquement on montre que si
l’on accepte une erreur ε à chaque pas de temps sur la quantité de mouvement alors l’erreur reste
en O(ε) pendant toute la phase transitoire et l’on converge bien vers un état d’équilibre. Ce bon
comportement nous a semblé lié à la nature entropique et conservative de l’opérateur discret.

Remarque 5 Nous avons testé par la suite cette façon de faire l’implicite sur l’équation de Fokker-
Planck-Landau isotrope. Cela marche tout aussi bien que dans le cas du granulaire. Et contraire-
ment aux schémas implicites proposés dans [86, 73], on est assuré de la positivité de la solution.
De plus c’est moins coûteux car la matrice à inverser est tridiagonale et non pleine.

1.11 Conclusions
Quelles conclusions tirer aujourd’hui de ces études sur la discrétisation de quelques opérateurs

de collision par des méthodes à répartition discrète de vitesses?
Ces schémas constituent bien une alternative sérieuse aux méthodes de Monte-Carlo ou aux

schémas de type différence finies classiques, même pour l’équation de Boltzmann, mais il y a une
exception : l’opérateur de Landau dans le cas non isotrope.

Pour l’opérateur de Landau 3-d ou 2-d axisymétrique il faudrait revoir la discrétisation de cet
opérateur pour pouvoir traiter par exemple des fonctions de distribution très piquées, par exemple
des masses de Dirac, ou localement nulles. Donc obtenir un schéma sans logarithmes serait une
solution. Mais comme signalé au paragraphe (1.5.2) un résultat, [cr3] , concernant les schémas
pour l’équation de la chaleur. anisotrope avec une direction de diffusion quelconque, semble en
fait indiquer qu’il n’y aurait pas de schémas quadratiques positifs sur un maillage uniforme pour
l’équation de Landau. Le choix d’un schéma avec logarithmes ne semble pas non plus, garantir
la positivité de la solution, voir (1.5.2), et la modification proposée pour garantir la positivité a
pour effet néfaste d’empêcher l’évolution d’une fonction de distribution qui serait par exemple la
somme de deux masses de Dirac. Il serait aussi souhaitable, toujours dans le cas de l’équation de
Landau 3-d ou 2-d axisymétrique, de pouvoir utiliser un schéma implicite en temps. Autrement,
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sans ces deux améliorations, ce type de discrétistion de l’opérateur de Landau risque fort de rester
un travail académique.

Autre petite difficulté pour l’équation de Landau, le cas isotrope, pour lequel il semble im-
possible, bien que ce soit un problème 1-D, d’étendre la méthode conservative et entropique sans
logarithme au cas d’un maillage non uniforme en énergie(pour la formulation avec "log" c’est tri-
vial. On peut définir une méthode positive, sans logarithme, conservative et préservant les états
d’équilibre, mais le théorème H n’est pas vérifié au sens strict. On obtient un résultat plus faible
du type ∑

i

Qi(f)log(fi) ≤ 0,

où log(x) est une approximation de la fonction log(x), ce qui est doit être suffisant pour assurer
le retour á l’équilibre.

28



Chapitre 2

Méthodes de moments et régimes
diffusifs pour le transfert radiatif :
modélisation et aspects numériques

Cette partie concerne mon nouvel axe de recherche et mes travaux les plus récents.

2.1 Introduction
Le fil conducteur de ce chapitre est la simulation numérique en hydrodynamique radiative

en utilisant des modèles aux moments pour la partie radiative, voir par exemple [147]. Pour la
simulation d’un systèmes de moments en radiatif, il semble qu’il n’existe pas pour l’instant de
codes permettant de traiter de façon satisfaisante,à la fois les zones transparentes et les zones de
diffusion, [147, 143, 142], et ce, même en dimension 1 d’espace. On peut déjà dire que soit les
schémas utilisés font de façon cachés l’approximation de diffusion, soit la méthode numérique ne
permet pas de capturer correctement le regime de diffusion, soit la méthode capture correctement
le regime de diffusion mais dans les regimes intermédiaires le schéma n’est pas positif.

Examinons donc un peu plus en détail les problèmes rencontrés et les solutions existantes.
Dans certaines situations physiques, quand les collisions prépondérantes pour les particules

légères sont les collisions avec des particules lourdes, par exemple collision electron-ion ou photon-
electron, il est possible de modéliser le terme de collision lourd-léger pour les espèces légères par un
opérateur d’isotropisation, voire même de modéliser le milieu léger par un système d’équations de
moments basées sur une approximation de type quasi-isotrope. Par exemple en transfert radiatif,
en 1-d et pour une vitesse matière nulle l’équation de transport pour le transfert radiatif s’écrit,
voir par exemple [148, 153, 147] :

1
c

∂

∂t
I + ~n.

∂

∂x
I = St(ν,~n), (2.1)

St = Sa+Ss est la somme de deux contributions. Le premier prend en compte l’emission-absorption
de photons par la matière

Sa(ν,~n) = σa(ν) [B(ν,T )− I] .

où B(ν,T ) est la Planckienne

B(ν,T ) =
2hν3

c2

(
ehν/kT − 1

)−1

et σa(ν) ≥ 0 est le coefficient d’emission-absorption.

29



Le second terme prend en compte le scattering des photons par la matière [148]

Ss(ν,~n) = σs(ν)
1
4π

∫
I(ν,~n)d~n−I(ν,~n)

Une classe bien connue de modèles approchés pour l’équation du transfert radiatif sont les
modèles à deux moments. En prenant les moments de l’équation de transfert radiatif (2.1) contre
1 and ~n on obtient la forme générale de modèles à deux moments

1
c

∂

∂t
Er +

∂

∂x
Fr = σa(aT 4 − Er),

1
c

∂

∂t
Fr +

∂

∂x
Pr = −(σa + σs)Fr (2.2)

la fermeture pour le terme de pression Pr étant généralement obtenu soit par minimisation
d’entropie soit empiriquement et est de la forme

Pr = Erχ(|Fr

Er
|)

χ étant le facteur d’Eddington et vérifie χ(0) = 1
3 . En intégrant en fréquence ou non on

obtient soit un modèle dit “gris”, soit un modèle “multi-groupes”. L’avantage de tels modèles
étant évidemment le faible coût par rapport à celui de la résolution directe de l’équation du
transfert radiatif. Concernant les propriétés de ce type de modèle on peut montrer que si le
facteur d’Eddington vérifie x2 < χ(x) < 1 alors le système (2.2) est hyperbolique et a pour
domaine invariant Er > 0 et |Fr/Er| ≤ 1, la deuxième inégalité montrant que le flux d’énergie
radiative est limité ce qui est est naturellement le cas pour une solution positive de l’équation du
transfert radiatif.

On peut aussi obtenir le même type de modèle simplifié pour les electrons en partant de
l’équation de Landau et en supposant toujours que la fonction de distribution des electrons est
quasi isotrope. Le terme de collision electron-electron se réduit alors à Fokker-Planck-Landau
isotrope pour lequel nous avons étudie la discrétisation. Dans la terminologie du transfert radiatif
c’est en fait un modèle multigroupe, on a donc un système infini de systèmes hyperbolique 2×2 de
type équations du télégraphe couplées par FPL isotrope qui assure la thermalisation de la fonction
de distribution.

Une simplification supplémentaire peut être obtenue en faisant l’approximation de type diffu-
sion ∂

∂tFr = 0, ce qui permet de remplacer un problème hyperbolique par un problème de nature
parabolique(modèle de diffusion hors équilibre) plus facile à traiter au niveau numérique :

∂

∂t
Er −

1
3
∂

∂x
(

1
σa + σs

Er) = σa(aT 4 − Er)

Dans certains régimes cette approximation de diffusion peut se justifier par une analyse asymp-
totique. Signalons que par cette approximation une propriété fondamentale de l’équation est perdue
c’est à dire que le flux n’est plus limité, propriété qui résulte de la positivité de la solution et du
choix des moments. On a aussi propagation a vitesse infinie de l’information. Il existe bien une
technique, limitation de flux, pour remédier à ces problèmes. Mais le meilleur moyen de les éviter
est de ne pas faire l’approximation de diffusion, Mihalas [148].

Du point de vue numérique les difficultés principales de la discrétisation d’un système de
type (2.2) sont dues l’implicitation d’un schéma pour un système hyperbolique non linéaire et à
une diffusion numérique grande devant la diffusion physique du régime asymptotique pour toutes
méthodes numériques classiques ce qui ne permet pas de capturer le régime asymptotique de
diffusion. Considérons un modèle de transfert radiatif simplifié

1
ε

∂

∂t
Er +

∂

∂x
Fr = 0,

1
ε

∂

∂t
Fr +

1
3
∂

∂x
Er = −σ

ε
Fr (2.3)

En effet dans les applications physiques intéressantes ε ≡ .001. Pour laisser l’hydrodynamique
piloter le pas de temps il est nécessaire de traiter la partie radiative en implicite. D’autre part
quand ε ≡ .001 et σs = O(1) le modèle dégénère vers le modèle de diffusion

∂

∂t
Er −

1
3
∂2

∂x2
Er = 0. (2.4)
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Or pour une méthode de Godunov classique pour (2.3), la diffusion numérique est de l’ordre de
∆x/ε, ∆x étant le pas d’espace. Si l’on veut traiter toutes les zones d’espace par la même méthode
et ce quelque soit la valeur du paramètre de relaxation ε il est impératif que le modèle discret ainsi
obtenu ait la même asymptotique que le modèle continu, c’est à dire que le régime limite soit une
discrétisation de 2.4.

Cette problématique se retrouve d’ailleurs dans la discrétisation d’équations cinétiques du type
modèle de Lorentz :

1
ε

∂

∂t
f + ω.∇f = Q(f), (2.5)

le terme de collision Q(f) étant un operateur d’isotropisation sur la sphère, soit Laplace Bel-
trami, ∆f sur la sphère unité, ou de type BGK < af > −f avec < a >= 1. Notons qu’en prenant
Pr = 1 dans (2.2) on rentre dans ce cas, c’est en fait léquation du télégraphe. Pour ce type de
modèles la limite de diffusion est bien établie du point de vue mathématique. ρ =< f > vérifie

∂

∂t
ρ− 1

D
∆ρ = 0.

D étant la dimension de l’espace physique dans lequel on se place.
L’équation de transfert radiatif (2.1) est évidemment du type (2.5).
Cela a conduit ces dernières années, pour ces problèmes hyperboliques, à la construction de

schémas permettant de capturer correctemment le régime de diffusion, “asymptotic preserving
schemes”, [174, 175, 172]. On peut aussi citer les travaux de Bouchut, Perthame et autres [158, 161]
sur quelques cas particuliers,équations de Saint-Venant ou Euler isentropique dans lesquels il est
proposé un schéma avec decentrement du terme source et permettant aussi de capturer le régime
asymptotique de diffusion.

Mais ces méthodes n’apportent pas de réponses satisfaisantes dans le cadre radiatif, le flux
n’étant toujours pas limité, ces schémas n’étant pas positifs. On peut illustrer ce problème par
l’application de la méthode proposée par Jin, Pareschi et Toscani, [174, 175], pour l’équation du
télégraphe

ε
∂

∂t
Er +

∂

∂x
Fr = 0,ε

∂

∂t
Fr +

∂

∂x
Er = −1

ε
Fr (2.6)

On notera si les données initiales ρ0,j0 sont positives, alors les solutions de (2.6) ρ,j sont positives,
ce qui dans le contexte radiatif correspond à la limitation de flux.

Après rescaling F̄r = Fr

ε le problème s’écrit

∂

∂t
Er +

∂

∂x
F̄r = 0,

∂

∂t
F̄r +

∂

∂x
Er = − 1

ε2
(Fr − (1− ε2)Er) (2.7)

La dérivée en espace dans le terme source de (2.7) est alors discretisée par une différence
centrée. Sans splitting et avec un schéma upwind classique pour le terme de transport de la partie
gauche de (2.7), dans les variables d’origine cela revient à prendre tout simplement des flux de la
forme (1−θ)Fc +θFu, Fc et Fu sont respectivement les flux centrés et décentrés amont, pour (2.6)
et θ = ε/(∆x). Dans les régimes intermédiaires pour ε le schéma ne peut donc pas être positif.

Cette conclusion vaut aussi pour l’application de ce schéma au modèle de Lorentz (2.5). Par
contre la généralisation au cas de flux non-linéaire ou au cas multidimensionnel est triviale.

Un autre approche plus séduisante car respectant la positivité des solutions, donc limitant le
flux, est le schéma de type well-balanced développé par Greenberg et Leroux, [203], et ensuite par
Gosse,[164, 166, 167], et basée sur la construction d’un schéma de type Godunov après localisations
des termes sources aux interfaces(en 1-d). L’inconvénient est que ce type de schéma ne se généralise
pas facilement au cas de fermeture non linéaire et l’extension multi-dimensionnelle n’est pas simple.

Mon travail de recherche actuel est donc axé sur les modèles approchés en hydrodynamique
radiative, modèles Euleriens et relativistes, et sur les problèmes numériques liés à leur discrétisa-
tion. En particulier je cherche à construire des schémas numériques multidimensionnels préservant
l’asymptotique de diffusion et les domaines invariants pour des équations de transport ou, dans le
contexte du radiatif, pour les modèles aux moments. Je présente les quelques résultats que nous
avons déjà obtenus dans cette direction en collaboration avec S. Cordier ou B. Depres.
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2.2 Limite de diffusion du modèle de Lorentz : schémas pré-
servant l’asymptotique [a11]

En coll. avec S. Cordier, B. Lucquin et S. Mancini.
Dans cet article nous avons étudié des schémas numériques pour le modèle de Lorentz dans les

régimes diffusifs

ε∂tf + cos θ∂xf =
1
ε
L(f). (2.8)

Ce problème est mono-dimensionnel en espace et bi-dimensionnel dans la variable vitesse v =
(cos θ, sin θ).

La fonction de distribution f = f(x,θ,t) est une de (x ∈ IR et de l’angle de la vitesse θ ∈ [−π,π]
et du temps t > 0.

L’opérateur L(f) est un opérateur de collision du type Lorentz. Les opérateurs de Lorentz
apparaissent quand par exemple on considère des collisions élastiques entre des particules lourdes
et des particules légères : c’est le terme prédominant de collisions inter-espèces pour les particules
légr̀es du à l’effet des collisions avec les lourds et que l’on voit apparaitre quand on fait un déve-
loppement asymptotic en termes du rapport de masse (voir [58, 91]). Il est défini dans le cas de
Boltzmann par :

L(f)(θ) =
∫

S1
K(θ′ − θ)[f(θ′)− f(θ)] dθ′ (2.9)

et dans le cas de Fokker-Planck par :

L(f)(θ) = ∂2
θθf. (2.10)

Il est bien connu dans la littérature, que lorsque ε � 1 les solutions de (2.8) convergent vers
la solution d’un problème de diffusion en espace :

∂tf
0 − 1

2
∂2

xxf
0 = 0.

Notre objectif était d’obtenir un schéma utilisable pour toutes les valeurs de ε, donc compatible
avec la limite de diffusion (“Asymptotic Preserving Scheme”).

Cette étude est faite sur l’opérateur de Fokker-Planck-Lorentz (2.10) mais les résultats s’étendent
au cas de l’opérateur de Boltzmann-Lorentz (2.9).

Dans une première partie, suivant en cela les idées de Jin et Levermore pour l’opérateur de
Boltzmann-Lorentz isotropique ([170, 171]), nous avons discrétisé en vitesse sur un maillage non
uniforme mais symétrique pour avoir exactement le bon coefficient de diffusion avec un faible
nombre de points de quadrature. En particulier nous traitons le cas de 4 et 8 points de discrétisa-
tion.

Dans une seconde partie nous considérons la discrétisation spatiale, en domaine infini.
L’approche naturelle consiste à utiliser le schéma upwind, mais dans le régime de diffusion le

coefficient de diffusion est de l’ordre de ∆x/ε.
A contrario le schéma centré converge vers une discrétisation du laplacien avec le bon coefficient

de diffusion mais agit sur un maillage double, ce qui ce passe sur les mailles paires étant totalement
découplés du maillage formé des mailles impaires ce qui conduit à des modes parasites.

On considère alors un θ-schema (ε pour les flux upwind et (1 − ε) pour les flux centrés) : la
première partie recouple tous les points de discrétisation mais introduit une erreur de l’ordre de
∆x sur le coefficient de diffusion.

On a proposé aussi un autre schéma basé sur les idées de Jin et Levermore ([177, 172]), c’est
à dire on exprime le flux aux interfaces dans une méthode de volume finis en utilisant l’équation
stationnaire. Nous avons donné une interprétation de ce schéma comme un schéma d’éléments finis
discontinus P 1 sur un maillage de maille ∆x/2 (voir [186]).
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La discrétisation en temps est totalement implicite et sans splitting entre le transport et la phase
de collision. Cela requiert l’inversion d’une très grosse matrice mais cette matrice est creuse. Toutes
méthodes capturant le bon régime de diffusion (voir par exemple [198, 173, 174, 172]), requièrent
l’inversion d’une matrice de taille Nx ×Nθ où Nx est le nombre de points de discrétisation dans
l’espace et Nθ est le nombre de points de discrétisation dans l’espace des vitesses, car toutes ces
méthodes, voir par exemple ([173, 174, 172]), pour l’opérateur de Lorentz, nécessitent la résolution
d’un problème stationnaire du type

v · ∇xf
0 = L(f)

et un tel problème est vraiment multi-dimensionnel, i.e. on ne peut splitter le transport en espace
et la phase de collision sinon on n’a pas les bons états d’équilibre.

Signalons aussi que le schéma "well balanced" proposé récemment par Gosse et Toscani [167]
pour le transfer radiatif et avec approximation de Rosseland semble impossible à étendre pour un
opérateur du type Boltzmann-Lorentz (2.9) avec une section efficace générale et donc en particulier
pour l’opérateur (2.10). Donc les schémas présentés dans ce travail gardent tout leur intérêt.

Des résultats numériques ont validé nos deux schémas.
L’intérêt des schémas que nous proposons est que leur extension au cas multidimensionnel en

espace est triviale pour un maillage cartésien. Ce qui peut s’avérer un inconvénient c’est que ces
schémas ne sont pas positifs. Mais c’est aussi le cas pour le schéma décrit dans [173, 174, 172]).
Seule la discrétisation proposée par Gosse et Toscani [198, 167] est positive mais quid de son
extension au cas multi-dimensionnel.

2.3 Analyse asymptotique pour l’hydrodynamique radiative
[a13]

En coll. avec B. Despres.
Dans ce travail nous nous sommes intéressés à certains régimes asymptotiques pour le couplage

fluide-radiatif. Puis nous proposons un modèle de moments dans le référentiel eulérien permettant
de retrouver dans ces régimes asymptotiques les modèles standards de diffusion à l’équilibre ou
hors équilibre. La motivation est le développement de méthodes numériques euleriennes modernes,
précises et robustes pour un modèle simplifié de transfert radiatif.

Le système considéré couplant le transfert radiatif et l’hydrodynamique s’écrit, dans le réfé-
rentiel du laboratoire : 

∂
∂t (ρ) +∇.(ρ~v) = 0,
∂
∂t (ρ~v) +∇.(ρ~v ⊗ ~v + pI) = −~SF ,
∂
∂t (ρE) +∇.(ρE~v + p~v) = −SE ,
1
c

∂
∂tI(ν,~n) + ~n.∇I(ν,~n) = St(ν,~n), ∀ν,~n

(2.11)

avec
SE =

∫ ∫
Stdνd~n et ~SF =

1
c

∫ ∫
~nStdνd~n. (2.12)

et St = Sa + Ss est la somme de deux contributions.
La première prend en compte l’émission-absorption des photons par la matière qui est consi-

dérée sous la forme suivante

Sa(ν,~n) =
ν0
ν
σa(ν0)

[(
ν

ν0

)3

B(ν0,T )− I

]
. (2.13)

B(ν0,T ) est la Planckiènne

B(ν0,T ) =
2hν3

0

c2

(
ehν0/kT − 1

)−1

(2.14)
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Les quantités q0 correspondent aux quantités mesurées dans le référentiel comobile. Les défi-
nitions (2.13-2.14), utilisent la fréquence ν0 et la direction du photon ~n0 dans le repère comobile
et qui s’expriment par

ν0 = γν(1− ~n.~v

c
) et ~n0 =

(
ν

ν0

)[
~n− γ

c
~v

(
1− ~n.~v

c

(
γ

γ + 1

))]
. (2.15)

Le second terme prend en compte le scattering des photons par la matière, que l’on considère
sous la forme simplifiée suivante [148]

Ss(ν,~n) =
ν2

ν2
0

(Ss)0(ν0,~n0), (2.16)

et le scattering mesuré dans le référentiel comobile est donné par

(Ss)0(ν0,~n0) = σs(ν0)
[

1
4π

∫
I(ν0,~n′0)d~n

′
0 − I0(ν0,~n0)

]
. (2.17)

Dans une première partie de ce travail nous utilisons une analyse asymptotique rigoureuse et
retrouvons le modèle de diffusion à l’équilibre (T = Tr) quand l’emission absorption est prédomi-
nante 

∂
∂t (ρ) +∇.(ρ~v) = 0,
∂
∂t (ρ~v) +∇.(ρ~v ⊗ ~v + (p+ pr)I) = 0,
∂
∂t (ρE + Er) +∇. ((ρE + Er)~v + (p+ pr)~v) = ∇.( 1

3σa
∇T 4),

where
Er = T 4, pr =

1
3
T 4.

et le modèle de diffusion hors équilibre (T 6= Tr) pour l’énergie radiative quand le scattering
est prédominant :

∂
∂t (ρ) +∇.(ρ~v) = 0,
∂
∂t (ρ~v) +∇.(ρ~v ⊗ ~v + (p+ pr)I) = 0,
∂
∂t (ρE + Er) +∇.((ρE + Er)~v + (p+ pr)~v) = ∇.( 1

3σs
∇T 4

r ),
∂
∂tEr +∇.(~vEr) + pr∇.~v = ∇.( 1

3σs
∇T 4

r ) + σa(T 4 − T 4
r ).

(2.18)

where
Er = T 4

r , pr =
1
3
T 4

r .

A notre connaissance l’analyse asymptotique que nous proposons en variables d’Euler pour la
diffusion hors équilibre est nouvelle.

Dans une deuxième partie nous dérivons un modèle aux moments ”gris” relativiste par mini-
misation d’entropie dans le référentiel eulerien et redonnant la diffusion hors équilibre 2.18 :

∂
∂t (ρ) +∇.(ρ~v) = 0,
∂
∂t (ρ~v + P

C
~Fr) +∇.(ρ~v ⊗ ~v + pI + PPr) = 0,

∂
∂t (ρE + PEr) +∇.(ρE~v + p~v + PC ~Fr) = 0,
1
C

∂
∂tEr +∇~Fr = SE ,

1
C

∂
∂t
~Fr +∇.Pr = ~SF ,

(2.19)

avec l’énergie radiative et le flux d’énergie radiative définis par Er =
∫ ∫

I dνd~n, Fr =∫ ∫
~nI dνd~n et le tenseur de pression donné par

Pr = ErDr = Er(
1− χ

2
I +

3χ− 1
2

f

|f |
⊗ f

|f |
)
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où ~f = ~Fr/Er et χ = χ(||f ||) est le facteur d’Eddington bien connu, voir [150, 144, 140],

χ(x) =
3 + 4x2

5 + 2
√

4− 3x2
.

L’expression des termes sources SE et ~SF n’est pas donnée dans [a13], mais tous les éléments
permettant de les calculer y sont. Je renvoie le lecteur au paragraphe (2.5) pour leur expression
en 1-d.

Puis nous étudions la compatibilité des modèles à deux moments avec la diffusion hors équilibre.
Le résultat principal est que le modèle à deux moments M1 (2.19) permet de retrouver les solutions
continues de la diffusion hors équilibre mais ne permet pas de retrouver les solutions chocs. En re-
vanche si nous utilisons l’entropie radiative Sr = Sr = − 2k

c3

∫ ∫
ν2 [n log n− (n+ 1) log(n+ 1)] dνd~n

à la place de l’énergie radiative Er, nous obtenons le modèle

∂
∂t (ρ) +∇.(ρ~v) = 0,
∂
∂t (ρ~v + P

C
~Fr) +∇.(ρ~v ⊗ ~v + pI + PPr) = 0,

∂
∂t (ρE + PEr) +∇.(ρE~v + p~v + PC ~Fr) = 0,
1
C

∂
∂tSr +∇. ~Qr = 1

Θr
(SE + b.~SF ),

1
C

∂
∂t
~Fr +∇.Pr = ~SF .

Ce modèle présente l’avantage de retrouver les solutions chocs et les solutions continues de la
diffusion hors équilibre.

2.4 Analyse asymptotique et méthodes numériques pour les
méthodes de moments en hydrodynamique radiative [cr2,
s1]

En coll. avec S. Cordier.
Ce travail présente une discrétisation d’un système hyperboliques de lois de conservation qui

soit compatible avec le régime asymptotique de diffusion. On s’intéresse à un système de la forme
(2.20)

ε∂tU + ∂xF (U) =
1
ε
R(U), (2.20)

with U = (ρ,j), F (U) = (j,ρh(j/ρ), R(U) = (0,−σj) où ρ et j sont les deux premiers moments de
la solution d’une équation de transport, σ(x) > 0 est la section efficace, ε est un petit paramètre
et h est une fonction paire positive et convexe.

Dans les problèmes de transfert radiatif, h est le facteur d’Eddington
h satisfait de plus les propriétés suivantes

h(0) =
1
3
, u2 ≤ h(u) ≤ 1.

Sous ces hypothèses on peut montrer que l’on a le domaine invariant suivant

ρ ≥ 0, ‖j‖ ≤ ρ. (2.21)

C’est à dire que le flux d’énergie est limité.
Lorsque ε→ 0, le système (2.20) se comporte comme une équation de diffusion dont le coeffi-

cient de diffusion est h(0)σ, σ étant la section efficace.

∂tρ− h(0)∂x(
1
σ
∂xρ) = 0. (2.22)

j = − ε
σ
∂x(h(0)ρ). (2.23)
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On peut remarquer que pour ρ solution de (2.22) et j défini par (2.23) peuvent ne pas satisfaire
(2.21), dans le cas de forts gradients de ρ.

La méthode que nous présentons ici est constituée de deux étapes : la première consiste à
transformer le système de deux équations non linéaires en un double système (2.24) de deux
équations, linéaires et découplées, connues sous le nom d’équations du télégraphe. Il s’agit d’une
application des méthodes de relaxation [177] et cela conduit à doubler le nombre d’inconnues.

Le schéma relaxé (transport-projection) est le suivant:
on résout la partie transport: 

∂tρ+ 1
ε∂xz = 0

∂tz + a
ε∂xρ+ σ

ε2 z = 0
∂tw + a

ε∂xj = 0
∂tj + 1

ε∂xw + σ
ε2 j = 0.

(2.24)

puis on projette

z = j, w = ρh(
j

ρ
).

On peut remarquer que la phase transport (2.24) consiste à résoudre deux systèmes linéaires
indépendants le premier pour (ρ and z), le second pour

Pour chacun des systèmes obtenus, on utilise ensuite le schéma “well-balanced” proposée dans
[164, 165, 166, 167] et que l’on généralise pour une section efficace non constante et un maillage non
uniforme. On peut rappeler brièvement que ce schéma “well-balanced” est un schéma de Godunov
pour un système hyperbolique linéaire avec des termes sources localisés aux interfaces. Dans le cas
linéaire la résolution du problème de Riemann est triviale [s1]. Le schéma s’écrit dui

dt +Mi− 1
2

√
a

ε∆xi
(ui − ui−1) = Mi− 1

2

∆x
i− 1

2
∆xi

σ
i− 1

2
2ε2 (vi − ui)

dvi

dt −Mi+ 1
2

√
a

ε∆xi
(vi+1 − vi) = Mi+ 1

2

∆x
i+ 1

2
∆xi

σ
i+ 1

2
2ε2 (ui − vi)

(2.25)

et les coefficients Mi+ 1
2

sont définis par

Mi+ 1
2

=
2
√
aε

σi+ 1
2
∆xi+ 1

2
+ 2

√
aε
,

et σi+ 1
2

est une moyenne de σ aux interfaces.
Dans les variables d’origine (ρ,z) et aussi pour (w,j){ dρi

dt + 1
ε∆xi

(Mi+ 1
2
zi+ 1

2
−Mi− 1

2
zi− 1

2
) = 0,

dzi

dt + a
ε∆xi

(Mi+ 1
2
ρi+ 1

2
−Mi− 1

2
ρi− 1

2
) = −λi

2ε2 zi +
M

i+ 1
2
−M

i− 1
2

ε∆xi
(aρi)

avec
zi+ 1

2
= (zi + zi+1 + ρi+1 − ρi)/2, ρi+ 1

2
= (ρi + ρi+1 + zi+1 − zi)/2,

et

λi =
∆xi+ 1

2

∆xi
Mi+ 1

2
σi+ 1

2
+

∆xi− 1
2

∆xi
Mi− 1

2
σi− 1

2
.

On considère une discrétisation en temps totalement implicite Le schéma ainsi obtenu a toutes
les propriétés requises : consistance lorsque ∆x→ 0 , comportement asymptotique ε→ 0, préser-
vation du domaine invariant (ce qui revient dans les nouvelles variables à garantir la positivité des
solutions).

Le schéma peut paraître bien compliqué, mais c’est le résultat de trois contraintes : on veut
un schéma totalement implicite, qui a pour domaine invariant (2.21) et qui a la bonne limite de
diffusion. Le schéma "well-balanced" proposé par Gosse et Toscani, [164, 165, 166, 167], est certes
monotone et donne la bonne limite de diffusion mais il ne s’applique pas à un système hyperbolique
non-linéaire, notamment avec un point résonnant, ce qui est le cas du système que l’on considère.
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La phase de relaxation (2.24) rend le système linéaire ce qui permet, d’une part, une implicitation
en temps facile et d’autre part permet l’utilisation de ce schéma "well-balanced".

L’avantage de la méthode présentée ici est qu’elle peut être utilisée avec une section efficace
σ variable, ce qui est très important en pratique car de tels problèmes de transfert radiatif sont
couplés avec un modèle hydrodynamique qui va déterminer la valeur de σ. Celle-ci sera d’ordre
1 dans les zones denses ou opaques et pourra être très faible dans les zones dites transparentes.
Pour pouvoir utiliser un schéma sans restriction sur les valeurs de σ il est donc indispensable que
la discrétisation ait un bon comportement y compris dans les zones transparentes.

Nous nous sommes également attachés à présenter une méthode utilisable avec un maillage non
uniforme car les codes de calcul utilisent des techniques de raffinement de maillage automatique
et il est donc important de pouvoir traiter de tels maillages.

2.5 Un modèle à flux limité pour l’hydrodynamique radiative
et un schéma de splitting associé préservant l’asympto-
tique de diffusion [s2]

En coll. avec B.Despres.
Dans ce travail nous étudions la discrétisation d’un modèle à deux moments pour l’hydro-

dynamique radiative par un schéma avec flux limité préservant l’asymptotique de diffusion hors
équilibre. Le modèle utilisé est le modèle M1 (2.19) décrit dans le paragraphe (2.3).

Pour simplifier la présentation écrivons le modèle M1 en question en dimension 1 d’espace

∂
∂t (ρ) + ∂

∂x (ρv) = 0,
∂
∂t (ρv + P

C Fr) + ∂
∂x (ρv2 + p+ PPr) = 0,

∂
∂t (ρE + PEr) + ∂

∂x (ρEv + pv + PCFr) = 0,
1
C

∂
∂tEr + ∂

∂xFr = SE ,
1
C

∂
∂tFr + ∂

∂xPr = SF ,

(2.26)

Le modèle est écrit en variables adimensionnelles. ρ ≥ 0 représente la densité du fluide, ρv est
la quantité de mouvement du fluide, ρE est l’énergie du fluide et p est la pression du fluide. Er est
la densité d’énergie radiative, Fr est le flux d’énergie radiative et Pr est la pression radiative. Ces
trois quantités sont les moments de I qui vérifie l’équation de transfert radiatif (2.11). Les termes
sources SE et SF prennent en compte l’émission-absorption et le scattering, et sont donnés par
(2.12-2.17), paragraphe (2.3).

L’application de la méthode des moments proposée par Levermore [145, 146, a13] conduit une
intensité de la lumière I donnée par la Planckienne

4π5

15
I

ν3
=

1

e
ν

Tr
+ νbn

Tr − 1
. (2.27)

C’est une fonction de la fréquence ν et de la direction n des photons et dépendant de deux para-
mètres Tr et b ∈]− 1,1[. Tr représente la "température" du flux radiatif, b représente l’anisotropie
de ce flux radiatif.

En utilisant (2.27) on obtient en 1-D{
Er =

∫ ∫
I(ν,n)dνdn = T 4

r
3+b2

3(1−b2)3 ,

Fr =
∫ ∫

nI(ν,n)dνdn = −T 4
r

4b
3(1−b2)3

En 3-D la pression radiative Pr =
∫ ∫

n⊗nI(ν,n)dνdn est donnée par le tenseur, voir Levermore
[144],

Pr = Er(
1− χ

2
I +

3χ− 1
2

f

|f |
⊗ f

|f |
)
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avec f = Fr

Er
et le facteur d’Eddington χ est donné par

χ(f) =
3 + 4f2

5 + 2
√

4− 3f2

En dimension 1 cela se réduit à f
|f | = ±1 et Pr = χ(f)Er.

En utilisant (2.27) et les expressions (2.12-2.17) pour l’émission-absorption et le scattering,
les termes sources sont alors donnés par SE = Sa

E + Ss
E et SF = Sa

F + Ss
F avec pour l’émission-

absorption {
Sa

E = γσa

ε2 (T 4 − Er + εvFr),
Sa

F = −γσa

ε2 (Fr − εv(T 4 + Pr)),
.

et pour le scattering, en 1-D {
Ss

E = −γσs

ε vF 0
r ,

Ss
F = −γσs

ε2 F
0
r .

.

avec γ = 1/
√

1− |v|2/C2. L’expression du flux d’énergie radiative dans le repère comobile F 0
r est

quant à elle donnée par
F 0

r = γ2((1 + ε2v2)Fr − εv(Er + Pr)).

Deux paramètres sans dimension apparaissent dans le système. C ≥ ∞ est le ratio de la vitesse
de la lumière sur la vitesse du son du fluide. La plupart du temps ε = 1

C est un petit paramètre.
L’autre paramètre P est le rapport de la pression radiative sur la pression du fluide. Suivant en
cela le travail [147] nous ne nous intéressons qu’au régime P = 1.

Nous proposons une approximation en O(ε2) du modèle (2.26) ce qui est satisfaisant pour le
domaine d’applications qui nous intéresse où ε est toujours un petit paramètre, c’est-à-dire que la
vitesse du fluide est toujours petite devant le vitesse de la lumière :

∂
∂t (ρ) + ∂

∂x (ρv) = 0,
∂
∂t (ρv) + ∂

∂x (ρv2 + p+ Er

3 ) = 0,
∂
∂t (ρE + Er) + ∂

∂x (ρEv + pv + Er

3 u+ 1
εFr) = 0,

1
ε

∂
∂tEr + ∂x(vEr) + Er

3 ∂xv + ∂
∂xFr = σa

ε2 (T 4 − Er),
1
ε

∂
∂tFr + ∂x(vFr) + Fr

3 ∂xv + ∂
∂xPr = −σa+σs

ε2 Fr,

(2.28)

Ce modèle n’est pas celui qui est couramment utilisé en transfert radiatif, voir par exemple
[148, 137]. Il en est different par Fr

3 ∂xv au lieu de Fr∂xv et Er

3 ∂xv au lieu de Pr∂xv.
Nous proposons alors le splitting suivant du modèle (2.28) :

∂
∂t (ρ) + ∂

∂x (ρv) = 0,
∂
∂t (ρv) + ∂

∂x (ρv2 + p+ Er

3 ) = 0,
∂
∂t (ρE + Er) + ∂

∂x (ρEv + pv + Er

3 v) = 0,
∂
∂tSr + ∂

∂x (uSr) = 0, Sr = E
3
4
r ,

∂
∂tQr + ∂

∂x (uQr) = 0, Qr = −bSr,

(2.29)

suivi de 
∂tEr + 1

ε∂xFr = σa
T 4−Er

ε2

∂tFr + 1
ε∂xPr = −σt

Fr

ε2 , σt = σa + σs

ρCv∂tT = σa
Er−T 4

ε2 ,

(2.30)

voir [a13].
Ce splitting permet de retrouver les "bonnes" relations de saut de Rankine-Hugoniot, voir

[a13], et consiste donc à transporter les photons par la matière via l’entropie et le flux d’entropie,
système (2.29), et la phase radiative se fait dans le référentiel de la matière, système (2.30), donc
c’est le système M1 à vitesse matière nulle. Il permet aussi un implémentation plus simple que la
résolution directe de (2.26).
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La phase radiative est résolu avec une amélioration du schéma proposé dans mon travail pré-
cédent [cr2, s1]. Rappelons que ce schéma repose sur un méthode de de relaxation, [177], et sur le
schéma "Well Balanced", [165, 166]. L’amélioration apportée ici concerne la phase de relaxation et
permet, contrairement à ce qui été proposé dans [cr2, s1], une dépendance en espace et en temps
du coefficient a dans (2.24). En effet la phase 2.24) est remplacée par{

∂
∂tEr + 1

ε
∂
∂xaX = 0,

∂
∂tX + 1

ε
∂
∂xaEr = − σ

ε2X,

et {
∂
∂tY + 1

ε
∂
∂xaFr = 0,

∂
∂tFr + 1

ε
∂
∂xaY = − σ

ε2Fr.

avec a =
√
χ. Chacun des deux systèmes est alors résolu par le schéma "Well Balanced" (2.25).

La discrétisation en temps pour la partie radiative est totalement implicite en prenant la valeur
de a au début du pas de temps.

Les principales propriétés du schéma que nous montrons dans ce travail sont les suivantes
a) Au niveau discret le flux radiatif reste limité

|Fr|
Er

≤ 1

b) La limite de diffusion est correcte même sur des maillages grossiers.
c) Le traitement numérique du terme non conservatif Pr∂xu de la diffusion hors-équilibre par le

transport de l’entropie ce qui permet d’obtenir les bonnes relations de Rankine-Hugoniot.
Le schéma numérique est donc robuste.

De nombreux résultats numériques illustrent la précision et la robustesse de la méthode numé-
rique.

La suite de ce travail concernera évidemment l’extension multi-dimensionnelle du schéma.

2.6 Conclusions
En conclusion de ce chapitre, on peut dire que dans le cadre de la simulation du transfert ra-

diatif via l’utilisation d’un modèle aux moments de type (2.19), l’approche "asymptotic preserving
schemes" basée sur le schéma "well-balanced",[165, 166], donne de bons résultats en dimension 1
d’espace. Le prochain challenge sera d’étendre, pour le modele de type 2.19), cette méthode en
dimension 2 ou 3 d’espace, sur un maillage cartesien conforme ou non(méthode de raffinement
de maillage adaptatif).La principale difficulté, en dimension 2 ou 3, est d’assurer la limitation de
flux par un schéma totalement implicite. Ce sera la majeure partie de mon travail de recherche au
CEA dans un futur proche.

Pour les modèles de Lorentz (2.5) en thérie cinétique, si l’on désire un schéma "asymptotic
preserving" positif, une voie envisageable semble être le schéma "well balanced" [166, 167] mais au
vue des résultats présentés dans [167] il y a encore fort à faire pour, ne serait-ce qu’en dimension
1 d’espace, étendre ce type de schéma à des sections efficaces non isotropes. Quant à l’extension
multi dimensionnelle de ce type de schémas, elle ne semble toujours pas être à l’ordre du jour.
C’est pourtant une voie à défricher.
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Chapitre 3

Autres travaux

Dans cette partie je présente deux travaux n’entrant pas dans mes thématiques principales
de recherche. Le premier a quand même un rapport, certes lointain avec la théorie cinétique et
les termes de collisions. Le second aurait plutôt des conséquences sur la discrétisation de certains
opérateurs de collision de de type parabolique, voire sur les schémas monotones préservant la limite
de diffusion.

3.1 Ionisation multi-espèces [a10]
En coll. avec S. Cordier et P.A. Raviart.
Ce travail porte sur un modèle fluide multi-espèce d’ionisation qui est détaillé dans [a10]. Ce

modèle conduit à un système d’équations différentielles ordinaires, mais singulières à l’origine.
L’existence de solutions maximales pour ce système a pu être démontrée et des simulations nu-
mériques permettent de calculer les courants émis par chaque espèce d’un faisceau d’ions, ce qui
intéresse les physiciens. De nouvelles perspectives sont envisagées pour mieux comprendre les pro-
priétés mathématiquement surprenantes mais physiquement raisonnables de ce type de modèle.

L’étude d’un modèle cinétique d’ionisation montre que les températures ioniques restent faibles
dans la zone d’ionisation. Cela conduit à considérer un modèle fluide où les ions sont froids, plus
facile à étudier numériquement que le modèle cinétique. On cherche des solutions stationnaires du
système Euler-Poisson qui s’écrit cette fois

d

dx
(nαuα) = gα(ne), α = 1, · · · ,N − 1, (3.1)

d

dx
(nαu

2
α)− nα

dφ

dx
= 0 (3.2)

λ
d2φ

dx2
=
∑
α

nα − ne, ne = exp(−φ), (3.3)

avec les conditions aux limites et la condition de quasineutralité en x = 0

uα(0) = 0, φ(0) =
dφ

dx
(0) = 0,

∑
α

nα(0) = ne(0) = 1. (3.4)

Nous allons étudier plus particulièrement l’approximation plasma obtenue en supposant la quasi-
neutralité du plasma (λ = 0). L’équation d’impulsion ionique s’écrit alors

d

dx
(nαu

2
α) +

nα

ne

dne

dx
= 0, (3.5)

avec ne = exp(−φ) =
∑
α

nα. Il s’agit d’abord d’étudier l’existence et l’unicité de la solution du

problème ainsi que ses propriétés qualitatives. Dans le cas N = 2, on sait calculer explicitement
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la solution maximale (et les courants émis qui sont indépendants du taux d’ionisation). On veut
généraliser ce résultat. Posons p = N − 1 le nombre d’espèces d’ions. On appelle solution (physi-
quement admissible) du système différentiel (3.1-3.5), une fonction U = (n1, · · · ,np,j1, · · · jp), où
U : x ∈ R+ → U(x) ∈ R2p de classe C1 solution de (3.1-3.5) et vérifiant nα(x) > 0 pour tout
α = 1, · · · ,p.

Pour fixer les idées, on suppose que chaque taux d’ionisation (adimensionné) gα : R+ → R+

est une fonction de classe C1 croissante qui vérifie gα(ne) > 0 ∀ne > 0. En pratique, les taux
d’ionisation g dépendent des processus d’ionisation et sont des polynômes de ne.

On montre alors que le modèle fluide dans l’approximation plasma admet une solution (phy-
siquement admissible) unique définie dans un intervalle maximal [0,x0[ où x0 < +∞ est tel que
U(x0) = lim

x→x0
U(x) existe et vérifie (en x0)∑

α

nα

u2
α

= ne,
∑
α

nαu
2
α = 1− ne;

de plus, les dérivées de U explosent en x0

lim
x→x0

dnα

dx
(x) = −∞ , lim

x→x0

duα

dx
(x) = +∞;

et la fonction ne est strictement décroissante dans [0,x0] et ne(x0) ≤ 1/2.
La première étape de la démonstration consiste à prouver que ne est solution de l’équation

intégrale non linéaire

ne(x) = 1−
∑
α

√
−2
∫ x

0

(
j2α
ne

dne

dx
)(y)dy, (3.6)

où jα est donné en fonction de ne par

jα(x) =
∫ x

0

gα(ne(y))dy.

Cela va nous servir d’une part à obtenir un résultat d’existence et d’unicité locale de la solution
de au voisinage de x = 0 et d’autre part à calculer numériquement la solution.

L’existence d’une solution maximale pour l’équation plasma (3.6) n’est pas immédiate. Celle-
ci repose sur la construction de solutions approchées qui permettent de supprimer la singularité
du problème à l’origine. Une fois que les solutions ont "décollé", il faut vérifier qu’elles ont le
bon comportement et qu’elles convergent vers une solution du problème. Cette technique est
également utile du point de vue numérique. Nous montrons que les solutions numériques sont
telles que les vitesses des différentes espèces d’ions sont très proches (mais distinctes) et le point
x0 est caractérisé par

ne(x0) ≈ 1/2, uα(x0) ≈ 1,

ce qui correspond au cas mono-espèce et qui est physiquement raisonnable. Nous comparons les
résultats de ce modèle avec d’autres (cinétique, mono-cinétique) et nous montrons comment traiter
les termes de friction, le système quasi-neutre (λ � 1) et enfin, nous montrons, en reprenant des
résultats de [190], que l’hyperbolicité du système d’évolution associé à (3.1-3.5) impose que les
vitesses des différentes espèces soient égales.

3.2 Schémas monotones et équations parabolique linéaires
[cr3]

En coll. avec S. Cordier.
Ce travail présente un résultat de non existence de schémas linéaires monotones pour certaines

équations paraboliques linéaires avec diffusion anisotrope.
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On s’intéresse à l’approximation numérique de l’équation parabolique de la forme (3.7).

∂tf −
1
2
∇.K∇f = 0, (3.7)

Dans le cas où c = ab, cette équation représente l’équation de la chaleur mono dimensionnelle
immergée en dimension 2. La diffusion agit donc uniquement dans la direction (a,b). Il est bien
connu que cette équation vérifie un principe du maximum : soit deux données initiales telles que
f0 ≥ g0 alors f ≥ g.

On considère une grille de calcul cartésienne à mailles carrées de pas d’espace h.
Nous montrons alors que, pour un stencil fixe de la forme

S = {j such that−N ≤ jk ≤ N,k = 1,2},

il existe toujours des directions (a,b) de diffusion pour lesquelles on ne peut construire de schéma
linéaire monotone. La preuve est basée sur l’analyse de l’erreur de consistance.

Ce résultat est encore valide pour une matrice de diffusion dépendant de la variable d’espace.
donc en particulier pour l’équation de Fokker-Planck-Lorentz

K(x,y) = Ψ(
1

x2 + y2
)
(
Id− (x,y)t ⊗ (x,y)

)
issue de la physique des plasmas et représentant un modèle simplifié des collisions avec les ions

pour les électrons. Cela montre aussi que pour certains maillages quadrangulaires, en se ramenant
a un maillage carré par homéomorphisme, on ne pourra pas toujours avoir de schémas monotones
pour (3.7).

Nous montrons de plus que, pour l’équation du télégraphe

ε∂tu+ a∂xu+ b∂yu = 1
ε (v − u)

ε∂tv − a∂xv − b∂yv = 1
ε (u− v)

, il ne peut y avoir de schémas linéaires monotones consistant avec la limite de diffusion (3.7) avec
c = ab, pour une direction arbitraire de propagation.

Nous indiquons enfin comment ce résultat pourrait signifier que pour l’équation de Fokker-
Planck-Landau

d

dt
f = ∇v.

∫
v′
φ(v − v′) (f ′∇vf − f∇v′f

′) dv′,

il ne peut y avoir de schémas positifs pour une discrétisation de la forme naturelle c’est à dire
de schémas quadratiques positifs, ce qui justifierait l’emploi d’algorithmes vraiment non linéaires
par exemple basés sur la forme dite logarithmique

d

dt
f = ∇v.

∫
v′
ff ′φ(v − v′) (∇v log(f)− f∇v′ log(f ′)) dv′

voir par exemple [57].
Une solution pour contourner ce problème est soit d’utiliser un schéma non linéaire, soit de

faire en sorte que la taille du stencil puisse croître quand le pas de maillage tends vers 0.

Remarque 6 On peut citer encore deux exemples autour de l’équation de Fokker-Planck-Landau,
pour lesquels ce papier montre que l’on ne peut construire de schémas positifs. Le premier concerne
les modèles du type "Spherical Harmonic Expansion" pour les électrons, voir [72, 82], pour la partie
Vlasov de l’équation et ce à cause du champ électrique.

Le deuxième provient d’une simplification du terme de collision de Landau pour traiter le
ralentissement des particules en fusion par confinement inertiel, [80, 81].
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A Discrete-Velocity Scheme for the Boltzmann

Operator of Rarefied Gas Dynamics

C. Buet

CEA-CEL-V
94195 Villeneuve Saint Georges Cedex, France

Abstract

We propose a conservative and entropic discrete-velocity method to compute the solutions of the

Boltzmann equation in the case of monoatomic species. We begin by defining a discrete collision

kernel on a velocity lattice which verifies all the properties of the continuous kernel. The continuous

Boltzmann equation will be replaced by a Boltzmann equation for a discrete velocity gas, which is a

hyperbolic system. This equation will be discretized by a finite volume scheme. For the evaluation of

the collision term we use acceleration procedures of Monte Carlo type. The possibilities of our scheme

will be illustrated by numerical tests in 1 and 2 space dimensions.

1 Introduction

In rarefied aerodynamics the kinetic model which is currently used is the Boltzmann equation,
because we consider only binary collisions. Most of the numerical codes for rarefied aerody-
namics are based on Monte-Carlo procedures, following the earlier work of gas dynamicists [1].
A description of these methods is given, for example, in [7, 13, 1]. However, in many situations,
the numerical fluctuations which originate in the use of random sequences, lead to extremely
noisy results and motivate the search for alternate, more accurate methods [11, 14, 15, 9, 10].
The aim of this paper is to present some attempts in this direction. The discrete velocity
model that we use is close to the model presented in [11]. The most important point of our
work is the technique to reduce the cost of the collision phase.

2 Conservation properties of the Boltzmann equation

We consider the Boltzmann equation for a monoatomic gas

∂f

∂t
+ v.∇xf = Q(f, f), f |t=0 = f0(x, v)(1)

Q(f, f) =

∫

R3

(

∫

S2

q(v − v∗, ω)(f ′f ′∗ − ff∗)dω

)

dv∗(2)

with the following notations
S2 = {ω ∈ R

3, |ω|2 = 1}

f = f(x, v, t), f∗ = f(x, v∗, t), f
′ = f(x, v′, t), f ′∗ = f(x, v′∗, t)

1



v′ =
v + v∗

2
+Rω(

v − v∗
2

), v′∗ =
v + v∗

2
−Rω(

v − v∗
2

),(3)

where Rω(~u) is defined by

Rω(~u) = cos θ~u+ |~u| sin θ(cosϕ~i~u + sinϕ~j~u),

with ω = (cos θ, sin θ cosϕ, sin θ sinϕ), |~j~u| = |~j~u| = 1 and (~u, ~i~u, ~j~u) form an orthogonal base
of R

3. The velocities v and v∗ are pre-collisional velocities, while v ′ and v′∗ are post-collisional
velocities. They satisfy

v + v∗ = v′ + v′∗ (conservation of momentum)(4)

|v|2 + |v∗|
2 = |v′|2 + |v′∗|

2 (conservation of energy)(5)

Finally, q(v, ω) is defined by
q(v, ω) = |v|σ(v, ω),(6)

where σ(v, ω) = σ(|v|, cosθ) is the differential scattering cross section. Well-known properties
of the Boltzmann collision operator (2) are conservation of mass, momentum and energy, and
decay of entropy

∫

R3

Q(f, f)





1
v
|v|2



 dv = 0(7)

∫

R3

Q(f, f) log(f)dv ≤ 0.(8)

More precisely, let ψ(v) be any smooth test function. We have
∫

R3

Q(f, f)ψdv =

= −
1

4

∫

R3

∫

R3

(

∫

S2

q(v − v∗, ω)(f ′f ′∗ − ff∗)(ψ
′ + ψ′

∗ − ψ − ψ∗)dω

)

dvdv∗

(9)

It is well known that the only functions ψ such that
∫

Q(f, f)ψdv = 0 are linear combinations
of 1, v, and |v|2.
Similarly, (8) follows from (9) (with ψ = log f). Finally, from (9), it follows that any equilib-
rium distribution function, i.e., any f satisfying Q(f, f) = 0 is a Maxwellian

f(v) =
ρ

(2πRT )3/2
exp(−

|v − u|2

2RT
),(10)

where ρ, T ∈ R, ρ > 0, T > 0, and u ∈ R
3. (ρ, u, T ) are the density, mean velocity and tem-

perature of gas. In the homogeneous case, from (8) follows the H-theorem

d

dt

∫ ∫

R3

f(v, t) log f(v, t)dxdv =

∫

R3

Q(f, f)(1 + log f)dv ≤ 0,(11)

showing that the entropy H(f) =
∫

f log fdv can only decrease during a time evolution.
Furthermore, H(f) can only be minimal if f is an equilibrium distribution, i. e. if f is a
Maxwellian. The same result holds in the inhomogeneous case in the absence of boundaries

d

dt

∫ ∫

R3×R3

f(x, v, t) log f(x, v, t)dxdv =

∫

R3×R3

Q(f, f)(1 + log f)dxdv ≤ 0.(12)
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It is extremely important to preserve this latter property in any numerical discretization,
because it expresses conditions that any dynamics must satisfy. Thus, a numerical scheme
should satisfy discrete analogues of (7), (8), (9), should exhibit discrete invariants of collision,
connected with discrete equilibrium distribution functions. The failure of deterministic par-
ticle methods to satisfy these requirements naturally leads to the following discrete-velocity
model.

3 A discrete-velocity model

We first deal with the space homogeneous equation.

df

dt
= Q(f, f), f |t=0 = f0(v),(13)

where Q(f , f) is given by (2). We introduce a regular discretization of R
3: Let ∆v > 0,

vi = i∆v, i = (i1, i2, i3) ∈ Z
3, and fi ' (∆v)3f(vi). We derive an approximation of (2) by

using a quadrature formula for the integral with respect to v∗, the quadrature points of which
are the lattice points of ∆v.Z3. We let

[

∫

R3

(

∫

S2

q(v − v∗, ω)(f ′f ′∗ − ff∗)dω)dv∗]v=vi

'
∑

j∈R3

(

∫

S2

q(vi − vj , ω)(f(v
′

i)f(v
′

j) − f(vi)f(vj))dω)∆v3,
(14)

where v
′

i, v
′

j are defined by (3) and where v and v∗ are replaced by vi and vj. At this point, the
loss term already depends on the values f(vi), f(vj) of the distribution function f , while the
gain term still depends on f , through an integral over ω ∈ S2. We have to find a quadrature
formula for the integral at the right-hand side of (14), which involves values of f at the lattice
points ∆vZ3. Formula (3) shows that, when ω varies in S2, v

′

varies on the sphere of largest
diameter (v, v∗), and v

′

∗ is diametrically opposed to v
′

(i. e. (v
′

, v
′

∗) is another largest diameter
of the same sphere). Furthermore, quite generically, the sphere of largest diameter (vi, vj)
contains other lattice points vk and such points appear in pairs of diametrically opposed
points (vk, vl). The set Sij of such pairs can be defined by

Sij = {(k, l) ∈ Z
3 × Z

3, k + l = i+ j, |k|2 + |l|2 = |i|2 + |j|2}.

Furthermore, for (k, l)∈ Sij, we can define a unique ωkl
ij ∈ S2, such that formula (3) holds for

v = vi, v∗ = vj , v
′ = vk, v

′
∗ = vl.

Now, for the integral with respect to ω which appears at the right hand-side of (14), we
can use a quadrature formula where the ωkl

ij are the quadrature points and the weights are
all equal to 4π/Card(Sij). This gives

∫

S2

q(vi − vj , ω)f(v
′

i)f(v
′

j)dω '
∑

(k,l)∈Sij

4π

Card(Sij)
q(vi − vj, ω

kl
ij )f(vk)f(vl)(15)

and in (15), the distribution function f has been replaced by its values f(vk), f(vl) at the
lattice points. The overall approximate collision operator is now written by letting f̄ = {fi, i ∈

3



Z
3},

Q(f, f)(vi) '
1

(∆v)3 Q̄(f̄ , f̄)i

=
1

(∆v)3

∑

j∈Z3

∑

(k,l)∈Sij

4π

Card(Sij)
q(vi − vj , ω

kl
ij )(fkfl − fifj)

(16)

or

Q̄(f̄ , f̄)i =
1

2

∑

(j,k,l)∈(Z3)3

(Ai,j
k,lfkfl −Akl

ijfifj),(17)

witht

Akl
ij =















4πq(vi − vj , w
kl
ij )

Card(Sij)
if (k, l) ∈ Sij.

0 otherwise

(18)

Formula (17) shows that this approximation enters the class of discrete-velocity models. No
error estimates for the quadrature formula (15) is available yet. One problem is that the
number of quadrature points ωkl

ij on S2 is a function of vj − vi, which has an (almost) random
behaviour. Another one is that, even if this number was known accurately, the location of the
points ωkl

ij on S2 also varies (apparently) randomly. We have just an estimate of the number

of quadrature points ωkl
ij by adapting a very classical theorem of number theory, on how to

split an integer into a sum of three squares of integers (see [8]). Indeed the center of the

collisions spheres Si,j are in 1
2 .Z

3, given a center of collisions sphere
ε

2
with ε = (ε1, ε2, ε3) ∈

Z
3, by translation, we can suppose that ε ∈ N

3 and
3

max
i=1

(εi) ≤ 2. All the spheres having
ε

2

for center and which intersect Z
3 have a radius of the form |i−

ε

2
| with i ∈ Z

3 such that
∣

∣

∣
i−

ε

2

∣

∣

∣

2
∈ N +

∣

∣

∣

ε

2

∣

∣

∣

2
. If we let

rε(n) = Card
(

{i ∈ Z
3 /

∣

∣

∣i−
ε

2

∣

∣

∣

2
= n+

∣

∣

∣

ε

2

∣

∣

∣

2
}
)

, with n ∈ N

be the number of points of Z
3 on the sphere having the center

ε

2
and the radius (n+

∣

∣

∣

ε

2

∣

∣

∣

2
)

1
2 ,

we have the result:

Lemma 1
n
∑

k=0

rε(k) =
4

3
πn

3
2 +O(n)

and rε(n) = O(n
1
2
+δ) for all δ > 0 or equivalently, rε(n) = o(n

1
2
+δ) for all δ > 0.

For the proof see [2].
Since

Card(Si,j) =
1

2
rε(

∣

∣

∣

∣

i− j

2

∣

∣

∣

∣

2

) with ε ≡ i− j (mod 2) ,
3

max
i=1

(εi) ≤ 2.

in the sense of the Cesaro mean value, Card(Si,j) behaves like
4

3
π

∣

∣

∣

∣

i− j

2

∣

∣

∣

∣

. In some sense,

this tends to show that the approximation is “reasonably accurate”. But a rigorous proof of
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the accuracy of the approximation is missing up to now. We must now bound the velocity
domain. The issue is to replace the Boltzmann equation in the whole velocity space domain,
by a bounded space one, for which the algebraic properties displayed in section 3.1 still hold.
We do that as in [14, 15]. Let V be a bounded velocity domain, and let I(v, v∗, v

′, v′∗) be the
following truncation function:

I(v, v∗, v
′, v′∗) =







1 if (v, v∗, v
′, v′∗) ∈ V 4

0 otherwise.
(19)

Now, let us consider the Boltzmann operator:

Q(f, f)(v) =

∫

V

∫

S2

q(v − v∗, ω)(f ′f ′∗ − ff∗)I(v, v∗, v
′, v′∗)dv∗dω, v ∈ V.(20)

It is easily shown that properties (7) to (11) still hold, with the only difference that the
coefficient of |v|2 in (10) is no more positive. Indeed, its positivity for the full space case follows
from integrability requirements on the Maxwellian, which can no longer be used because of the
boundedness of the domain. The discrete velocity model is now restricted to approximations
fi of (∆v)3f(vi) for vi ∈ ∆vZ3 ∩ V and the discrete Boltzmann operator is of the form (17)

S̃ij = {(k, l) ∈ Sij such that vk, vl ∈ V },(21)

with i, j such that vi, vj ∈ ∆vZ3 ∩ V .

Ãkl
ij =



















4πq(vi − vj, ω
kl
ij )

Card(S̃ij)
if vi, vj ∈ V and (k, l) ∈ S̃ij

0 otherwise.

(22)

In practice, all the discrete pre- and post-collisional velocities must be within the computa-
tional domain V , and the number of “allowed” post-collisional pairs must be considered in
the quadrature formula for integrals on S2.

4 Properties of the discrete-velocity model

First, since the cross section is supposed to depend only of |v| and cos(θ), it is easy to
see that the tensor Akl

ij is positive and satisfies the following symmetry properties:

Akl
ij = Akl

ji = Alk
ij(23)

and
Akl

ij = Aij
kl.(24)

Property (23) expresses that the two pre-collisional particles are undistinguishable. The same
is also true for the two post-collisional particles. Property (24) is the microreversibility. We
have the identity (9): let ψ̄ = (ψi)i∈Z3 be a test sequence. Then

∑

i∈Z3

Q̄(f̄ , f̄)iψi = −
1

8

∑

(i,j,k,l)∈(Z3)4

(Ai,j
kl fkfl −Akl

ijfifj)(ψk + ψl − ψi − ψj).(25)
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Using the definition of the tensor Akl
ij it is easy to see that we have the discrete analogue of

conservation of mass, momentum and energy

∑

i∈Z3

Q̄(f̄ , f̄)i





1
vi

|vi|
2



 = 0,(26)

and by the microreversibility property of the tensor, the decay of entropy hold (see [4]):

∑

i∈Z3

Q̄(f̄ , f̄)i log(fi) ≤ 0.(27)

The equilibrium state f̄∞ is characterized by one of the following properties (see [4]):

1.
∑

i∈Z3 Q̄(f̄∞, f̄∞)i log(f∞i ) = 0

2. Q̄(f̄∞, f̄∞)i = 0 for all i

3. log f∞ is an invariant of collision that is log f∞ ∈ {ϕ̄ such that ϕi + ϕj − ϕk − ϕl = 0 if
Akl

ij 6= 0}

4. f∞i f∞j − f∞k f∞l = 0 if Akl
ij 6= 0

Now, for the specific model given by (18), it is noticeable that the reciprocal of (26) holds,
like in the continuous case and so the equilibrium states are discrete Maxwellians:

Lemma 2 With Akl
ij defined by (18) the invariants of collisions are given by

ψi = Av2
i + < B, vi > +C

with A et C ∈ R and B ∈ R
3.

Proof We say that (i, j) → (k, l) is a possible collision if Ak,l
i,j 6= 0, that implies by the

symmetry of Z
3 that the collision (−i,−j) → (−k,−l) is also possible. Let e1 = (1, 0, 0), e2 =

(0, 1, 0), e3 = (0, 0, 1) be the canonical base of Z
3. We search for ψ such that

ψi + ψj − ψk − ψl = 0 for all Ak,l
i,j 6= 0.

We set
ai = ψi + ψ−i and bi = ψi − ψ−i.

By construction we have a−i = ai, b−i = −bi and then b0 = 0. We show recursively on
m = |i|∞ = max3

n=1 |in| that

ai − a0 = |i|2.(ae1 − a0) bi = i1be1 + i2be2 + i3be3 .

This is evidently true for ai when i = e1, e3 or e3 because (ek,−ek) → (el,−el) is a possible
collision. For bi in this case this is trivial. We suppose now that it is true until rank m. Let
i ∈ Z

3 such that |i|∞ = m + 1. If (i, j) → (k, l) is a possible collision then, by construction,
ai + aj = ak + al and bi + bj = bk + bl. Since the following collisions are possible

(i, 0) → (i1e1 + i2e2, i3e3), (i1e1 + i2e2, 0) → (i1e1, i2e2),

we have
ai + a0 = ai1e1+i2e2 + ai3e3 = ai1e1 + ai2e2 + ai3e3 − a0

6



and then

ai − a0 = (ai1e1 − a0) + (ai2e2 − a0) + (ai3e3 − a0)

and for bi
bi = bi1e1 + bi2e2 + bi3e3 .

It suffices then to verify that:

a(m+1)ek
− a0 = (m+ 1)2(ae1 − a0) , b(m+1)ek

= (m+ 1)bek
.(28)

We define u = (m − 1)ek, v = mek + el and w = mek − el. Since |u|∞ = m − 1 and
|v|∞ = |w|∞ = m the assertion holds for u, v, w. By the inductive hypothesis and since the
following collision is possible

(

(m+ 1)ek , u

)

→

(

v , w

)

(28) is true: we have for ai

a(m+1)ek
+ au = av + aw,

and then
a(m+1)ek

− a0= aw − a0 + av − a0 − (au − a0)

= (|w|2 + |v|2 − |u|2)(ae1 − a0)

= (m2 + 1 +m2 + 1 − (m− 1)2)(ae1 − a0)

= (m+ 1)2(ae1 − a0),

and for bi

b(m+1)ek
= bv + bw − bu = mbek

+ bel
+mbek

− bel
− (m− 1)bek

= (m+ 1)bek
.

Since ψi =
ai + bi

2
we have the result for ψi withA =

ae1−a0

2∆v , C = a0
2∆v ,B = (

be1

2∆v
,
be2

2∆v
,
be3

2∆v
).

2

Remark 1 This proof shows also that, in the case of a bounded domain for v of the form
V = B(~U,R) or V = ~U+[−R,R]3 (which we use in practice) which define, after a translation
of vector ~U , a bounded domain for i of the form {i ∈ Z

3 / i21 + i22 + i23 ≤ M} or {i ∈
Z

3 / sup3
k=1ik ≤M}, the result for the form of the invariants of collisions remains valid.

Since the only invariants of collision are 1, v, |v|2 the constants A,B,C only depend on the
density, mean velocity, and temperature of f̄(see [4]).

These properties show that the discrete models (17), (18), (17) or (22) satisfy the require-
ments that we have stated at the end of section (3.1).

5 Discretization in space and time

Now we define N as Card((∆vZ3)∩V ) and we let VN = {vi ∈ (∆vZ3) ∩ V , i = 1, .., N} be
the finite set of velocities. We set now

Sij = {{vk, vl} ∈ (∆vZ3)2, vk + vl = vi + vj , |vk|
2 + |vl|

2 = |vi|
2 + |vj|

2}.
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S̃i,j = {{vk, vl} ∈ Sij and vk, vl ∈ V }

The problem is now to solve

∂fi

∂t
+ vi.∇fi = Q(f̄ , f̄)i =

N
∑

j=1

∑

{vk ,vl}∈Sij

(Aij
klfkfl −Akl

ijfifj)(29)

where fi = fi(x, t) is an approximation of (∆v)3f(x, v, t) at the point vi, A
kl
ij is defined by

(22) and f̄ = (f1, .., fN ). As usual, we use a splitting method between the transport and the
collision phase.

5.1 Numerical transport

The numerical treatment of the convective term can be done in a variety of ways, e.g., finite
differences, finite volumes, the method of characteristics, or particle methods. We have devel-
oped the second one. The first one must be associated with directional splitting which leads
to unpleasant directional effects. The third one implies a large dependency upon the data at
the previous time step, and would involve heavy storage. The fourth one needs the storage
of the positions of the particles on top of the storage of the value of f. This would also imply
too heavy storage. We restrict the presentation to 2-D computations on quadrangular meshes
and to a single equation of convection

∂f(x, t)

∂t
+ v.∇f(x, t) = 0.

We introduce a partitioning of the computation domain by a set M of cells M , and take a
time increment ∆t > 0. Given a cell M we suppose that we know an approximation f n

M of

1

|M |
.

∫

M
f(x, n∆t)dx.

Let A,B,C,D be the vertices of the cell M , (A,B), (B,C),.. the sides of the cell, nAB,
nBC ,..the unit outward normals of each side, lAB , lBC ,.. the length of the sides, MAB, MBC ,..
the nearest neighbors of M and AB, BC,... the midpoint of each side. On each cell M we
define a function gM which verifies

fn
M =

1

|M |
.

∫

M
gMdx,

and we define g by g = gM on each cell M .

We let gin
AB = limx→AB , x∈M g(x) and gout

AB = limx→AB, x/∈M g(x) and similarly for the
other sides.

The finite volume scheme is defined by

fn+1
M = fn

M −
∆t

|M |

(

flux(gin
AB, g

out
AB).lAB + flux(gin

BC , g
out
BC ).lBC

+flux(gin
CD, g

out
CD).lCD + flux(gin

DA, g
out
DA).lDA

)

,
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where the function flux(qin, qout) is defined by

flux(qin, qout) = [max(v.n, 0)]qin + [min(v.n, 0)]qout,

and n is the outward unit normal for the considered side.
The usual first order finite volume scheme, obtained by taking g constant on each cell

M i.e., gM (x) = fn
M , is very dissipative and yields smoothed shock profiles, for which the

Rayleigh line is no longer a straight line. We recall that the Rayleigh line is the set of R
2

which contains the pairs ( 1
n , pxx), where n is the density and pxx is the longitudinal component

of the pressure tensor, pxx=
∫

R3(vx − ux)2f(x, v)dv. When x ranges over the shock region, this
set is a straight line. This is a good test for numerical methods as it is noted in [5], because
how close the numerical Rayleigh line is to a straight line tells us how good the method is.
The scheme also dissipates too much on a nonuniform grid.

We thus turn to Van Leer’s method [16] to achieve second order accuracy in space and
this leads to much better results. For this we take g linear on each cell:

gM (x) = fn
M + (∇f)n

M .(x− xM )

where xM is the centroid of the cell and (∇f)n
M is an approximation of the gradient of f on

the cell M limited such that:

gin
AB ∈ [min(fn

M , f
n
MAB

),max(fn
M , f

n
MAB

)]

and similarly for the other sides.
The use of the Van-Leer method gives much better results, in particular in the case of

shock profile, for which the Rayleigh line is now really close to a straight line.
A sufficient condition for stability for these two schemes is the conservation of positivity

of fn+1
M . For the first order scheme, one can verify that under the CFL condition

max
M∈M

∆t

|M |
(max(v.nAB , 0).lAB + max(v.nBC , 0).lBC+

max(v.nCD, 0).lCD + max(v.nDA, 0).lDA) ≤ 1,

the scheme is positive. In 1-D this reduces to

max
M∈M

v∆t

(∆x)M
≤ 1.

Under this condition for the time step f n+1
M is then a convex linear combination of the values

fn
M , f

n
MAB

, fn
MBC

, fn
MCD

, fn
MDA

. Using the convexity of the function x → x log x and in the
absence of boundary we have then

∑

M∈M

|M |fn+1
M log(fn+1

M ) ≤
∑

M∈M

|M |fn
M log(fn

M ),

which gives a discrete analogue of property (12) for the transport phase.
For the second order accuracy in space we have a much stronger CFL condition. By noting

that by construction we have

gin
AB + gin

BC + gin
CD + gin

DA = 4fn
M
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and all of the values gin
AB ,gin

AB ... are positives, then under

max
M∈M

∆t

|M |
sup (max(v.nAB , 0).lAB ,max(v.nBC , 0).lBC ,

max(v.nCD, 0).lCD,max(v.nDA, 0).lDA) ≤
1

4

the scheme is positive. In 1-D we recall that
1

4
can be replaced by

1

2
.

5.2 Full collision phase

In each space cell, the problem is to compute an approximation f̄n+1 to the solution of the
Cauchy problem















df̄(t)

dt
= Q(f̄ , f̄),

f̄(0) = f̄n

(30)

where Q(f̄ , f̄) = (Q(f̄ , f̄)1, .., Q(f̄ , f̄)N ). The requirements of the time discretization
scheme are that the solution at time ∆t has the same first five moments that f̄n and that
the Maxwellians are steady state of the problem. An immediate solution is to use an Euler
explicit scheme:

f̄n+1 = f̄n + ∆tQ(f̄n, f̄n).

The main questionable point about the method is its computational cost. The cost of the
evaluation of the discrete collision operator in the right-hand side of (29) is of order N 2+(1/3)+δ

for general differential cross section and if the differential cross section σ does not depend on
ω, this cost can be reduced to order N 2 (see [2]). A computational complexity of order N 2 is
much too large for a practical use of the algorithm. We propose different ways to reduce this
cost. All these methods involve random choices (i.e., are of Monte Carlo type). The amount
of “randomness” varies from one to the other.

5.3 Collision phase: first acceleration procedure using randomized sublat-

tice.

The first acceleration technique (method A) which can be used is the following modification
of the full method.

Let b ∈ N, b ≥ 1 and let a ∈ N
3, such that

max
s=1,3

as ≤ b− 1

(where as denotes the s-th coordinate of a, s = 1, 2, 3). Then, La,b = a∆v + b.∆v.Z3 be a
sublattice of ∆v.Z3. We use it for the quadrature formula (14) instead of the original lattice
∆v.Z3 = L0,1. More precisely, we write

[

∫

R3

∫

S2

q(v − v∗, ω)(f ′f ′∗ − ff∗)dωdv∗]v=vi

'
∑

j/vi+vj∈La,b

(b∆v)3
∫

S2

q(vi − vj , ω)(f(v
′

i)f(v
′

j) − f(vi)f(vj))dω.

10



We notice that the volume of the elementary cell of the coarser lattice La,b is now (b∆v)3.
Then, the evaluation of the ω-integral is done exactly in the same way as previously, by taking
the pairs {vk, vl} of points of the finer lattice ∆v.Z3, which belong to S̃i,j. The resulting
simplified operator of collisions can be written

Q(f, f)(vi) '
1

(∆v)3
Qi,a,b(f̄ , f̄) =

∑

j/vi+vj∈La,b

∑

{vk ,vl}∈S̃i,j

b3{Aij
klfkfl −Akl

ijfifj}.(31)

We can write
Qi,a,b(f̄ , f̄) = Gi,a,b(f̄ , f̄) − pi,a,b(f̄).fi

with
Gi,a,b(f̄ , f̄) =

∑

j/vi+vj∈La,b

∑

{vk ,vl}∈S̃i,j

b3{Aij
klfkfl} ≥ 0

which is the gain term for vi and

pi,a,b(f̄) =
∑

j/vi+vj∈La,b

(

∑

{vk ,vl}∈S̃i,j

Akl
ij

)

fj ≥ 0

is the collision frequency for vi.
By using the facts that

⋃

a∈Ab
La,b = ∆vZ3 and if a1 6= a2 then La1,b

⋂

La2,b = ∅, where

Ab = {0, 1, ..., b − 1}3, we remark that we have the relations

1

b3

∑

a∈Ab

pi,a,b(f̄) = pi(f̄) = pi,0,1(f̄)(32)

and
1

b3

∑

a∈Ab

Gi,a,b(f̄ , f̄) = Gi(f̄ , f̄) = Gi,0,1(f̄ , f̄),(33)

that implies the following decomposition of Q(f̄ , f̄):

Q(f̄ , f̄) = Q0,1(f̄ , f̄) =
1

b3

b3
∑

a/ max3
s=1 as<b−1

Qa,b(f̄ , f̄).

We use the same time discretization as for the full method:

f̄n+1 = f̄n + ∆tQa,b(f̄
n, f̄n).

Now, let us assume that b has been chosen ≥ 2. In order to preserve the accuracy of the finer
lattice, (even though we use at some step of the discretization a coarser lattice), the triple a
is chosen randomly at each time step, in the set Ab.

We can hope that the accuracy of the finer grid is reached for steady problems, if we look
at a mean value result after some time steps, since the expectation of this random choice of
Qa,b(f̄ , f̄) is indeed Q0,1(f̄ , f̄) as the relations (32) and (33) show it. In this sense, we can say
that this scheme preserves the accuracy of the finer mesh.

It is important that the symmetry properties (23) and (24) are still satisfied. It is clear for
(23). For (24), it suffices to notice that if (vk, vl)∈ S̃ij , then vk +vl = vi +vj∈ La,b. Therefore,
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Table 1 computational costs

b=1 b=3 b=6

83 1 0.0 4 0.0 05

163 64 2. 5 0.3

323 4096 150 19

properties (25) to (27) still hold for the discrete collision operator (31). However, it is no
longer obvious that the only invariants of collision, (which are sequences ψ̄ = (ψ1, .., ψN ),
such that ψk + ψl − ψi − ψj = 0 for (vi, vj)∈ (∆vZ3)2 s. t. vi +vj∈ La,b and (vk, vl)∈ S̃i,j) are
linear combinations of 1, vi, |vi|

2 or that the system of equations is again coupled. With the
choice of a at each time step, it is also clear, on homogeneous problems, that the only steady
states are the same Maxwellians as those obtained with the full collision operator.

The same estimates of the computational efficiency can be made for this new method.

The evaluation of the collision operator over one time step costs of the order of
(N2+(1/3)+δ)

b3
operations in the general case and N 2/b3 in the case of an ω-independent scattering cross
section. For comparison, let us consider 83, 163 and 323 points discretizations of the velocity
space, for an ω-independent scattering cross section, without any sublatticing (b = 1) and
with b = 3 and b = 6. Assume that computational cost is 1 for 83 and b = 1. Then, the
costs which are obtained for these various situations are given in table 1. Any doubling of
the number of discretization points in one direction multiplies the computational cost by a
factor 4096. However, if the doubling is associated with sublatticing (with a doubling of the
sublatticing while doubling the number of points), the computational cost increases milder. It
has been verified numerically that important sublatticing (b of the order of 6) does not affect
the results in any noticeable way, at least as far as moments of the distribution function are
concerned, which are the most physically interesting quantities.

It is important for the problem that f̄n+1 remains positive. Since the scheme can be
written

fn+1
i = fn

i (1 − ∆tpi,a,b(f̄
n)) + ∆t.Gi,a,b(f̄

n, f̄n),

then we can see that under the condition

N
sup
i=1

pi,a,b(f̄
n)∆t ≤ 1,(34)

the scheme preserve the positivity of the solution.

5.4 Collision phase: second acceleration procedure using a 4-velocity model

and splitting of operator.

When the support of the distribution function is too small, that is, when almost all of the mass
is concentrated on a small number of points, one can verify that the sublattice method leads to
collision frequencies pi,a,b(f̄

n) which fluctuate too much. If we let ∆ta,b be the maximum time
step allowed by (34) for the sublattice method with parameters b and a, and if we suppose
that f̄ is like a δ function we have

∆ta,b ∼
∆t0,1

b3
,
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and in this case we gain nothing compared to the full method. On the other hand, when all
the fi are equal to a constant we have

∆ta,b ∼ ∆t0,1,

then in this case we have the maximum efficiency for the sublattice method. Moreover, it is
not clear that if ∆t satisfies (34) we have the decay of entropy, that is

N
∑

i=1

fn+1
i log(fn+1

i ) ≤
N
∑

i=1

fn
i log(fn

i ).(35)

It would be nice to have an acceleration method which is unconditionally stable in time,
produces less fluctuating collision frequencies and such that the decay of entropy holds. We
propose two other acceleration techniques satisfying the first and third points. They are based
on a splitting method of the operator in order to reduce the scheme to a 4-velocity model,
indeed in this case we have an exact solution. We hope that the second one satisfies the second
wish.

For the sake of simplicity, we explain these methods in the case of an isotropic cross section
i.e., σ does not depend on ω, as it is the case for the VHS model used in aerodynamics.

To begin with, we must do some algebraic manipulations on the collision operator. We
call SV the collection of the spheres S̃i,j. We have the partition of the set of pairs {vi, vj}
where vi, vj ∈ VN :

{

{vi, vj}, vi ∈ VN , vj ∈ VN

}

=
⋃

S∈SV

S.

We can write Qa,b(f̄ , f̄) = (Q1,a,b(f̄ , f̄), .., QN,a,b(f̄ , f̄)) defined by (31) as

Qa,b(f̄ , f̄) =

N
∑

i=1

(Qi,a,b)ei =
∑

S∈SV

aSQS(f̄ , f̄)

with aS = b3 if the center of S is in La,b or aS = 0 if it is not the case, the operator QS(f̄ , f̄)
is defined by

QS(f̄ , f̄) =
∑

{vi,vj}∈S

CS

Card(S)

(

∑

{vk ,vl}∈S

(

fkfl − fifj

)

)

(ei + ej),

(e1, ...eN ) is the canonical base of R
N and the constant CS is defined by(see formula (22))

CS = 4πq(diam(S)).

If for two pairs {vi, vj} and {vl, vk} in S we define the operator Ei,j,k,l(f̄ , f̄) by

Ei,j,k,l(f̄ , f̄) = (fkfl − fifj)(ei + ej − ek − el),

using the symmetries properties

Ei,j,k,l(f̄ , f̄) = Ej,i,k,l(f̄ , f̄) = Ei,j,l,k(f̄ , f̄) = Ek,l,i,j(f̄ , f̄),

13



we can write

QS(f̄ , f̄) =
CS

Card(S)

∑

{vi,vj}∈S

∑

{vk ,vl}∈S

1

2
Ei,j,k,l(f̄ , f̄),(36)

or, if we let µ = {µ1, ..., µN}so that µi > 0 for all i,

QS(f̄ , f̄) =
CS

Card(S)

∑

{vi,vj}∈S

(µi + µj)
∑

{vk ,vl}∈S

1

µi + µj + µk + µl
Ei,j,k,l(f̄ , f̄).

With this last decomposition of QS(f̄ , f̄) for each sphere S of SV we can also write Q(f̄ , f̄) =
Q0,1(f̄ , f̄), since we shall use this form later, as

Q(f̄ , f̄) =

N
∑

i=1

N
∑

j=1

µj

∑

{vk ,vl}∈S̃ij

CS̃ij

Card(S̃ij)(µi + µj + µk + µl)
Ei,j,k,l(f̄ , f̄).(37)

Now we turn to the splitting method that we will use for time discretization. We suppose that
we have defined an approximation Q̃(f̄n, f̄n) of Q(f̄n, f̄n) as a linear combination of terms
Ei,j,k,l(f̄n, f̄n), that is

Q̃(f̄n, f̄n) =
P
∑

p=1

cpEip,jp,kp,lp(f̄
n, f̄n)

where P is some integer and the coefficients cp are positive. With the definition of the operator
Ei,j,k,l, it is clear that Q̃(f̄ , f̄) preserve the five first moments and the Maxwellians. In the
Euler explicit scheme

f̄n+1 = f̄n + ∆tQ̃(f̄n, f̄n)

for solving problem (30), f̄n+1 can also be viewed as an approximation for the solution at
time ∆t to the differential equation

df̄(t)

dt
= Q̃(f̄ , f̄),

with the initial condition

f̄(0) = f̄n.

Another approximation of this solution can be obtained by the usual splitting technique for
operator. Let π(p) be a permutation of the indices p, and let ḡp = (gp

1 , .., g
p
N ) be the solution

of the problem

dḡp(t)

dt
= cπ(p)Eiπ(p),jπ(p),kπ(p),lπ(p)

(ḡp, ḡp), ḡp(0) = ḡp−1(∆t)(38)

for p = 1, .., P and by defining ḡ0 as f̄n. Then ḡP (∆t) is an approximation of f̄n+1.

The interest of this is that we can exhibit the solution for each step of this splitting

technique. Solving
dḡ

dt
= cπ(p)Eiπ(p),jπ(p),kπ(p),lπ(p)

(ḡ, ḡ) is equivalent to solving the homoge-

neous Boltzmann equation for a discrete velocity gas with only four velocities (four velocities
Broadwell model). If we consider two pairs of velocities {v1, v2} and {v3, v4} which are two

14



diameters of a same sphere, the homogeneous Boltzmann equation for this discrete velocity
gas is:

df1(t)

dt
= C (f3(t)f4(t) − f1(t)f2(t))

df2(t)

dt
= C (f3(t)f4(t) − f1(t)f2(t))

df3(t)

dt
= −C (f3(t)f4(t) − f1(t)f2(t))

df4(t)

dt
= −C (f3(t)f4(t) − f1(t)f2(t)) .

The Cauchy problem for this Boltzmann equation with the initial data

f1(0) = f0
1 , f2(0) = f0

2 , f3(0) = f0
3 , f4(0) = f0

4 .

has for solution

f1(t) = f0
1 +A(t) , f2(t) = f0

2 +A(t) , f3(t) = f0
3 −A(t) , f4(t) = f0

4 −A(t)

where

A(t) =
(f0

3 f
0
4 − f0

1 f
0
2 )

ρ
(1 − e−ρCt) and ρ =

4
∑

i=1

f0
i .

Since we have an exact solution, the H-theorem holds

d

dt

4
∑

i=1

fi(t) log(fi(t)) ≤ 0.(39)

Since at each step of the splitting technique (38) we solve exactly the equation, the method
is unconditionally stable in time and verifies (35), that is, we have the decay of entropy.

Remark 2 As in computations the function B(t) = 1
ρ(1 − e−ρCt) could be too expensive

to evaluate, it would be possible to replace it by an approximation h(t) which has the same
behaviour:

- h(0) = 0 and 0 < h(t) < 1
ρ

- h′(0) = C and h′(t) ≥ 0

- limt→∞h(t) =
1

ρ
this leads to the approximation of the weights f1, .., f4

fi(t) = f0
i ± (f0

3 f
0
4 − f0

1f
0
2 )h(t).

We have then

d

dt

4
∑

i=1

fi(t) log fi(t) =
h′(t)

(1 − ρh(t))
(f3(t)f4(t) − f1(t)f2(t)) log(

f1(t)f2(t)

f3(t)f4(t)
)(40)

and since the term
h′(t)

(1 − ρh(t))
remains positive the decay of the entropy still holds for t ∈

[0,∞[. In the case of an explicit time discretization for solving the Boltzmann equation for the
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four velocities system, which correspond to the approximation of B(t) by Ct, we are sure that
the decay of entropy hold only for t ∈ [0, 1

Cρ [. Another problem with this time discretization is
that the relaxation to the Maxwellians is too fast. Another natural approximate is

h(t) =
(1 − 1

1+ρCt )

ρ

which corresponds to the approximation of e−x by
1

1 + x
but now the relaxation to the maxwellians

is too slow. A solution could be to tabulate the function e−x and to do linear interpolation
between two consecutive values.

We now propose two methods using splitting for reduction to 4-velocities systems.
The first one (method B) is derived from the sublattice method. As we have seen before,

in the sublattice method at each time step we take the following approximation of Q(f̄n, f̄n)

Qa,b(f̄
n, f̄n) =

∑

S∈SV

aSQS(f̄n, f̄n)

where QS(f̄ , f̄) is given by (36). We make then a new approximation for each QS(f̄n, f̄n).
Let (c1, ...., cCard(S)) be the elements of S, which are pairs of velocities. Given a random

permutation π of the indices of c we form the pair (cπ(2p), cπ(2p+1)), we take the following
approximation of QS(f̄n, f̄n):

Q̃S(f̄n, f̄n) =
( CSCard(S)

Card(S) + 1 − ε

)

Card(S)
2
∑

p=1

Ei(cπ(2p)),j(cπ(2p)),k(cπ(2p+1)),l(cπ(2p+1))(f̄
n, f̄n)

where ε = 0 or 1, Card(S) ≡ ε (mod 2). The expectation of this random approximation is
indeed Qn

S . Now we use the splitting method (38) in the following way: we pick the sphere
S for which the center is in La,b in a randomized fashion and for each S we solve all of the
equations

df̄(t)

dt
= aS

( CSCard(S)

Card(S) + 1 − ε

)

Ei(cπ(2p)),j(cπ(2p)),k(cπ(2p+1)),l(cπ(2p+1))(f̄ , f̄)

which is equivalent in fact to solve exactly the system

df̄(t)

dt
= aSQ̃S(f̄ , f̄),

because we have cut the set of velocities of S in systems of four velocities which are not
coupled.

The second method (method C), using the splitting technique (38), starts by using formula
(37) for the discrete collision kernel Q(f̄ , f̄). We use a Monte Carlo quadrature formula with
technique of importance sampling for obtaining an approximation of Q(f̄n, f̄n). We suppose
µ so that

∑N
i=1 µi = 1. We choose M velocities vjm according to the probability law µ and

we take

Q(f̄n, f̄n) '
1

M

M
∑

m=1

N
∑

i=1

∑

{vk ,vl}∈S̃ijm

CS̃ijm
Ei,jm,k,l(f̄

n, f̄n)

Card(S̃ijm)(µi + µjm + µk + µl)
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and for each sum over the sphere defined by vi and vjm we choose randomly a pair
(ki,jm , li,jm). This gives the new approximation

Q(f̄n, f̄n) ' Q̃(f̄n, f̄n) =
1

M

M
∑

m=1

N
∑

i=1

CS̃ijm
Ei,jm,ki,jm ,li,jm

(f̄n, f̄n)

µi + µjm + µki,jm
+ µli,jm

.

In order to have the best approximation possible, the probability law µ must be chosen to

minimize the variance of the process. In practice we choose µ close as possible to
fn

j
∑N

k=1 f
n
k

.

When we are far away from thermal equilibrium, we suggest to take µ =
f̄n

∑N
k=1 f

n
k

. Near

equilibrium we suggest to take the Maxwellian which has the same five first moments that
fn

j
∑N

k=1 f
n
k

.

Now we apply the splitting method (38) with Q̃(f̄ , f̄) defining by

Q̃(f̄ , f̄) =
1

M

N
∑

i=1

M
∑

m=1

CS̃ijm

µi + µjm + µki,jm
+ µli,jm

Ei,jm,ki,jm ,li,jm
(f̄ , f̄).

For the permutation π in the process (38) we take a random permutation.

Remark 3 In the absence of boundary it can be noticed that the methods described in this
paragraph, since they verify (35) for all space cells, give, when they are combined with the
first order finite volume method for the transport phase, a discrete analogue of (12).

6 Numerical results

6.1 Shock wave

We compare the results obtained with our dicrete velocity method(DVM) with those obtained
with a direct simulation Monte Carlo (DSMC) code in the case of a shock wave for a hard
sphere gas. This DMSC code uses the Bird method without time counter for the collision
phase.

The Mach number of the shock wave is approximatively 6.2. For the comparisons the
calculations are made in an unsteady fashion by using a classical procedure to produce a
shock. At the beginning the flow is uniform with a velocity u∞ = −8 and a temperature
such that RT∞ = 1.85 and at x=0 we put a specular wall. The domain of the computation
is [0, 25λ∞], where λ∞ is the mean free path at infinity. We look for the solution when the
shock arrived at a distance 15λ∞ of the wall which correspond at t = 1.14.

For the DSMC computation the time step is ∆t = .006 = 0.8τ∞, where τ∞ is the mean
free time at infinity and we take a uniform grid with ∆x = 0.5λ∞. The number of particles
at the initial time is 1200 in each cell of space. The DSMC computation takes 300 seconds on
a Cray YMP.

The DVM computations are made with the same grid. The time step is ∆t = 0.8τ∞ and
for a variant without splitting between collisions and transport ∆t = 0.533τ∞.

For the DVM we take V = B(0, 12) and ∆v = 2.4 and ∆v = 1.2 which correspond to
N = 515 and N = 4169 velocities. We use the sublattice acceleration (method A) and the
values of the parameters b are:
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b = 3 for N = 515, b = 3 and 6 for N = 4169.
On the Cray YMP the method with N = 515 and b = 3 takes 10 seconds. With 4169

velocities and b = 6 the computation takes 86 seconds.
The comparisons are made on the following profiles:

- Profiles of the density and the temperature.

- Rayleigh line: pxx as a function of
1

ρ
. One can see that through the shock we have the

relation A
1

ρ
+ pxx = B where A and B are two constants (see [3]) and then the points (

1

ρ
, pxx)

are on a straight line called Rayleigh line [5].
As one can see on figures (1) and (2), the results are good for both choices of the number

of velocities. For the Rayleigh line the best results are obtained with the second order scheme
for the transport phase. We note that with a smaller ∆v, ∆v = .8 which correspond to
approximatively 14000 velocities we do not improve the result corresponding to N=4169.

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25
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Figure 1: Density and Rayleigh line with N = 515 and b = 3.

0.0 12.5 25.0

0.0

2.0

4.0

DSMC

b=3

b=6

0.0 12.5 25.0

1.0

13.0

25.0

DSMC

b=3

b=6

Figure 2: Variation of the parameter b. Density and RT with N = 4169 and second order for
the transport step.
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6.2 Two-dimensionnal results: compression ramp

We compare the results obtained with the same DSMC method used for monodimensionnal
problems, with those obtained with our DVM for a compression ramp placed in a supersonic
flow. The geometry is a flat plate of 5 cm followed by a ramp of 10o. The characteristics
for the flow at infinity are those for Mach 4 and Mach 20 as in [12]. Because we consider a
monoatomic gas the Mach numbers are in fact 3.67 and 18.8.

At mach 3,67

-v∞ = 669, 3 m/s

-n∞ = 2, 769 1021 /m3

-T∞ = 69, 76 K

-molecular mass: 4, 815 10−26kg

-temperature of wall: Tw = 336 K

-the mean free path at infinity: λ∞ = 2, 348 10−4 m

-the mean free path at the wall: λ∞ = 2, 158 10−4 m

-Knudsen number at infinity: Kn∞ = 0, 0047

At mach 18,8

-v∞ = 1503 m/s

-n∞ = 3, 716 1020 /m3

-T∞ = 13, 32 K

-molecular mass: 4, 651 10−26 kg

-temperature of wall: Tw = 290 K

-the mean free path at infinity: λ∞ = 2, 35 10−3 m

-the mean free path at the wall: λ∞ = 1, 03 10−3 m

-Knudsen number at infinity: Kn∞ = 0, 047

The cross section in the two cases is of the VHS type. For the expression of the cross
section, the mean free path and the values of parameters used in the VHS model see [12]. In
the two cases we have a perfect accommodation at the wall. For DSMC and our scheme we
used the same grid. For the flow at Mach 3,67 we used a nonuniform grid of 5250 quadrangulars
elements. The size of the mesh in the direction perpendicular to v∞ at the beginning of the
flat plate and the corner are of the order of the mean free path near the wall. At Mach 18,8
we used a uniform grid with 3589 quadrangulars elements. The parameters for the DVM are
the following:

-Mach 3.67: sublattice (method B) with N = 515, b=3, ∆t = 5.10−7s, and the numbers
of iterations is 900.

-Mach 18.8: method C with N = 3405, ∆t = 3.89 10−6s, and the numbers of iterations is

58. Since the flow is far away from thermal equilibrium, we take µ =
fn

j
∑N

k=1 f
n
k

.

For the DVM, we initialized the computations with Maxwellians such that they give the
exact density mean velocity and temperature after projection on the velocity grid. The DSMC
runs take 120 minutes on a CRAY YMP. At Mach 3,67 the number of samples is 1500 with
an average of 20 particles in space cell. At Mach 18,8 the number of sample is 700 again
with an average of 20 particles in space cell. At Mach 3,67 the DVM takes 120 minutes CPU
(approximatively 80 per cent of the time for the transport phase) with the same computer as
for DSMC. For Mach 18,8 the discrete velocity method takes 60 minutes (approximatively 80
per cent of the time for the collision phase).
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On pictures (3) to (10) the density, temperature, velocity in the y direction and Mach
number are plotted for the two methods. The DSMC calculations, as we have an incorrect
account of the boundary condition at the downstream boundary (particles can leave the
domain but none can enter through this boundary) the results are bad on a small region
forward the boundary and near the wall but they are not affected in the rest of the domain.
For the two Mach numbers, the results of the DVM are in good accordance with the results
of the DSMC method (for the four quantities shown, the isolines have the same level) and are
much less noisy than DSMC results.

Figure 3: compression ramp at Mach 3.67, density, left DVM, right DSMC method.

Figure 4: compression ramp at Mach 3.67, temperature, left DVM, right DSMC method.
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Figure 5: compression ramp at Mach 3.67, vy, left DVM, right DSMC method.

Figure 6: compression ramp at Mach 3.67, Mach number, left DVM, right DSMC method.

Figure 7: compression ramp at Mach 18.8, density, left DVM, right DSMC method.
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Figure 8: compression ramp at Mach 18.8, temperature, left DVM, right DSMC method.

Figure 9: compression ramp at Mach 18.8, vy, left DVM, right DSMC method.
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Figure 10: compression ramp at Mach 18.8, Mach number, left DVM, right DSMC method.

7 Conclusions

The Boltzmann equation for the discrete velocity model that we used seems to give good
results in rarefied gas dynamics for monoatomic species as one can see with numerical results
or in [11]. Acceleration procedures, like those we described in this paper, must be employed
to give acceptable computationnal time. If employed, these acceleration techniques make the
DVM an interesting alternative to the DSMC method in aerodynamics applications. Despite
the fact that these acceleration procedures are of Monte Carlo type, the results remain good
and seem to be almost free of noise. As one can see in [6] and by the use of our acceleration
techniques, we think that we are able to extend this method to gas with internal degrees of
freedom or to gas mixtures.
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CONSERVATIVE AND ENTROPY SCHEMES

FOR THE BOLTZMANN COLLISION OPERATOR
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We propose two discrete velocity models derived from the Boltzmann equation of Larsen-

Borgnakke type for polyatomic gases. These two models are natural extensions of previ-

ously discussed discrete velocity models used for monoatomic gases. These two models

have the same properties as the continuous one, which are conservation of mass, momen-

tum and energy, discrete Maxwellians as equilibrium states and H-theorems.

1. Introduction

numerical methods for the Boltzmann equation of monoatomic gases, (see [5, 10,

20, 18]), are based on the kinetic theory of gases with a discrete velocity repartition

[9]. These methods have been developped in the case of monoatomic gases. Only

very few extensions to polyatomic gases have been made. Goldstein [11] gives the

dynamics of collisions for a discrete polyatomic gas; Nanbu [17] proposes a discrete

Boltzmann equation which is not related with the continuous Larsen-Borgnakke

model. We present the natural extension of the discrete velocity model given in

[5] to the polyatomic case. Our model is based on the Larsen-Borgnakke model

[3] where the internal energy is assumed to take continuous values. Two discrete

velocity models will be proposed, which both share the same properties as the

continuous Larsen-Borgnakke model. The derivation of these two discrete models

is a first step to obtain conservative and entropy decreasing numerical schemes for

the Boltzmann equation of polyatomic gases. Space and time discretization and

numerical results will be the subject of a forthcoming paper.

2. The Larsen-Borgnakke Model

A gas with δ ” internal degrees of freedom”, associated with a polytropic constant

γ =
5 + δ

3 + δ
, is described by a distribution function f(x, v, I, t), where (x, v, I, t) ∈

IR3 × IR+ × IR+, x being the position variable of the molecule, v its velocity, I2 its

internal energy and t the time. We refer to [6] for general considerations on distribu-

tion functions and the Boltzmann equation. The number density n(x, t) of parti-
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2 Schemes for the Boltzmann Operator of Polyatomic Gases

cles, the momentum density n(x, t)U(x, t) and the total energy density n(x, t)E(x, t)

are defined respectively by





n(x, t)
n(x, t)U(x, t)
n(x, t)E(x, t)



 =

∫

IR3×IR+







1
v

|v|2
2

+ I2






f(x, v, I, t)dvIδ−1dI. (2.1)

Following [4], the collision operator for f(x, v, I, t) is defined by:

Qδ(f, f) =

∫

∆

B(f ′f ′
∗ − ff∗)dv∗I

δ−1
∗ dI∗dη(r(1 − r))

δ
2
−1drR2(1 − R2)δ−1dR (2.2)

with

g =
v − v∗

2
= relative velocity,

E2 = |g|2 + I2 + I2
∗ = total energy,

(v∗, I∗, η, r, R) ∈ ∆ = IR3 × IR+ × S2,+ × [0, 1]2,

B := B(E, |Rg|, |Rg.η|, I2r(1 − R2), I2
∗ (1 − r)(1 − R2)) > 0,

f = f(x, v, I, t), f∗ = f(x, v∗, I∗, t), f ′ = f(x, v′, I ′, t), f ′
∗ = f(x, v′∗, I

′
∗, t),

and the collision process is defined by






















v + v∗ = v′ + v′∗

g′ =
RE

|g| {g − 2(g.η)η}

I ′ =
√

r(1 − R2)E

I ′∗ =
√

(1 − r)(1 − R2)E

(2.3)

S2 is the unit sphere of IR3. The corresponding Boltzmann equation reads:

∂f

∂t
+ v.∇xf = Qδ(f, f). (2.4)

The properties (see [4]) of the Boltzmann collision operator (2.2) are conservation of

mass, momentum and energy, and dissipation of entropy: let ϕ(v, I) be any smooth

test function, we consider a weak formulation of the collision operator (2.2) which

can be symmetrized as follows
∫

IR3×IR+

Qδ(f, f)ϕdvIδ−1dI

= −1

4

∫

IR3×IR+

Qδ(ϕ
′ + ϕ′

∗ − ϕ − ϕ∗)dvIδ−1dI. (2.5)

Then the conservation of mass, momentum and energy can be written with ϕ =

1, v,
|v|2
2

+ I2

∫

IR3×IR+

Qδ(f, f)







1
v

|v|2
2

+ I2






dvIδ−1dI = 0 (2.6)
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and the dissipation of entropy reads

∫

IR3×IR+

Qδ(f, f) log(f)dvIδ−1dI ≤ 0. (2.7)

Any equilibrium distribution function, f satisfying Qδ(f, f) = 0, is a Maxwellian

f(v) = Cδ
ρ

(RT )(3+δ)/2
exp(−|v − u|2 + 2I2

2RT
), (2.8)

where ρ, T ∈ IR, ρ > 0, T > 0, and u ∈ IR3. (ρ, u, T ) are the density, mean velocity

and temperature of the gas and Cδ is a constant of normalization.

In the homogeneous case, i.e. when the distribution function is independent of

the space variable x,the H-theorem follows from (2.7):

d

dt

∫

IR3×IR+

f(v, I, t) log f(v, I, t)dvIδ−1dI

=

∫

IR3×IR+

Qδ(f, f)(1 + log f)dvIδ−1dI ≤ 0. (2.9)

Furthermore H(f) can only be minimal if f is an equilibrium distribution (i. e. if

f is a Maxwellian).

For the classical variable hard sphere (VHS) model B is simply given by:

B = CR1−2α|g|−2α|g.η| (2.10)

with α ∈ [0,
1

2
].

At the first order in the collision dominated limit(i.e. when the Knudsen number

tends to zero), the fluid limit of the Boltzmann equation (2.4) yields the Euler

equations for a polytropic gas with γ ∈ [1,
5

3
].

Another formulation of the Boltzmann equation for polyatomic gases is (see [7])

∂f

∂t
+ v.∇xf = Iα−δQα(f, f), (2.11)

where α ≥ 1. and the moments are still defined by (2.1). In [7] α is taken equal to

2. This is a manner to simplify the numerical treatment of the collision operator

for different values of δ.

3. Another Forms of the Collision Operator Qδ

For our purpose the form of the collision operator (2.2) is not well adapted. We

change the formulation of the collision operator to make the derivation of discrete

velocity and internal energy models easier. In (2.4) we make the change of variables

η → ω =
g

|g| − 2(
g

|g| .η)η
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with ω ∈ S2 for which the jacobian is
( |g|
4|η.g|

)−1
. The collision process for g is now

defined by

g′ = REω

We also make the following change of variables(a, b) → (R, r) defined by

R = cosa, r = cos2 b

for (a, b) ∈ [0, π/2]2. The whole collision process is now defined by















v′ + v′∗ = v + v∗
g′ = (cosa)Eω

I ′ = (sin a cos b)E
I ′∗ = (sin a sin b)E

(3.12)

and the collision operator can be written

Qδ(f, f) =

∫

IR3×IR+×S2×[0,π/2]2
B(f ′f ′

∗ − ff∗)dσ (3.13)

and

dσ = (cos b sina)δ−1(I∗ sin b sina)δ−1dv∗dI∗dω sina cos2 adadb

B := B(E, |g|.|g′|, |g.g′|, II ′, I∗I
′
∗) > 0

For example, in the case of the VHS model B is of the form

B = C|Rg|1−2α.

We introduce the following notations:

Ω =





ω cosa
cos b sin a
sin b sina



 , V =





g
I
I∗



 ,

where (ω, a, b) ∈ S2 × [0, π/2]2. The superficial measure on the quarter S4
+ of the

sphere S4 defined by S4
+ = {Ω = (Ω1, Ω2, Ω3, Ω4, Ω5) ∈ IR5/|Ω1|2 + |Ω2|2 + |Ω3|2 +

|Ω4|2 + |Ω5|2 = 1, Ω4 > 0, Ω5 > 0} is dΩ = dω db sina cos2 a da. Then we have

Qδ(f, f) =

∫

(v∗,I∗)∈IR3×IR+,Ω∈S4
+

B.(f ′f ′
∗ − ff∗)dv∗dI∗dΩ (3.14)

with the collision process defined by

V ′ = |V |.Ω , Ω′ =
V

|V | (3.15)

and with:

f = f(x, v, I, t), f∗ = f(x, v∗, I∗, t)
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f ′ = f(x,
v + v∗

2
+ g′, I ′, t), f ′

∗ = f(x,
v + v∗

2
− g′, I ′∗, t)

B = Ωδ−1
4 Iδ−1

∗ Ωδ−1
5 B.

The proof of the H-theorem with this form of the collision operator (3.14) can be

easily obtained using the property (2.5). We can remark that

dI∗dv∗dIdvdΩ = d(
v + v∗

2
)dV dΩ

let us define the transformations
























g
I
I∗
Ω1

Ω2

Ω3

Ω4

Ω5

























→
(

V ′

Ω′

)

=

























−g
I∗
I
Ω1

Ω2

Ω3

Ω5

Ω4

























and
(

V
Ω

)

→
(

V ′

Ω′

)

=





|V |.Ω
V

|V |



 .

These transformations are both involutives and their jacobian is equal to unity.

Therefore they preserve the measure dV dΩ, i.e. dV dΩ = dV ′dΩ′. Using the invari-

ance of

B.Iδ−1Ωδ−1
4 Iδ−1

∗ Ωδ−1
5 ,

by these transformations we recover property (2.5) for the collision operator (3.14)

expressed in the new variables, by exchanging (v, I) and (v∗, I∗) or (v, I, v∗, I∗) and

(v′, I ′, v′∗, I
′
∗) respectively. Starting from (2.2) and (2.3), we can also rewrite the

collision operator in a more classical form by using the change of variables

{

e = I2

ω =
g

|g| − 2(
g

|g| .η)η.

Now E is given by |g|2 + e + e∗, the collision process is defined by















v + v∗ = v′ + v′∗
g′ = R

√
Eω

e′ = r(1 − R2)E
e′∗ = (1 − r)(1 − R2)E

(3.16)

and the collision operator can be written

Qδ(f, f) =

∫

IR3×IR+×S2×[0,1]2
B(f ′f ′

∗ − ff∗)dσ (3.17)
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with

dσ = dv∗e
δ
2
−1

∗ de∗dωR2(1 − R2)δ−1dR[r(1 − r)]
δ
2
−1dr,

B := B(E, |g|.|g′|, |g.g′|, ee′, e∗e′∗) > 0.

4. Discrete Velocity and Energy Models

We start from (3.14) and (3.17) to derive discrete Boltzmann equations. We obtain

two models which differ by the dicretization of the internal energy e. In the first one

we discretize uniformly
√

e while in the second model the discretization is uniform

in e. With these two models, it is straightforward to derive a discrete version of the

equation (2.11).

4.1. A first discrete velocity and energy model

We consider the space homogeneous problem

{

df

dt
= Qδ(f, f)

f|t=0 = f0(v, I)
(4.18)

where Qδ(f, f) is given by (3.14).

4.1.1. Discretization

We take a regular discretization of IR3 × IR+:

let us introduce ∆v > 0, {e1, e2, e3, e4} the canonical base of ZZ
4, zi = (vi, Ii) =

(i +
1

2
e4)∆v, i = (i1, i2, i3, i4) ∈ L = ZZ

3 × IN, and an approximation fi(t) of

(∆v)4f(zi, t). We introduce a particle approximation of the problem (4.18). Given

any test function ϕ(v, I) we have

∫

IR3×IR+

df

dt
ϕ(v, I)Iδ−1dvdI

=
1

4

∫

IR3×IR+

Qδ(ϕ(v, I) + ϕ(v∗, I∗) − ϕ(v
′

∗, I
′

∗) − ϕ(v
′

, I
′

))Iδ−1dvdI (4.19)

and

1

4

∫

IR3×IR+

Qδ(ϕ + ϕ∗ − ϕ′ − ϕ′
∗)I

δ−1dvdI

=

∫

IR3×IR+×IR3×IR+×S4
+

C(ϕ + ϕ∗ − ϕ′ − ϕ′
∗)(f

′f ′
∗ − ff∗)dΩdv∗dI∗dvdI (4.20)

where we have set for simplicity

ϕ = ϕ(v, I), ϕ∗ = ϕ(v∗, I∗),

ϕ′ = ϕ(
v + v∗

2
+ g′, I ′), ϕ′

∗ = ϕ(
v + v∗

2
− g′, I ′∗),
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C =
1

4
BIδ−1 =

1

4
Iδ−1Ωδ−1

4 Iδ−1
∗ Ωδ−1

5 B := C(e, |g|.|g′|, |g.g′|, II ′, I∗I
′
∗).

We obtain an approximation of the two terms of the equality (4.19) by using quadra-

ture formulaes for the integrals with respect to (v∗, I∗), (v, I), the quadrature points

of which are the lattice points of ∆v.L. First, we get an approximation of the left

hand side, of the form

∫

IR3×IR+

df

dt
ϕ(v, I)Iδ−1dvdI ' (∆v)4

∑

i∈L

dfi

dt
ϕ(zi)I

δ−1
i (4.21)

For the right hand side we make some transformations . We set

U =
v + v∗

2

we have

dvdv∗dIdI∗ = 8dUdV

and, therefore,

∫

IR3×IR+×IR3×IR+×S4
+

C(ϕ + ϕ∗ − ϕ′ − ϕ′
∗)(f

′f ′
∗ − ff∗)dv∗dI∗dvdIdΩ

= 8

∫

IR3×IR3×IR2
+
×S4

+

C.(ϕ + ϕ∗ − ϕ′ − ϕ′
∗)(f

′f ′
∗ − ff∗)dUdV dΩ. (4.22)

We discretize first in the variable U . Since zi ∈ ∆vL then for U the quadrature

points Um are the elements of
∆v

2
ZZ

3. We obtain a quadrature formula for the

collision operator of the form

∫

IR3×IR3×IR2
+
×S4

+

C(ϕ + ϕ∗ − ϕ′ − ϕ′
∗)(f

′f ′
∗ − ff∗)dΩdUdV

' ∆v3
∑

m∈ZZ3

∫

IR3×IR2
+
×S4

+

C(ϕ(Um + g, I) + ϕ(Um − g, I∗)

−ϕ(Um + g′, I ′) − ϕ(Um − g′, I ′∗))

(f(Um + g′, I ′)f(Um − g′, I ′∗) − f(Um + g, I)f(Um − g, I∗))dV dΩ. (4.23)

We now discretize in the variable V . For a fixed Um we can write Um = ∆v(
ε

2
+ p)

where p ∈ ZZ
3 and ε = (ε1, ε1, ε1) ∈ {0, 1}3. Since the points (v, I) lie in L, the

quadrature points for V are then necessarily in ∆v
(

(
ε

2
+ ZZ

3) × (IN +
1

2
)2

)

. Using

the same type of quadrature formula as for U , we have the approximation

∑

m∈ZZ3

∫

IR3×IR2
+
×S4

+

C(ϕ(Um + g, I) + ϕ(Um − g, I∗) − ϕ(Um + g′, I ′)

−ϕ(Um − g′, I ′∗))(f(Um + g′, I ′)f(Um − g′, I ′∗) − f(Um + g, I)
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f(Um − g, I∗))dV dΩ ' ∆v8
∑

i,j∈L×L

∫

S4
+

C(V = Vij)

(ϕ(zi) + ϕ(zj) − ϕ(Uij + g′ij , I
′
ij) − ϕ(Uij − g′ij , I

′
∗ij))

(f(Uij + g′ij , I
′
ij)f(Uij − g′ij , I

′
∗ij) − f(zi)f(zj))dΩ, (4.24)

where we have set

Vij =



























zi1 − zj1

2

zi2 − zj2

2

zi3 − zj3

2
zi4

zj4



























=





gij

Ii

Ij



 ,

Uij =



















zi1 + zj1

2

zi2 + zj2

2

zi3 + zj3

2



















,

and V
′

ij = (g
′

ij , I
′

ij , I
′

∗ij) is the image of Vij by the transformation (3.15). Formula

(3.15) shows that, when Ω varies in S4
+, V

′

ij varies on the sphere of radius |Vij | and

centered at the point Uij . As we have seen we can write Um = ∆v(
εij

2
+ pij). So

we define

Sij = {(k, l) ∈ L2 and such that Uij = Ukl and |Vij | = |Vkl|}

= {(zk, zl) =

(

(Uij + gkl, (Vkl)4), (Uij − gkl, (Vkl)5)

)

with

Vkl ∈ ∆v(
εij

2
+ ZZ

3) × (IN +
1

2
)2 such that |Vij | = |Vkl|}. (4.25)

For (k, l)∈ Sij , we can define a unique Ωkl
ij ∈ S4

+, such that the first of formula (3.15)

holds for (v, I) = zi, (v∗, I∗) = zj , (v
′, I ′) = zk, (v′∗, I

′
∗) = zl. The sets Sij are not

empty. For the integral with respect to Ω which appears at the right hand side of

(4.24), we use a quadrature formula using the Ωkl
ij as quadrature points. We make

the assumption that the points Ωkl
ij are well distributed over S4

+. By definition of C
we have
∫

S4
+

C(V = Vij).(ϕ(zi) + ϕ(zj) − ϕ(Uij + g′ij , I
′
ij) − ϕ(Uij − g′ij , I

′
∗ij))

(f(Uij + g′ij , I
′
ij)f(Uij − g′ij , I

′
∗ij) − f(zi)f(zj))dΩ

=
Iδ−1
i Iδ−1

j

4

∫

S4
+

B(V = Vij).(ϕ(zi) + ϕ(zj) − ϕ(Uij + g′ij , I
′
ij) − ϕ(Uij − g′ij , I

′
∗ij))

(f(Uij + g′ij , I
′
ij)f(Uij − g′ij , I

′
∗ij) − f(zi)f(zj))Ω

δ−1
4 Ωδ−1

5 dΩ.
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We can remark that
∫

S4
+

Ωδ−1
4 Ωδ−1

5 dΩ = Cδ (4.26)

where Cδ is a constant just depending of δ. The use of the above mentionned

quadrature formule yields
∫

S4
+

B(V = Vij)(ϕ(zi) + ϕ(zj) − ϕ(Uij + g′ij , I
′
ij) − ϕ(Uij − g′ij , I

′
∗ij)

(f(Uij + g′ij , I
′
ij)f(Uij − g′ij , I

′
∗ij) − f(zi)f(zj))Ω

δ−1
4 Ωδ−1

5 dΩ

'
∑

(k,l)∈Sij

M(S4
+)

Card(Sij)
B(V = Vij , V

′ = Vkl)(
IkIl

|Vij |
)δ−1

(ϕ(zi) + ϕ(zj) − ϕ(zk) − ϕ(zl))(f(zk)f(zl) − f(zi)f(zj)) (4.27)

and
∫

S4
+

Ωδ−1
4 Ωδ−1

5 dΩ '
∑

(k,l)∈Sij

M(S4
+)

Card(Sij)
(
IkIl

|Vij |
)δ−1. (4.28)

It is thus legitimate to identify the right hand side of equation (4.28) with Cδ

according to (4.26), and to insert the resulting identity into (4.27). This yields:
∫

S4
+

C(V = Vij).(ϕ(zi) + ϕ(zj) − ϕ(Uij + g′ij , I
′
ij) − ϕ(Uij − g′ij , I

′
∗ij))

(f(Uij + g′ij , I
′
ij)f(Uij − g′ij , I

′
∗ij) − f(zi)f(zj))dΩ

'
Iδ−1
i Iδ−1

j

4

∑

(k,l)∈Sij

pklB
kl
ij (ϕ(zi) + ϕ(zj)

−ϕ(zk) − ϕ(zl))(f(zk)f(zl) − f(zi)f(zj)) (4.29)

with

Bkl
ij = CδB(V = Vij , V

′ = Vkl)

and

pkl =
Iδ−1
k Iδ−1

l
∑

(k,l)∈Sij

Iδ−1
k Iδ−1

l

.

For the VHS model in which

B = C

( |g||g′|
|V |

)1−2α

=

(

|g|
√

Ω2
1 + Ω2

2 + Ω2
3

)1−2α

we can make another approximation for the integral with respect to Ω which appears

in the left hand side of (4.29) which gives a better approximation of the collision

frequencies. By noticing that in this case
∫

S4
+

(
|g′|
|V | )

1−2αΩδ−1
4 Ωδ−1

5 dΩ = Dδ,α (4.30)
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where Dδ,α is a constant just depending on α and δ, we can also make the following

approximations of (4.30)

Dδ,α '
∑

(k,l)∈Sij

M(S4
+)

Card(Sij)

( |gkl|
|Vij |

)1−2α(

IkIl

|Vij |

)δ−1

. (4.31)

We obtain the same type of approximation (4.29) with

Bkl
ij = Dδ,α|gij |1−2α

and

pkl =
|gkl|1−2αIδ−1

k Iδ−1
l

∑

(k,l)∈Sij

|gkl|1−2αIδ−1
k Iδ−1

l

This approximation for the VHS model forces the discrete model to give us the good

collision frequency between zi and zj .

No error estimates for the quadrature formula (4.29) is available up to now.

One problem is that the number of quadrature points Ωkl
ij on S4

+ is a non monotone

function of |Vij |. Another one is that very few things can be said about the location

of the points Ωkl
ij on S4

+. The only known result about the well distribution of

these points is for the class of spheres which have their centers lying exactly on

the velocity lattice(see for example [2]). The problem is then equivalent to find the

distribution over the unit sphere of all the decompositions of an integer number into

a sum of n square of integer numbers. In this case and by eliminating some values

of n it can be proved that the set of the decompositions is well distributed over the

unit sphere (see [8, 15]). When the center is not in the velocity lattice, the problem

is now equivalent to the well distribution of special subsets of the decompositions of

an integer number into a sum of n square of integer numbers, for which no results

seems to be known. For the discrete monoatomic model ( [5, 10]), this result allows,

by eliminating the sphere that have not their centers of the velocity lattice, to prove

the consistency of the discrete model with the continuous one (see[2]).

We shall estimate the number of the points Ωkl
ij by adapting a very classical the-

orem of number theory, about the number of decompositions of an integer number

into a sum of squares of integers numbers (see [13]). This estimate will show that

the discrete sphere are non empty and that the number of points Ωkl
ij ”tends” to

infinity with the diameter. We give the result in the general case. We suppose that

the dimension of space is d ≥ 1. We set ε = (ε1, ..., εd) ∈ {0, 1}d. For i ∈ ZZ
d, we

have |i − ε

2
|2 ∈ IN + |ε

2
|2 where, for i ∈ ZZ

d, |i|2 =

d
∑

p=1

i2p. Let

rε,d(n) = Card
(

{

i ∈ ZZ
d /

∣

∣

∣i − ε

2

∣

∣

∣

2

= n +
∣

∣

∣

ε

2

∣

∣

∣

2
}

)

, for n ∈ IN

the number of points of ZZ
d on the sphere having the center

ε

2
and the radius
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(n +
∣

∣

∣

ε

2

∣

∣

∣

2

)
1
2 . We write M(E) for the Lebesgue measure of a mesurable subset E of

IRn. We have the

Lemma 4.1 For d ≥ 2,

n
∑

k=0

rε,d(k) = M(Sd−1)n
d
2 + O(n

d−1

2 )

and rε,d(n) = O(n
d−2

2
+δ) for all δ > 0, or equivalently, rε,d(n) = o(n

d−2

2
+δ) for all

δ > 0.

Proof. By setting En =

{

i ∈ ZZ
d /

∣

∣

∣
i − ε

2

∣

∣

∣

2

≤ n +
∣

∣

∣

ε

2

∣

∣

∣

2
}

, we have

n
∑

k=0

rε,d(k) = Card(En).

At each point i we associate the cube Ci having i + α for vertices with α =

(α1, .., αd) ∈ {0, 1}d. We have M(Ci) = 1 and therefore,

Card(En) =
∑

i∈En

M(Ci) = M(
⋃

i∈En

Ci).

It is clear that
⋃

i∈En

Ci ⊂ B
(ε

2
,

√

n +
∣

∣

∣

ε

2

∣

∣

∣

2

+
√

d
)

.

For x ∈ B
(ε

2
,

√

n +
∣

∣

∣

ε

2

∣

∣

∣

2

−
√

d
)

we have

√

n +
∣

∣

∣

ε

2

∣

∣

∣

2

−
√

d ≥
∣

∣

∣
x − ε

2

∣

∣

∣
=

∣

∣

∣
[x] + {x} − ε

2

∣

∣

∣
>

∣

∣

∣
[x] − ε

2

∣

∣

∣
− |{x}|

where [x] is the integer part of x and {x} = x − [x]. Hence, [x] ∈ En and in

consequense we have then

B
(ε

2
,

√

n +
∣

∣

∣

ε

2

∣

∣

∣

2

−
√

d
)

⊂
⋃

i∈En

Ci

and consequently

M(Sd−1)
(

√

n +
∣

∣

∣

ε

2

∣

∣

∣

2

−
√

d
)d

≤
n

∑

k=0

rε,d(k) ≤ M(Sd−1)
(

√

n +
∣

∣

∣

ε

2

∣

∣

∣

2

+
√

d
)d

.

Since

M(Sd−1)
(

√

n +
∣

∣

∣

ε

2

∣

∣

∣

2

±
√

d
)d

is clearly M(Sd−1)n
d
2 + O(n

d−1

2 ) we have proved the first part of the lemma. The

second assertion is in fact a consequence of the following lemma (see [13]):
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Lemma 4.2 If we call s(n) the number of decompositions of n in a sum of two

squares of integer numbers then s(n) = O(nδ) for all δ > 0 or, equivalently, s(n) =

o(nδ) for all δ > 0.

We prove the second assertion by recursion on the dimension of the space. The

lemma yields the result for d = 2. We shall prove that the result holds for d > 2.

Assume that the result holds for one d ≥ 2. Let i such that

d+1
∑

p=1

i2p = n. We have

then i2d+1 ≤ n which give |id+1| ≤ [
√

n ] and now

r0,d+1(n) ≤
[
√

n ]
∑

id+1=0

r0,d(n − i2d+1)

Using the assumption for d, we have

r0,d+1(n) = O

( [
√

n ]
∑

id+1=0

(n − i2d+1)
δ+ d−2

2

)

For simplicity we set α = δ +
d − 2

2
. By the precedent equality, we obtain

r0,d+1(n) = O

(

([
√

n ] + 1)2α+1.
1

[
√

n ] + 1

[
√

n ]
∑

id+1=0

( n

([
√

n ] + 1)2
− (

id+1

[
√

n ] + 1
)2

)α
)

.

The function x → (x − a)α is increasing in x for all α > 0 and then

r0,d+1(n) = O

(

([
√

n ] + 1)2α+1.
1

[
√

n ] + 1

[
√

n ]
∑

id+1=0

(

1 − (
id+1

[
√

n ] + 1
)2

)α
)

But

1

[
√

n ] + 1

[
√

n ]
∑

id+1=0

(

1 − (
id+1

[
√

n ] + 1
)2

)α

= O

(∫ 1

0

(1 − y2)αdy

)

and

([
√

n ] + 1)2α+1 = O
(

n
1
2
+α

)

Then we get the desired estimate for r0,d+1(n):

r0,d+1(n) = O
(

n
1
2
+α

)

= O
(

n
d+1−2

2
+δ

)

In the case of ε 6= 0 we can go back to the case ε = 0 by noting that if i is such that

∣

∣

∣i − ε

2

∣

∣

∣

2

= n +
∣

∣

∣

ε

2

∣

∣

∣

2

or, equivalently

|2i − ε|2 = 4n + |ε|2
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this implies

2i− ε ∈
{

j / |j|2 = 4n + |ε|2
}

and we have then the following inequality

rε,d(n) ≤ r0,d(4n + |ε|2).

Using the result for r0,d(n) and the fact that |ε|2 ≤ d we have

rε,d(n) = O
{

(4n + |ε|2)
d − 2

2
+ δ}

= O
{

n

d − 2

2
+ δ}

This ends the proof.

This result shows that in the sense of the Cesaro mean value, Card(Sij), which

is 1
4rε,5(|V|2) with ε = (η1, η2, η3, 1, 1) and (i − j) ≡ η(mod 2), behaves like |V|3. A

similar weak result can be easily obtained for the well distribution of the points of

Sij on the corresponding continuous quarter of sphere. Given a function g defined

and continuous on the unit sphere S4 we define G on IR3 × IR+ × IR+ by:

G(x) = g(
x

|x| ).

A classical result on the well distribution of the points of a regular lattice ∆vZZ
n

which lye in a regular domain of IRn, states that

lim
∆v→0

∑

i∆v∈D∩∆vZZn φ(x)
∑

i∆v∈D 1
=

∫

D

φ(x)dx

for all smooth test functions φ. This gives us by setting N =
1

∆v
, xi = (i +

ε

2
)∆v

with i in ZZ
n and by taking n = 5, the following identity:

lim
N→∞

∫

B(
ε

2
∆v, 1) ∩ IR3 × IR+ × IR+

dx

∑N

j=1

1

4
rε,5(j)

N

∑

j=1

∑

i∈Ij

G(xi)

=

∫

B(
ε

2
∆v, 1) ∩ IR3 × IR+ × IR+

G(x)dx.

with

Ij = {i such that xi ∈ IR3 × IR+ × IR+ and |xi −
ε

2
∆v|2 = j∆v2}.

But
∫

B(
ε

2
∆v, 1) ∩ IR3 × IR+ × IR+

G(x)dx =
1

5

∫

S4
+

g(ω)dω
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so in the sense of the Cesaro mean value, the points of
{

|xi −
ε

2
∆v|2 = j∆v2

}

are

well distributed that is

lim
j→∞

rε,5(j)

4

∫

S4
+

dω
∑

|xi−
ε

2
∆v|2 = j∆v2

G(xi) =

∫

S4
+

g(ω)dω

These two results tends to show that the approximation (4.29) is ”reasonably accu-

rate”.

The overall approximation of the right hand side of (4.19) is now of the form

1

4

∫

IR3×IR+

Qδ(ϕ(v, I) + ϕ(v∗, I∗) − ϕ(v
′

∗, I
′

∗) − ϕ(v
′

, I
′

))Iδ−1dvdI

' 1

4

∑

i,j∈L×L

∑

k,l∈Si,j

(ϕ(zi) + ϕ(zj)

−ϕ(zk) − ϕ(zl)(fkfl − fifj)pklB
kl
ij Iδ−1

i Iδ−1
j . (4.32)

By setting f̄ = fi, i ∈ L, and noticing that

pklB
kl
ij Iδ−1

i Iδ−1
j = pklB

kl
ji I

δ−1
i Iδ−1

j = plkBlk
ij Iδ−1

i Iδ−1
j = pijB

ij
klI

δ−1
k Iδ−1

we obtain the following approximation of the continuous homogeneous problem

dfi

dt
= Q̄δ(f̄ , f̄)i (4.33)

with

Q̄δ(f̄ , f̄)i =
∑

j∈L

∑

(k,l)∈Sij

(Aij
klfkfl − Akl

ij fifj) (4.34)

or

Q̄δ(f̄ , f̄)i =
∑

(j,k,l)∈(L)3

(Ai,j
k,lfkfl − Akl

ij fifj), (4.35)

where we have extended the definition of Akl
ij and for further purposes, we also

introduce the tensor Akl
ij by:

Akl
ij =

Akl
ij

Iδ−1
i

=







Iδ−1
j pklB

kl
ij if (k, l) ∈ Sij

0 otherwise.

(4.36)

We consider now a bounded velocity domain. The issue is to replace the Boltzmann

equation in the whole velocity space domain, by a bounded space one, for which the

algebraic properties displayed in section 3.1 still hold. We proceed as in [18, 19].

Let Dv,I be a bounded domain of IR3×IR+, and let χ((v, I), (v∗, I∗), (v
′, I ′), (v′∗, I

′
∗))

be the following characteristic function

χ(a, b, c, d) =







1 if (a, b, c, d) ∈ D4
v,I

0 otherwise.
(4.37)
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Now, let us consider the Boltzmann operator

Qδ(f, f)(v) =

∫

Dv,I

∫

S4
+

χ
(

(v, I), (v∗, I∗), (v
′, I ′), (v′∗, I

′
∗)

)

B

(f ′f ′
∗ − ff∗)dv∗I

δ−1
∗ dI∗dΩ. (4.38)

For v ∈ Dv,I , it is easy to show that properties (2.6) to (2.9) still hold, with the only

difference that the coefficient of |v|2
2 + I2 in (2.8) is no more necessarily positive.

Indeed, its positivity for the full space case follows from integrability requirements

on the Maxwellian, which can no more be used because of the boundedness of

the domain. The particle approximation of problem (4.18) is now restricted to

approximations fi of (∆v)4f(zi) for zi ∈ ∆vL ∩ Dv,I . Let E be the set of indices,

which is included in L, for which zi ∈ Dv,I . The discrete homogeneous problem for

i ∈ E is now written

dfi(t)

dt
= Q̄δ(f̄ , f̄)i =

∑

j∈E

∑

(k,l)∈S̃ij

(Ai,j
k,lfkfl − Akl

ij fifj)

with

S̃ij = {(k, l) ∈ Sij such that k, l ∈ E} (4.39)

where

Akl
ij =

Akl
ij

Iδ−1
i

=







Iδ−1
j p̃klB

kl
ij if zi, zj ∈ Dv,I and (k, l) ∈ S̃ij

0 otherwise.

(4.40)

with

p̃kl =
Iδ−1
k Iδ−1

l
∑

(k,l)∈S̃ij

Iδ−1
k Iδ−1

l

.

For example, in the VHS model case, we can take

p̃kl =
|gkl|1−2αIδ−1

k Iδ−1
l

∑

(k,l)∈S̃ij

|gkl|1−2αIδ−1
k Iδ−1

l

.

4.1.2. Properties of the discrete collision operator

It is easy to check that the tensor Akl
ij is non negative and satisfies the following

symmetry properties

Akl
ij = Akl

ji = Alk
ij (4.41)

and also the microreversibility property

Akl
ij = Aij

kl (4.42)
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Therefore, see (4.32), we have the discrete analogue of identity (2.5): let ϕ̄ = (ϕi)i∈E

be a test sequence, then

∑

i∈E

Q̄δ(f̄ , f̄)iϕiI
δ−1
i =

1

4

∑

(i,j,k,l)∈(E)4

Akl
ij (fkfl − fifj)(ϕi + ϕj − ϕk − ϕl) (4.43)

Using the definition of tensor Akl
ij and equality (4.43) it is easy to show that the

discrete analogue of conservation of mass, momentum and energy

∑

i∈E

Q̄δ(f̄ , f̄)iI
δ−1
i







1
vi

|vi|2
2 + I2

i






= 0, (4.44)

holds. Also using (4.43) and the classical inequality (y − x)(log x − log y) ≤ 0

for any x, y > 0, a discrete H-theorem holds that yields dissipation of entropy

H(t) =
∑

i∈E

fi(t) log fi(t)I
δ−1
i

dH(t)

dt
=

∑

i∈E

Q̄δ(f̄ , f̄)iI
δ−1
i log(fi)

=
1

4

∑

(i,j,k,l)∈(E)4

Akl
ij (fkfl − fifj)(log(fi) + log(fj) − log(fk) − log(fl))

=
1

4

∑

(i,j,k,l)∈(E)4

Akl
ij (fkfl − fifj)(log(fifj) − log(fkfl)) ≤ 0. (4.45)

As in the monoatomic case, the equilibrium states, f̄∞, for which
dH(t)

dt
= 0, are

characterized by (see [9]):

Proposition 4.1 The following properties are equivalent

1.
∑

i∈E

Q̄δ(f̄
∞, f̄∞)i log(f∞

i ) = 0

2. Q̄δ(f̄
∞, f̄∞)i = 0 ∀i ∈ E

3. log f∞ = (log f∞
i )i∈E is an invariant of collision that is log f∞ ∈ {ϕ̄ such

that ϕi + ϕj − ϕk − ϕl = 0 for all i, j, k, l such thatAkl
ij 6= 0}

4. f∞
i f∞

j − f∞
k f∞

l = 0 if Akl
ij 6= 0

To see that these properties are equivalent one must recall that

(y − x)(log x − log y) = 0 ⇔ x = y

and use (4.43). Now, for the specific model given by (4.36) or by (4.40), it is

noticeable that the reciprocal of (4.44) holds, like in the continuous case and so the

only equilibrium states are discrete Maxwellians.
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For a bounded domain we suppose that Dv,I is of the form Dv,I = B(0, R)×[0, S]

or Dv,I = [−R, R]3 × [0, S]. For such bounded domains, the set E is

E = {i ∈ L, ı21 + i22 + i23 ≤ M1, i4 ≤ N}

or

E = {i ∈ L, i sup
p=1,3

ip ≤ M2, i4 ≤ N},

where M1, M2 and N are integers and we assume that M1 ≥ 3, M2 ≥ 1 and

N ≤ M2 − 2. In the case of an unbounded domain for (v, I), we get E = L. We

have

Lemma 4.3 For the model given by (4.36) or by (4.40) the invariants of collisions

are given by

ϕi = A(v2
i + 2I2

i )+ < B, vi > +C

with A and C ∈ IR and B ∈ IR3 and the equilibrium states f̄∞ have the form

f∞
i = exp(A(v2

i + 2I2
i )+ < B, vi > +C)

Proof. For ϕ = (ϕi)i∈E , we let ϕ(m) be the restriction of ϕ to the subset Em =

{i ∈ E, i4 = m} that is, ϕ(m) is the restriction of ϕ at the level m +
1

2
. We note

ī = (i1, i2, i3) for any element i of Em. For ϕ(m) we have the result

ϕi(m) = A(m)|̄i|2+ < B(m), ī > +C(m)

with A(m) and C(m) ∈ IR and B(m) ∈ IR3. We consider only elastics collisions

between two elements of Em. We consider first the case of Em = ZZ
3. We say

that (̄i, j̄) → (k̄, k̄) is a possible collision if A(k̄,m),(k̄,m)

(̄i,m),(j̄,m)
6= 0 that implies by the

symmetry of ZZ
3 that the collision (−ī,−j̄) → (−k̄,−l̄) is also admissible. Let

e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1) be the canonical basis of ZZ
3. We search

ϕ(m) such that

ϕī(m) + ϕj̄(m) − ϕk̄(m) − ϕl̄(m) = 0 for all A(k̄,m),(k̄,m)

(̄i,m),(j̄,m)
6= 0

We set

aī(m) = ϕī(m) + ϕ−ī(m) and bī(m) = ϕī(m) − ϕ−ī(m)

By construction we have a−ī(m) = aī(m), b−ī(m) = −bī(m) and then b0(m) = 0.

We show recursively on L = |̄i|∞ =
3

max
n=1

|in| that

aī − a0 = |̄i|2.(ae1
− a0), bī = i1be1

+ i2be2
+ i3be3

This is evidently true for aī when |̄i|∞ = 1 because (eα,−eα) → (eβ,−eβ) is an

admissible collision. For bī this is trivial. We suppose now that it is true until rank

L. Let ī ∈ ZZ
3 such that |̄i|∞ = L + 1. If (̄i, j̄) → (k̄, l̄) is a possible collision then,
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by construction, aī +aj̄ = ak̄ +al̄ and bī +bj̄ = bk̄ +bl̄. Since the following collisions

are admissible

(̄i, 0) → (i1e1 + i2e2, i3e3), (i1e1 + i2e2, 0) → (i1e1, i2e2)

we have

aī + a0 = ai1e1+i2e2
+ ai3e3

= ai1e1
+ ai2e2

+ ai3e3
− a0

and then

aī − a0 = (ai1e1
− a0) + (ai2e2

− a0) + (ai3e3
− a0)

and for bī

bī = bi1e1
+ bi2e2

+ bi3e3
.

It suffices then to verify that

a(L+1)eα
− a0 = (L + 1)2(ae1

− a0), b(L+1)eα
= (L + 1)beα

. (4.46)

We define u = (L− 1)eα, v = Leα + eβ and w = Leα − eβ. Since |u|∞ = L− 1 and

|v|∞ = |w|∞ = L the assumption holds for u, v, w. Since the following collision is

possible
(

(L + 1)eα, u

)

→
(

v, w

)

,

(4.46) is true: indeed we have for aī

a(L+1)eα
+ au = av + aw

and then

a(L+1)eα
− a0 = aw − a0 + av − a0 − (au − a0)

= (|w|2 + |v|2 − |u|2)(ae1
− a0)

= (L2 + 1 + L2 + 1 − (L − 1)2)(ae1
− a0)

= (L + 1)2(ae1
− a0).

and for bī

b(L+1)eα
= bv + bw − bu = Lbeα

+ beβ
+ Lbeα

− beβ
− (L − 1)beα

= (L + 1)beα

Since ϕī =
aī + bī

2
we have the result for ϕī with

A(m) =
ae1

− a0

2
, C(m) =

a0

2
, B(m) = (

be1

2
,
be2

2
,
be3

2
).

Recall that Em = {ī ∈ ZZ
3 / i21 + i22 + i23 ≤ M1} or Em = {ī ∈ ZZ

3 /
3

sup
k=1

ik ≤ M2}. It

is then easy to check, from the above analysis, that the result for the form of ϕ(m)

remains valid provided M1 ≥ 3 and M2 ≥ 1.
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Let us consider the case of inelastic collisions. For a given m such that m ≤
M1 − 2 or m ≤ M2 − 2 in the case of bounded domain, we consider the following

collisions

zi = ∆v(0, 0, 0, m +
1

2
), zj = ∆v(1, 0, 0,

1

2
) → zk = ∆v(m + 1, 0, 0,

1

2
),

zl = ∆v(−m, 0, 0,
1

2
)

zi = ∆v(1, 0, 0, m +
1

2
), zj = ∆v(0, 0, 0,

1

2
) → zk = ∆v(m + 1, 0, 0,

1

2
),

zl = ∆v(−m, 0, 0,
1

2
)

zi = ∆v(0, 1, 0, m +
1

2
), zj = ∆v(0, 0, 0,

1

2
) → zk = ∆v(m + 1, 0, 0,

1

2
),

zl = ∆v(−m, 0, 0,
1

2
)

zi = ∆v(0, 0, 1, m +
1

2
), zj = ∆v(0, 0, 0,

1

2
) → zk = ∆v(m + 1, 0, 0,

1

2
),

zl = ∆v(−m, 0, 0,
1

2
)

zi = ∆v(2, 0, 0, m +
1

2
), zj = ∆v(0, 0, 0,

1

2
) → zk = ∆v(m + 2, 0, 0,

1

2
),

zl = ∆v(1 − m, 0, 0,
1

2
)

For these collisions we have Akl
ij 6= 0 and then for ϕ we must have

ϕi + ϕj = ϕk + ϕl

By using the result for ϕ at the levels
1

2
and m+

1

2
of internal energy we derive the

following set of equations






















C(m) = 2A(0)((m + 1
2 )2 − 1

4 ) + C(0)
A(m) + B1(m) = A(0) + B1(0)
A(m) + B2(m) = A(0) + B2(0)
A(m) + B3(m) = A(0) + B3(0)

4A(m) + 2B1(m) = 4A(0) + 2B1(0)

for which the solution is






















C(m) = 2A(0)((m + 1
2 )2 − 1

4 ) + C(0)
A(m) = A(0)

B1(m) = B1(0)
B2(m) = B2(0)
B3(m) = B3(0)
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and then for each m

ϕī(m) = A(0)|̄i|2+ < B(0), ī > +2A(0)((m +
1

2
)2 − 1

4
) + C(0)

We have indeed for any i ∈ E, using the definition of zi = (vi, Ii)

ϕi = A(|vi|2 + 2I2
i )+ < B, vi > +C.

Since to say that f̄∞ is an equilibrium state is equivalent to say that log f∞ is an

invariant of collisions we have indeed

f̄∞
i = exp(A(|vi|2 + 2I2

i )+ < B, vi > +C),

which ends the proof.

Since the only invariants of collisions are (1)i∈E , (vi)i∈E , (|vi|2 + 2I2
i )i∈E the

constants A, B, C are functions of the density, mean velocity, and temperature of f̄ .

All these properties show that our discrete collision operator for polyatomic gases

behaves like the continuous one as we have claimed.

4.2. A second discrete velocity and energy model

We propose a discrete collision operator which mimics the discrete-velocity collision

dynamics described in [11] for polyatomic gases. We show that this discrete collision

operator, which uses a finer discretization of the internal energy than the previously

described one, has also the same properties as the continuous one. Now we uses the

expression of Qδ given by (3.17) and for simplicity, we restrict ourselves to the case

of VHS models.

4.2.1. Discretization

We again take a regular discretization of IR3 × IR+: Let ∆v > 0,

(vi, ei) = (i1∆v, i2∆v, i3∆v, (i4 +
1

2
)∆v2), (4.47)

with i = (i1, i2, i3, i4) ∈ L = ZZ
3 × IN, and we let fi(t) ' (∆v)5f(vi, ei, t). We

introduce a particle approximation of the problem (4.18). Given any test function

ϕ(v, e) we have
∫

IR3×IR+

df

dt
ϕ(v, e)e

δ
2
−1dvde

=
1

4

∫

IR3×IR+

Qδ(ϕ(v, e) + ϕ(v∗, e∗) − ϕ(v
′

∗, e
′

∗) − ϕ(v
′

, e
′

))e
δ
2
−1dvde

=

∫

IR3×IR3×IR+×IR+×S2×[0,1]2
B(ϕ + ϕ∗ − ϕ′ − ϕ

′

∗)(f
′f ′

∗ − ff∗)dσ (4.48)

with the measure and B of the form

dσ = dv∗dve
δ
2
−1

∗ de∗e
δ
2
−1dedωR2(1 − R2)δ−1dR[r(1 − r)]

δ
2
−1dr
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B := B(E, |g|.|g′|, |g.g′|, ee′, e∗e′∗) > 0

We derive an approximation of the two terms of the equality (4.48) by using quadra-

ture formulaes for the integrals. For the left hand side, we obtain

∫

IR3×IR+

df(v, e)

dt
ϕ(v, e)e

δ
2
−1dvde '

∑

i∈L

dfi

dt
ϕ(vi, ei)e

δ
2
−1

i . (4.49)

For the right hand side term of (4.48) we make some transformations. We set

U =
v + v∗

2

and

dvdv∗ = 8dUdg.

Let us define the domain of admissible parameters

Dg,e,e∗
= {(g′, e′) ∈ IR3 × IR+ such that |g′|2 + e′ ≤ E(g, e, e∗) = |g|2 + e + e∗}

and we use the following change of variables for fixed (g, e, e∗)















































ω =
g′

|g′|

R =
|g′|

√

E(g, e, e∗)

r =
e′

E(g, e, e∗) − |g′|2

where (g′, e′) ∈ Dg,e,e∗
. We have

dω[r(1 − r)]
δ
2
−1drR2(1 − R2)δ−1dR =

(e′e
′

∗)
δ
2
−1

E(g, e, e∗)δ+ 1
2

dg′de′

and with

e
′

∗ = E(g, e, e∗) − |g′|2 − e′

The right hand side of (4.48) can be written

1

4

∫

IR4

Qδ(ϕ + ϕ∗ − ϕ′ − ϕ′
∗)e

δ
2
−1dvde

= 2

∫

IR3×IR3×IR+×IR+

{

∫

Dg,e,e∗

B(ϕ + ϕ∗ − ϕ′ − ϕ′
∗)(f

′f ′
∗ − ff∗)

(e′e
′

∗)
δ
2
−1

E(g, e, e∗)δ+ 1
2

dg′de′
}

dUdgdede∗. (4.50)
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We first discretize with respect to U . The quadrature points are the elements of
∆v

2
.ZZ3. We have

1

4

∫

IR4

Qδ(ϕ + ϕ∗ − ϕ′ − ϕ′
∗)e

δ
2
−1dvde

' ∆v3

4

∑

Um∈∆v
2

.ZZ3

∫

IR3×IR+×IR+

{

∫

Dg,e,e∗

B(ϕ(Um + g, e) + ϕ(Um − g, e∗)

−ϕ(Um + g′, e′) − ϕ(Um − g′, e
′

∗))(f(Um + g′, e′)f(Um − g′, e
′

∗)

−f(Um + g, e)f(Um − g, e∗))
(e′e

′

∗)
δ
2
−1

E(g, e, e∗)δ+ 1
2

dg′de′
}

dgdede∗. (4.51)

By discretizing now with respect to g, e, e∗ with the quadrature points in (Um +

∆vZZ
3) × (∆v2(IN +

1

2
))2, and by setting

Uij =
vi + vj

2
, gij =

vi − vj

2
, Dij = Dgij ,ei,ej

, Eij = Egij ,ei,ej

we obtain the approximation

1

4

∫

IR4

Qδ(ϕ + ϕ∗ − ϕ′ − ϕ′
∗)e

δ
2
−1dvde

' ∆v10

4

∑

i,j∈L

e
δ
2
−1

i e
δ
2
−1

j

{

∫

Dij

B(ϕ(vi, ei) + ϕ(vj , ej) − ϕ(Uij + g′, e′)

−ϕ(Uij − g′, e
′

∗))(f(Uij + g′, e′)f(Uij − g′, e
′

∗)

−f(vi, ei)f(vj , ej))
(e′e

′

∗)
δ
2
−1

E
δ+ 1

2

ij

dg′de′







(4.52)

We must now discretize the collision integral with respect to g′ and e′. For fixed i

and j we take the quadrature points for g′, e′ in Lij = (Uij +∆vZZ
3)×∆v2(IN+

1

2
).

One can verify that for (g′, e′) ∈ Lij ∩Dij we have e
′

∗ ∈ ∆v2(IN+
1

2
) and Uij ± g′ ∈

∆v.ZZ3. We use the same kind of quadrature formula as for the other variables

U, g, e, e∗. First we remark that

∫

Dij

B
(e′e

′

∗)
δ
2
−1

E
δ+ 1

2

ij

dg′de′ = Cαδ |gij |1−2α (4.53)

where Cαδ is a constant just depending of δ and α. In the same manner as for the

first discrete model, by defining

Sij = {k, l ∈ L such that gkl ∈ Lij ∩ Dij and Ukl = Uij}
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we obtain the following approximation

Cαδ |gij |1−2α ' ∆v5
∑

k,l∈Sij

C

E1+δ−α
ij

(ekel)
δ
2
−1|gkl|1−2α|gij |1−2α (4.54)

and
∫

Dij

B(ϕ(vi, ei) + ϕ(vj , ej) − ϕ(Uij + g′, e′) − ϕ(Uij − g′, e
′

∗))

(f(Uij + g′, e′)f(Uij − g′, e
′

∗) − f(vi, ei)f(vj , ej))
(e′e

′

∗)
δ
2
−1

E
δ+ 1

2

ij

dg′de′

' ∆v5
∑

k,l∈Sij

C

E1+δ−α
ij

(ekel)
δ
2
−1|gkl|1−2α|gij |1−2α

(ϕ(vi, ei) + ϕ(vj , ej) − ϕ(vk , ek) − ϕ(vl, el))

(f(vk, ek)f(vl, el) − f(vi, ei)f(vj , ej)), (4.55)

where the constant C comes from the definition of the VHS cross section (2.10).

We can remark that for (k, l) ∈ Sij we have Skl = Sij . (4.53), (4.54) and (4.55)

gives the approximation

∫

Dij

B(ϕ(vi, ei) + ϕ(vj , ej) − ϕ(Uij + g′, e′) − ϕ(Uij − g′, e
′

∗))

(f(Uij + g′, e′)f(Uij − g′, e
′

∗) − f(vi, ei)f(vj , ej))
(e′e

′

∗)
δ
2
−1

E
δ+ 1

2

ij

dg′de′

' Cαδ|gij |1−2α
∑

k,l∈Sij

pkl(ϕ(vi, ei) + ϕ(vj , ej) − ϕ(vk , ek) − ϕ(vl, el))

(f(vk, ek)f(vl, el) − f(vi, ei)f(vj , ej)) (4.56)

with the weight pkl defined by

pkl =
(ekel)

δ
2
−1|gkl|1−2α

∑

k,l∈Sij

(ekel)
δ
2
−1|gkl|1−2α

.

We set f̄ = (fi)i∈L. Using (4.49), (4.52), (4.56) and the definition of the fi we

deduce a particle approximation of the continuous homogeneous problem of the

form

∑

i∈L

dfi

dt
e

δ
2
−1

i δ(v − vi) ⊗ δ(e − ei) =
∑

i∈L

Q̄δ(f̄ , f̄)ie
δ
2
−1

i δ(v − vi) ⊗ δ(e − ei) (4.57)

with

Q̄δ(f̄ , f̄)i =
∑

j∈L

∑

(k,l)∈Sij

(Aij
klfkfl − Akl

ij fifj) (4.58)



24 Schemes for the Boltzmann Operator of Polyatomic Gases

or

Q̄δ(f̄ , f̄)i =
∑

(j,k,l)∈(L)3

(Ai,j
k,lfkfl − Akl

ij fifj), (4.59)

with

Akl
ij =

Akl
ij

e
δ
2
−1

i

=











Cαδe
δ
2
−1

j pkl|gij |1−2α if (k, l) ∈ Sij

0 otherwise.

(4.60)

4.2.2. Properties of the discrete collision operator

As for the first model, by construction the tensor Akl
ij is non negative, and satisfies

the symmetry properties

Akl
ij = Akl

ji = Alk
ij (4.61)

and the so called microreversibility property

Akl
ij = Aij

kl. (4.62)

We can write a discrete analogue of identity (2.5): let ϕ̄ = (ϕi)i∈L be a test sequence,

then

∑

i∈L

Q̄δ(f̄ , f̄)iϕie
δ
2
−1

i =
1

4

∑

(i,j,k,l)∈(L)4

Akl
ij (fkfl − fifj)(ϕi + ϕj − ϕk − ϕl). (4.63)

Using the definition of tensor Akl
ij and equality (4.63) we write the discrete analogue

of conservation of mass, momentum and energy according to

∑

i∈L

Q̄δ(f̄ , f̄)ie
δ
2
−1

i







1
vi

|vi|2
2

+ ei






= 0. (4.64)

For a global positive solution the discrete H-theorem, that is the dissipation of

entropy

H(t) =
∑

i∈L

fi(t) log(fi(t))e
δ
2
−1

i ,

hold:

dH(t)

dt
=

1

4

∑

(i,j,k,l)∈(L)4

Akl
ij (fkfl − fifj)(log(fifj) − log(fkfl) ≤ 0. (4.65)

As in the first model, the equilibrium states f̄∞, are characterized by the same

properties (see proposition 1 ). For this model the equilibrium states are still discrete

Maxwellians:
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Lemma 4.4 For the discrete collision operator defining by (4.58) and (4.60) the

invariants of collisions are given by

ϕi = A(v2
i + 2ei)+ < B, vi > +C

with A and C ∈ IR and B ∈ IR3 and the equilibrium states f̄∞ have the form

f∞
i = exp(A(v2

i + 2ei)+ < B, vi > +C)

Proof. For ϕ = (ϕi)i∈L, we let ϕ(m) be the restriction of ϕ to the subset Lm =

{i ∈ L, i4 = m} that is, ϕ(m) is the restriction of ϕ at the level m +
1

2
of internal

energy. We set ī = (i1, i2, i3) for an element i of Lm. For ϕ(m) we have already

proved, (see proof of lemma 3), that

ϕi(m) = A(m)|̄i|2+ < B(m), ī > +C(m)

with A(m) and C(m) ∈ IR and B(m) ∈ IR3. We set A(0) = A, C(0) = C, B(0) = B.

We have now to show that for any m, we have

A(m) = A, B(m) = B, C(m) = 2mA + C. (4.66)

It is readily seen that (4.66) implies lemma 4 from the equivalence properties given

in proposition 1. The idea to prove (4.66) is to show that all the levels of internal

energy are sufficiently coupled. We prove (4.66) inductively on m. Assume the

result holds for m ≤ m0. Let m be an integer in [0, m0 + 2] such that m can be

written as a sum of three squares of integers a, b, c that is m = a2 + b2 + c2. In

all the cases the largest possible m is greater or equal to 2 . Consequently for any

m0 we have m0 + 2 − m ≤ m0. The inelastic collisions can be characterized by a

relation on the multiindices (i, j) and (k, l) for the velociies and internal energies

as defined in (4.47). Among the many collisions processes, we shall consider the

following cases:

i = (0, 0, 0, m0+1), j = (2, 0, 0, 0) → k = (a+1, b, c, m0+2−m), l = (1−a,−b,−c, 0)

i = (2, 0, 0, m0+1), j = (0, 0, 0, 0) → k = (a+1, b, c, m0+2−m), l = (1−a,−b,−c, 0)

i = (0, 2, 0, m0+1), j = (0, 0, 0, 0) → k = (a, b+1, c, m0+2−m), l = (−a, 1−b,−c, 0)

i = (0, 0, 2, m0+1), j = (0, 0, 0, 0) → k = (a, b, c+1, m0+2−m), l = (−a,−b, 1−c, 0)

i = (4, 0, 0, m0+1), j = (2, 0, 0, 0) → k = (a+3, b, c, m0+2−m), l = (3−a,−b,−c, 0)

One can verify that, for these collision processes, we have Akl
ij 6= 0, which implies

that the invariants of collision satisfy

ϕi(m0 + 1) + ϕj(0) = ϕk(m0 + 2 − m) + ϕl(0).
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By the use of the result (4.66) for m0 + 2 − m, we have then the set of equations






















C(m0 + 1) = 2(m0 + 1)A + C
4A(m0 + 1) + 2B1(m0 + 1) = 4A + 2B1

4A(m0 + 1) + 2B2(m0 + 1) = 4A + 2B2

4A(m0 + 1) + 2B3(m0 + 1) = 4A + 2B3

16A(m0 + 1) + 4B1(m0 + 1) = 16A + 4B1

for which the unique solution is






















C(m0 + 1) = 2(m0 + 1)A + C
A(m0 + 1) = A

B1(m0 + 1) = B1

B2(m0 + 1) = B2

B3(m0 + 1) = B3.

This proves (4.66) at order m0 + 1. Using the integrability requirements, that is

∑

i∈L

f∞
i e

δ
2
−1

i < +∞,

we necessarily have A < 0.

As for the first model, we can bound the velocity-energy domain by a straight-

forward adaptation of the analysis presented for the first model. We mention that

if the resulting set for the multiindices i is of the form

{i ∈ L, ı21 + i22 + i23 ≤ M, i4 ≤ N}

or

{i ∈ L, i sup
p=1,3

ip ≤ M, i4 ≤ N},

with M ≥ 4, then all the properties of the collision operators are still satisfied

except for the sign of the coefficient of A in the equilibrium state (see the dicussion

of this problem in the first case).
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with
We present fast numerical algorithms to solve the nonlinear Fok-

ker–Planck–Landau equation in 3D velocity space. The discretization f 5 f(x, v, t), f* 5 f(x, v*, t),
of the collision operator preserves the properties required by the

=v f 5 =v f(x, v, t), =v*
f 5 =v f(x, v*, t)physical nature of the Fokker–Planck–Landau equation, such as the

conservation of mass, momentum, and energy, the decay of the
entropy, and the fact that the steady states are Maxwellians. At the and F(v) is the 3 3 3 matrix:
end of this paper, we give numerical results illustrating the efficiency
of these fast algorithms in terms of accuracy and CPU time. Q 1997

Academic Press F(v) 5 uvuc12S(v), S(v) 5 I3 2
v ^ v

uvu2
. (1.3)

1. INTRODUCTION: THE FOKKER–PLANCK–LANDAU S(v) is the orthogonal projector onto the plane orthogonal
EQUATION to v; c is a real parameter which leads to the usual classifi-

cation in hard potentials (c . 0), Maxwellian molecules
The Fokker–Planck–Landau (FPL) equation is used for (c 5 0), or soft potentials (c , 0). This latter case involves

the description of binary collisions between charged parti- the Coulombian case itself (i.e., c 5 23). The present
cles, for which the interaction potential is the long-range numerical analysis is concerned with the physically inter-
Coulomb interaction. esting case (the Coulombian one) and the Maxwellian case

We restrict ourselves to a single-species plasma since (c 5 0) which enable us to compare the numerical results
the methods can easily be extended to the multispecies with exact solutions [6].
case (see Remark 3.3). The present algorithms are based As is well known in the physics literature and is mathe-
on the discretization of the FPL operator given in [5] the matically established by the work of Arsene’v and Buryac
main features of which are summaried in Section 2. [13] and Desvillettes [14], the FPL collision operator is

We denote by f(x, v, t) the distribution function, a solu- the limit of the Boltzmann operator for a sequence of a
tion of the scaled FPL equation scattering cross section which converges in a convenient

sense to a delta function at zero scattering-angle. In the
case of a Coulomb interaction, Degond and Lucquin-­f

­t
1 v ? =x f 5 Q( f, f ), (1.1) Desreux obtained the FPL collision operator as the lead-

ing term of the cutoff Boltzmann operator when the
parameter of the cutoff tends to zero [16]. Concerning thewhere Q( f, f ) is the FPL collision operator:
existence of solutions, Arsene’v and Peskov have estab-
lished the existence of weak-solutions for a short time in
the case of the spatially homogeneous FPL equationQ( f, f ) 5 =v ? SE

R3 F(v 2 v*)((=v f )f* 2 (=v*
f )f ) dv*D for the Coulomb potential.

The algebraic structure of the FPL operator is similar
(1.2) to that of the Boltzmann operator. This leads to well-

known physical properties such as the decay of the entropy,
the conservation of mass, momentum, and energy, and the1 This work was partially completed with CEA-CEL-V under Contract

W 003 772/216. characterization of the equilibrium states by Maxwellians.
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Indeed, these properties can easily be shown on the weak a3, where a is the sublattice mesh size. The second strategy
is an adaptation of multigrid methods to the FPL equation.form of the FPL operator,
It leads to a cost of the order of N ln N.

The outline of the paper is as follows: In Section 2, weE
R3 Q( f, f )(v)c(v) dv

review the basis of the conservative discretizations intro-
duced in [5]. Section 3 is devoted to a symmetrized version

5 2
1
2
E E

R33R3 ff*(=vc 2 =v*
c)TF(v 2 v*)(=v(ln f ) of the method [5] while Section 4 is concerned with the

fast algorithms that are themselves the sublattices and the
2 =v*

(ln f )) dv dv* (1.4) multigrid algorithms. In Section 5, we give numerical re-
sults.

for any smooth test function c. From this duality relation,
it is an easy matter to check that the only functions c such

2. A CLASS OF ENTROPY-DECREASING SCHEMESthat for all f, e Q( f, f )c dv 5 0, are linear combinations
of 1, v, and uvu2 (conservation of mass, momentum, and By a standard splitting algorithm, we may restrict our-
energy). selves to the space-homogeneous FPL equation

Furthermore, letting c 5 ln( f ) in (1.4) leads to the
entropty inequality (H-theorem):

­f
­t

5 Q( f, f ), f ut50 5 f0(v), (2.1)E
R3 Q( f, f )(v) ln( f(v)) dv # 0. (1.5)

where Q( f, f ) is given by (1.2) and f0 is the initial data.The equilibrium distribution functions, i.e., the functions
We introduce a regular discretization of R3, vi 5 iDv, i 5f such that Q( f, f ) 5 0 are Maxwellians,
(i1, i2, i3) [ Z3, and denote by f i an approximation of f(vi).
Let D be a finite-difference operator that approximates

MN,u,T (v) 5
N

(2fv2
th)3/2 exp S2uv 2 uu2

2v2
th

D , (1.6) the usual gradient operator = at least up to the first order,
and let D* be its formal adjoint. For any ‘‘test sequence,’’
c 5 (c i)i[Z3 , Dc is a sequence (Dc)i[Z3 of vectors of R3,

where N is the density of particles and vth is the thermal
velocity of the gas which depends on its temperature T

(Dc)i 5 ((D1c )i , (D2c )i , (D3c )i) [ R3, (2.2)through the relation: vth 5 ÏkT/m, where k is the Boltz-
mann constant and m is the mass of the particle.

In this paper, we are concerned with numerical approxi- where the components (Dsc )i , s 5 1, 2, 3, approximates
mations of the spatially homogeneous FPL equation in the the partial derivatives (­c/­xs)(vi). Such an operator is of
whole 3D velocity space. The starting point of this work the form
is the discretization of the FPL operator given in [5]. Alter-
nate methods are finite difference schemes that have been
investigated in [9] in the isotropic case and in [12, 8, 10] (Dc )i 5 O

k[Z3

akci1k , (2.3)
for the cylindrically symmetric problems. We also refer to
Larroche [17] for a mass conserving finite volume scheme.
Recently, conservative and entropic discretizations of axi- where the vectors ak 5 (ak,1 , ak,2 , ak,3) [ R3 satisfy
symmetric FPL operators are investigated in [18]. In [4, 5]
a numerical discretization in three-dimensional velocity O

k[Z3

ak 5 0, O
k[Z3

ak,skrDv 5 dsr , (2.4)space that satisfies discrete analogues of the above-men-
tioned properties is presented and is summarized in the
next section. A bibliography on previous works on such
methods can be found in [4, 5]. kr , being the rth component of k. Conditions (2.4) state

The discretization [4, 5] in three-dimensional velocity that D coincides with the exact gradient for constant or
space satisfies all properties required by the physical nature linear functions, or equivalently, that D is an approxima-
of the problem. Unfortunately a direct numerical imple- tion of = at least up to the first order. The formal adjoint
mentation of this method is very expensive. Its cost is of D* or D is given by
order N 2 when N is the number of the discrete velocity
points. Our first approach for reducing this cost is the use
of the sublattices method following the works by Buet (D*c )i 5 O

k[Z3

a*k ci1k (2.5)
[1–3] on the Boltzmann equation. This leads to a cost N2/
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with The operators D1 and D2 are clearly first order, while
Dc is second order. For these two cases, we have the follow-
ing results.a*k 5 a2k ;k [ Z3 . (2.6)

LEMMA 2.1 (Uncentered case). (i) The collisional in-
Note that D* is an approximation of 2=. variants (i.e., the sequences c i such that (2.11) holds) are

The approximation Q( f , f )i of Q( f, f )(vi) is defined for linear combinations of 1, vi , and uviu2.
any test sequence c by (ii) The equilibrium distribution functions are the dis-

crete Maxwellians.

O
i[Z3

Q( f , f )ici 5 2
1
2 O

(i, j)[Z33Z3

f i f j ((Dc )i 2 (Dc )j)T

(2.7)
(iii) Conservation of mass, momentum, and energy

hold.

F(vi 2 vj) ((D(ln f ))i 2 (D(ln f ))j) Dv3. LEMMA 2.2 (Centered case). (i) The collisional in-
variants are linear combinations of vi , uviu2, and of the follow-

The scheme defined by (2.7) decays the entropy: ing eight sequences x i*
, labelled by i* [ h0, 1j3, defined by

O
i[Z3

Q( f , f )i(ln( f )i # 0. (2.8)
(x i*

)i 5 H1 if i k ; ik
* (mod2) ;k [ h1, 2, 3j,

0 otherwise,
(2.14)

A collisional invariant is defined as a sequence c i such that
where ik denotes the kth component of i [ Z3.

O
i[Z3

Q( f , f )ic i 5 0 ;( f i)i[Z3 , (2.9) (ii) The discrete equilibrium functions are exponentials
of the above described collisional invariants.

(iii) Conservation of mass, momentum, and energy
or equivalently from (2.7) such that hold. But seven other independent spurious conservation

laws hold associated with (x i*
)i*[h0,1j3 ,

(Dc )i 2 (Dc )j [ Ker(F(vi 2 vj)) ;i, j [ Z3 . (2.10)

O
i[Z3

Q( f , f )i(x i*
)i 5 0 ;i* [ h0, 1j3. (2.15)

A discrete equilibrium distribution function (i.e., a func-
tion f i such that Q( f , f )i 5 0) is clearly, from (2.7), such
that (ln f )i is a collisional invariant (i.e., satisfies (2.10)). (Note that 1 5 Oi*[h0,1j3

x i*
, so that conservation of mass

It is proved in [5] that (2.10) is equivalent to the existence can be deduced from the eight conservation laws (2.15).)
of a real number l, independent of i and j: The use of the centered discrete difference operator

leads to nonphysical equilibrium states (i.e., non-Maxwel-
(Dc )i 2 (Dc )j 5 l(i 2 j) Dv ;i, j [ Z3. (2.11) lian functions). On the other hand, the use of the uncen-

tered discrete operator destroys the symmetry of the prob-
However, nothing more can be said unless specifying the lem and does not give satisfactory results. To overcome
discrete differential operator D. This is shown on two sim- this problem, we introduce a symmetrization of the discrete
plest cases (we refer to [5] for details). FPL operator, based on the averaging of the uncentered

discretizations in the various directions of coordinates.Case 1, the right (resp. left) uncentered operator D 5
D1 (resp D 5 D2) defined by

3. SYMMETRIZATION OF THE UNCENTERED
DISCRETE DIFFERENTIATION

(Ds
1c )i 5

c i1es
2 c i

Dv
, s 5 1, 2, 3,

(2.12)
By combing ‘‘upwind’’ and ‘‘downwind’’ uncentered dif-

ferences in the various direction of coordinates, we define
eight uncentered difference operators denoted by D« , forSresp. (Ds

2c )i 5
c i 2 c i2es

Dv
, s 5 1, 2, 3D,

« 5 («1 , «2 , «3) [ h21, 1j3 as

where es is the sth vector of the canonical basis of R3.

Case 2, the centered operator D 5 Dc defined by
(D« f )i 5

1
Dv 1

«1( fi1«1e1
2 fi)

«2( fi1«2e2
2 fi)

«3( fi1«3e3
2 fi)

2 . (3.1)

(Ds
cc )i 5

c i1es
2 c i2es

2Dv
, s 5 1, 2, 3. (2.13)
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At variance, there is only one centered operator denoted the first contribution (see Lemma 2.2)). The numerical
implementation of Qus in the form (3.7) is clearly lessby Dc:
expensive than the one in the form (3.3).

On the other hand, it is possible to reduce the computa-
tional cost of the viscosity term (3.5) by replacing the sum
over (i, j) [ Z3 3 Z3 in (3.5) by a sum over (i, j) [ Z3 3(Dc f )i 5

1
2Dv 1

fi1e1
2 fi2e1

fi1e2
2 fi2e2

fi1e3
2 fi2e3

2 . (3.2)
Z3 with ui 2 ju # Ï2. In the following proposition we show
that this reduction does not affect the conservation proper-
ties and does not generate any spurious collisional invari-
ant. We denote by Qusr the FPL operator using this reduc-

We denote by Q« and Qc the corresponding discretized tion procedure, i.e.,
FPL operator defined by the duality relation (2.7). In this
section we introduce the symmetrization of the FPL opera-
tor Qus obtained by taking the average of the operators O

i[Z3

Qusr
i ci 5 O

i[Z3

Qc
i ci 1

Dv2

4 O
i[Z3

QDr
i ci (3.8)

Q« over all « [ h21, 1j3:

withQus 5
1
8 O

«[h21,1j3
Q«. (3.3)

O
i[Z3

QDr
i ci 5 2

1
2 O

i, j[Z33Z3

ui2j u#Ï·2

f i f j 3 ((Dc)i 2 (Dc)j)T FD(vi 2 vj)
We also introduce a new difference operator D as

((D(ln f ))i 2 (D(ln f ))j) Dv3

(3.9)

(Df )i 5
1

(Dv)2 1
fi1e1

1 fi2e1
2 2fi

fi1e2
1 fi2e2

2 2fi

fi1e3
1 fi2e3

2 2fi

2 (3.4) and we have

PROPOSITION 3.2. For the discrete FPL operator defined
by formulas (3.8) and (3.9), the collisional invariants are
of the form

and denote by QD the operator defined by the duality re-
lation

ci 5 Auviu2 1 kB, vil 1 C. (3.10)

O
i[Z3

QD
i ci 5 2

1
2 O

(i, j)[Z33Z3

f i f j ((Dc )i 2 (Dc )j)TFD(vi 2 vj) Proof. By Lemma 2.2 the collisional invariants for the
centered difference operator have the form

(D(ln f ))i 2 (D(ln f ))j)Dv3,

(3.5)

ci 5 Auviu2 1 kB, vil 1 O
k[h0,1j3

Ck(xk)i , (3.11)
where we have set

FD(v) 5 uvucDiag(uvu2 2 v2
1 , uvu2 2 v2

2 , uvu2 2 v2
3) (3.6) where Ck 5 Ck1k2k3

are arbitrary coefficients and xk is de-
fined in Lemma 2.2. But the viscosity term (3.9) gives the
following additional relations:and Diag(x, y, z) denotes the diagonal matrix whose diago-

nal elements are x, y, and z.
With these notations, a simple calculation yields the (Dc)i 2 (Dc)j [ Ker FD(i 2 j) (3.12)

following result.

for all i, j such that ui 2 ju # Ï2 which impliesPROPOSITION 3.1. We have

[ui 2 ju2 2 (ik 2 jk)2][Ci1ek
2 Cj1ek

2 (Ci 2 Cj)] 5 0 (3.13)O
i[Z3

Qus
i ci 5 O

i[Z3

Qc
i ci 1

Dv2

4 O
i[Z3

QD
i ci . (3.7)

for all k [ h1, 2, 3j and for all i, j such that ui 2 ju # Ï2.
The notation i denotes the class of i modulo 2, that is theThe operator Qus is the sum of two contributions: the

first one is the centered operator Qc and the second one vector whose components are the classes of i’s components
modulo 2 (i [ h0, 1j3). To simplify we suppose that i 5is a sort of viscosity term which serves to eliminate all

spurious collisional invariants that may be generated by (0, 0, 0) and denote by (e1 , e2 , e3) the canonical basis of R3.
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For each fixed k [ h1, 2, 3j we choose l [ h1, 2, 3j such and the associated finite difference operators as:
that k ? l and take j 5 el , we get by (3.13)

(Dac)i 5
1

Dva
O

k[Z3

akci1k . (3.20)
Cek

2 Cel1ek
2 (C000 2 Cel

) 5 0 (3.14)

We also consider the operators Da,« and Da,c defined by
for all k ? l. Now, taking j 5 ek 1 el with k ? l we obtain (3.1) and (3.2) with the mesh size Dva . With these notations,

it is an easy matter to see that we have
Cek

2 Cel
2 (C000 2 Cek1el

) 5 0. (3.15) PROPOSITION 3.4. For the centered difference operators
Da,c , we have the conservation of mass, momentum, and
energy. However, for the uncentered difference operatorsCombining these last two relations, we get Cek

5 C000 for
Da,« the conservation of energy holds if and only ifall k [ h1, 2, 3j. Inserting this in (3.15) we have also
Dva 5 Dvb .Cek1el

5 C000 for all k, l [ h1, 2, 3j.
Finally, by writing (3.13) for k 5 1 and j 5 e2 1 e3 , we

4. FAST ALGORITHMSobtain C111 5 C000 which concludes the proof thanks to
relation 1 5 ok[h0,1j3 xk .

4.1. Deterministic Schemes: Sublattices Methods
Remark 3.3. Extension to the multispecies Fokker– The computational complexity is of order N 2 which is

Planck equation. We extend the above method to two much too big for a practical use of the discrete FPL opera-
species of particles denoted by indces a and b, respectively. tors. To reduce this cost, a first strategy is to use sublattices
The distribution functions of these two species satisfy the as it was done for the Boltzmann collision operator [1].
following system of homogeneous FPL equations: We present a brief description of the method and show

how to preserve the physical properties. We also show
how to design the algorithm in order to avoid spurious­fa

­t
5 Qa(va),

­fb

­t
5 Qb(vb), (3.16) collisional invariants. In this section we deal with the un-

centered discrete difference operator although the follow-
ing results remain valid if we use the symmetrized operator

where we have set (with a 5 a or b and b 5 b or a, respec- given by (3.3).
tively): For a [ Z, a $ 2, we define the discrete operator Qi[a]

by the duality relation

Qa(va) 5
1

ma
=va

? E
R3 F(va 2 vb)

(3.17) O
i[Z3

Qi[a]ci 5 2
1
2 O

i;j [a]
f i f j

(4.1)S 1
ma

=va
fa fb 2

1
mb

=vb
fb faD dvb .

((Dc)i 2 (Dc)j)T F(vi 2 vj)((D(ln f ))i 2 (D(ln f ))j) Dv3,

where the definition of i ; j [a] means that i 2 j is aLet ca 5 ca(va) be two test functions (for a 5 a and b).
multiple of a. The following result makes the collisionalWe have
invariants for this discretization precise.

PROPOSITION 4.1. Let A and B real constants, and letE
R3 Qa(va)ca dva 1 E

R3 Qb(vb)cb dvb Ci only depending on the class of i modulo a (i.e., Ci 5
Ci with i the class of i modulo a); then

5 2 E
R33R3 fa fb 3 S 1

ma
=aca 2

1
mb

=bcbDT

(3.18)

c i 5 Auviu2 1 kB, vil 1 Ci

F(va 2 vb) S 1
ma

=a ln fa 2
1

mb
=b ln fbD.

are collisional invariants generated by the discrete operator
Qi[a] defined by (4.1).

We consider different mesh sizes for the two species and Proof. c is a collisional invariant for the operator Qi[a]
define two regular discretizations of R3 according to: if and only if

va
i 5 iDva , vb

i 5 iDvb for i [ Z3, (3.19) (Dc)i 2 (Dc)j [ Ker F(i 2 j) (4.2)
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for all i, j such that i ; j[a]. Replacing c i successively by which gives
uviu2, vi , and Ci , we easily obtain the desired result.

ai1ak 5 ai ;i, k [ Z3
Now we shall modify this method in order to preserve

the Maxwellians as unique possible equilibrium states: Let
a and b two mutually prime integers, i.e., such that a ` and this is also true for b: ai1bk 5 ai ;i, k [ Z3.
b 5 1, where a ` b is the greatest common divisor of a Now let i and j two arbitrary elements of Z3, since a `
and b. We consider the two corresponding operators Qi[a] b 5 1, the Bezout identity gives the existence of two triples
and Qi[b] defined by the duality formula (4.1). q, r [ Z3 such that

We set

i 2 j 5 aq 1 br. (4.8)
Qi[a, b] 5 As(Qi[a] 1 Qi[b]) for all i [ Z3. (4.3)

Then we have
We have the following result.

PROPOSITION 4.2. If we use the uncentered difference aj 5 aj1aq 5 aj1aq1br 5 ai

operator, then the collisional invariants of the discrete opera-
tor given by formula (4.3) are the linear combinations of and, finally, we deduce that ai does not depend on i and
mass, momentum, and energy. then

Proof. A collisional invariant of the discrete operator
Qi[a, b] must be a collisional invariant for both Qi[a] and (Dc)i 2 (Dc)j 5 a(i 2 j) (4.9)
Qi[b]. Therefore, if c is a collisional invariant generated
by Qi[a, b] then for all i, j [ Z3. In the case of the uncentered difference

operator D, this classically implies (see [5]) that ci is a
(Dc)i 2 (Dc)j [ Ker F(i 2 j) (4.4) linear combination of the mass, the momentum, and the

energy, and concludes the proof of Proposition 4.2.
for all i, j such that i ; j[a] or i ; j[b].

Therefore, for i and k [ Z3, we have 4.2. Random Methods: Multigrid Algorithms

In this section we compute the discrete FPL collision(Dc)i1ak 2 (Dc)i 5 l(i, k)ak (4.5)
operator by using a multigrid method with numerical inte-

(Dc)i1bk 2 (Dc)i 5 e(i, k)bk (4.6) gration of Monte-Carlo type. The computational complex-
ity of this simulation is of order N ln N, where N is the
number of discrete velocity points. This approach takes itswith l(i, k), e(i, k) [ R.
inspiration from the method of Greengard and RokhlinThus, from (4.5), we can write two relations,
[19]. In a subsequent work [7], a new method goes further
in the adaptation of [19] to the FPL equation.(Dc)i1ak 2 (Dc)i1al 5 l(i 1 la, k 2 l)a(k 2 l)

(Dc)i1ak 2 (Dc)i1al 5 l(i, k)ak 2 l(i, l)al, 4.2.1. Description of the Method

To simplify the notations, we setfor all i, k, l [ Z3 and easily obtain: l(i, k) 5 l(i, l) for
all i, k, l [ Z3, which means that l(i, k) is independent of

H(v, w) 5 2As f(v)f(w)[=vc 2 =wc]T

(4.10)
k, and the same is true for e(i, k). Let l(i, k) 5 li , and
e(i, k) 5 ei . Now by writing

F(v 2 w)[=v(ln f ) 2 =w(ln f )].

(Dc)i1abk 2 (Dc)i 5 liabk 5 eiabk ;i, k [ Z3, (4.7)
We assume that the discrete velocity domain is a cube C0

of length 1 which contains N 5 (2n)3 5 8n discrete points
we obtain li 5 ei 5 ai for all i [ Z3. On the other hand,

lying on a regular cubic lattice. The algorithm is the fol-
we have

lowing:

2aaik 5 (Dc)i12ak 2 (Dc)i • Step 0. We just write the FPL operator in a weak form:

5 (Dc)i12ak 2 (Dc)i1ak 1 (Dc)i1ak 2 (Dc)i E
C0

Q( f, f )(v)c(v) dv 5 E
C03C0

H(v, w) dvdw. (4.11)
5 aai1akk 1 aaik
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• Step 1. We split the cube C0 (the parent) into 8 regular neighbours of the parent of Cr
k and is not a nearest

neighbour of Cr
k .boxes Cr

1 (the children), r [ h0, 1j3. Each box Cr
1 is of

length As and its center is
The notation ws means ‘‘well separated’’ and nws means

‘‘not well separated,’’ i.e., neighbours.
Or

1 5 S 1
22 1

r1

2
,

1
22 1

r2

2
,

1
22 1

r3

2D (4.12) To simplify the algorithm we only describe the method
for level 2:

with r 5 (r1 , r2 , r3) [ h0, 1j3. we set I1 5 h0, 1j3. Again, At level 2, we split each box Cr
1 of level 1 into 8 boxes

we do not do any numerical approximation; we only write and write

E
C0

Q( f, f )(v)c(v) dv 5 O
(r,r9)[I2

1

E
Cr

13Cr9
1

H(v, w) dvdw. E
C0

Q( f, f )(v)c(v) dv 5 O
(r,r9)[I2

2
r ws r9

E
Cr

23Cr9
2

H(v, w) dvdw

(4.16)
(4.13)

1 O
(r,r9)[I2

2
r nws r9

E
Cr

23Cr9
2

H(v, w) dvdw.
• Step k (k $ 2). We denote by Cr

k the boxes of level k
obtained after splitting each of those of level k 2 1 (the
parents) into eight regular boxes (the children). More pre-

If Cr
2 is ‘‘well separated’’ from Cr9

2 , then we replace thecisely Cr
k is the box of length 1/2k and whose center is

corresponding integral by a numerical approximation of
Monte-Carlo type. In the second case we do not do any
numerical approximation and pass to level 3. We repeatOr

k 5 S 1
2k11 1

r1

2k ,
1

2k11 1
r2

2k ,
1

2k11 1
r3

2k
D (4.14)

this process until step n, where we perform a Monte-Carlo
approximation not only for the ‘‘well-separated’’ boxes but

with r 5 (r1 , r2 , r3) [ Ik 5 h0, 1, ..., 2k 2 1j3. If CR
k21 is the also for the nearest neighbours.

father of Cr
k then it is easy to see that

4.2.2. Numerical Integration of Monte-Carlo Type

OR
k21 5 S 1

2k 1
R1

2k21 ,
1
2k 1

R2

2k21 ,
1
2k 1

R3

2k21D We assume that we are at a fixed level k and we want
to approximate the expression

with E
Cr

k3Cr9
k

H(v, w) dvdw (4.17)

Ri 5
ri

2
if ri is even

(4.15) when Cr
k and Cr9

k are ‘‘well separated.’’
A direct approximation requires 82(n2k) evaluations. But

Ri 5
ri 2 1

2
if ri is odd. this leads to an amount of work proportional to N 2. There-

fore, in order to have a cost of order N ln N we must use
only nk 5 8n2k evaluations to approximate (4.17) such thatRemark 4.3. To obtain the children of Cr

k , we add to
after nk iterations all the pairs (i, j) [ Cr

k 3 Cr9
k werethe center Or

k the quantities
chosen. One way is the following.

Let h1, 2, ..., nkj be a numbering of the nk elements of1
2k11 («1 , «2 , «3), Cr

k or Cr9
k and let f be a randomly chosen permutation of

h1, 2, ..., nkj. In the first time step we approximate (5.21)
by a Monte Carlo quadrature formula using pairs (l, f(l))where
[ Cr

k 3 Cr9
k . In the second time step we use pairs (r, f2(r)),

etc. until covering the maximum number of possible pairs(«1 , «2 , «3) [ h21, 1j3.
(l, l9) [ Cr

k 3 Cr9
k , i.e., until the number of iterations reaches

the order of f in the group Snk
of permutations of the set

Remark 4.4. To obtain the nearest neighbours of Cr
k , h1, 2, ..., nkj. Therefore, for all the pairs (l, l9) [ Cr

k 3we add to the center the quantities (1/2k) («1 , «2 , «3), where
Cr9

k to be chosen, the permutation f must be of order nk .(«1 , «2 , «3) [ h21, 0, 1j3 (27 neighbours).
If such a choice of f is possible then after nk iterations in
time the integral will be well approximated since all pairsThe box Cr

k will be said to be ‘‘well separated’’ from
Cr9

k if and only if Cr9
k is a child of one of the nearest (l, l9) [ Cr

k 3 Cr9
k will have been chosen. For the next nk
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time steps, we change randomly the permutation f and Finally, we make precise that all the following numerical
tests are performed within the uncentered and symme-repeat the same process.

Finally, when Cr
k and Cr9

k are ‘‘well separated,’’ the trized FPL operator. In these tests, we consider the evolu-
tion in time of the following quantities:Monte-Carlo approximation of (4.17) is given by

• Discrete kinetic entropy,
Hr,r9

k 5
def

8n2k(Dv)6 O
(i,f(i))[Cr

k3Cr9
k

H(vi , vf(i)). (4.18)

Hd(t) 5 O
i[Z3

fi(t) log fi(t) Dv3. (5.1)

This way of choosing random collision pairs (vi , vf(i)) was
first suggested by Babovsky in [20] as an improvement of • Discrete moment of order 4,
Nanbu’s scheme of the Boltzmann equation. In this work,
we can also find a similar (Monte Carlo) quadrature for-

M (4)
d (t) 5 O

i[Z3

(uiuDv)4fi(t)Dv3. (5.2)mula which is proved to be consistent with the correspond-
ing integral. This method can be applied to prove the con-
sistency with (4.18) of the integral:

• Discrete temperatures,

E
Cr

k3Cr9
k

H(v, w) dv dw.
Tx(t) 5 O

i[Z3

(i1Dv 2 u1
0)2fi(t)Dv3 (5.3)

However, the use of the multigrid methodology intro-
Ty(t) 5 O

i[Z3

(i2Dv 2 u2
0)2fi(t)Dv3 (5.4)duces additional consistency errors that have not been

analysed precisely. The method is probably more precise
in the Coulomb case, where the collision cross section Tz(t) 5 O

i[Z3

(i3Dv 2 u3
0)2fi(t)Dv3 (5.5)

decays as the relative velocity increases than for other
interactions forces with nondecreasing cross sections. Mor-
ever, rigorous proofs of those statements are beyond the T(t) 5

1
3

[Tx(t) 1 Ty(t) 1 Tz(t)], (5.6)
scope of this paper and will be the subject of future works.

Finally, we point out that the conservation properties
where i 5 (i1, i2, i3), u0 5 (u1

0 , u2
0 , u3

0) 5 (1/N ) e
R3 vf(v)and the decrease of the entropy are still satisfied. Indeed

dv, and N 5 e
R3 f(v) dv.the expression (4.10) of H(v, w) vanishes when we replace

c by 1, vi , or v2
i and becomes negative when we replace c • Quadratic error: if f exact is an exact solution in the

by ln f. On the other hand, a rigorous treatment of spurious Maxwellian case [6], and f is the approximate solution
collisional invariants is not clear and is not addressed here. by sublattices or multigrids schemes corresponding to the
It seems, however, that the multigrid method does not initial data f0(v) 5 f exact(0, v), then we define the quadratic
generate spurious collisional invariants (when we use the error as
uncentered or the symmetrized uncentered difference op-
erators), and the numerical tests confirm clearly this as-

EQ(t) 5 O
i[Z3

u fi(t) 2 f exact
i (t)u2(Dv)3. (5.7)sertion.

5. NUMERICAL RESULTS
The numerical tests are performed with: vmax 5 6, n 5

4, or 5 (i.e., N 5 163, or 323). The two methods (sublatticesWe present numerical tests of the above two methods
and multigrid) are tested on two different types of initial(sublattices and multigrids) on two cases: the Maxwellian
datas:case (c 5 0) and the Coulombian case (c 5 23). In all

these tests, we use a regular grid of size Dv in the velocity
Test 1. The Maxwellian case: the initial data is chosenspace which contains N 5 (2n)3 points and n takes the

in the class of known exact isotropic solutions [6]. Ourvalue n 5 4 (grid 16 3 16 3 16) or the value n 5 5 (grid
numerical results are compared with the simplest element32 3 32 3 32). The length of this grid is denoted by vmax
of this class of exact solutions,and the number of points of one edge is 2n. The discrete

velocity domain is then the set of points vi 5 (i1Dv, i2Dv,
i3Dv) with i 5 (i1, i2, i3) (0 # ik # 2n 2 1, k 5 1, 2, 3). We f exact(v, t) 5 MN,v0,T(v)(1 1 c2Q2[(v 2 v0)/vth] exp(28N t)),
also consider the center of the domain v0 5 (vmax/2, vmax/
2, vmax/2). If f is the distribution function, we set: fi 5 f(vi). (5.8)
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FIG. 1. Kinetic entropy for Maxwellian case.

where: f0(v) 5 As (MN,v01,T(v) 1 MN,v02,T(v)), (5.10)

where MN,u,T is given by (1.6), andQ2(v) 5
1

120
(v4 2 10v2 1 15) (5.9)

v01 5 (2., 3., 3.), v02 5 (4., 3., 3.).
is a Sonine polynomial. We recall that v0 5 (3., 3., 3.) is
the center of the domain and choose vth 5 0.6, N 5 5.

We finally choose vth 5 0.45, N 5 5.We note that, in this case, the temperatures in various
The evolutions in time of the entropy and of thedirections Tx , Ty , and Tz are equal because of the isotropy

temperatures are now compared with the results of exactof the solution and of the isotropy properties of the FPL
schemes 2.7 which have a quadratic complexity. Theoperator. The evolutions of the entropy and the order 4
curves of Figs. 2, 5 show that the multigrid algorithmmoment are compared with their exact evolution in time
is a little more accurate than the sublattices method.(Figs. 1 and 3). The evolution of the entropy induced by
The curves of Fig. 5 give the relaxations in time of thethe multigrid scheme is a little more accurate than the one
temperatures in various directions of velocity coordinatesinduced by the sublattice algorithm. To reach the same
to their final values and confirm the accuracy of theseaccuracy, it is necessary to decrease the sublattice size, and
algorithms. These temperatures are constant if we choosethen to increase the computational cost. On the other hand,
an isotropic initial distribution (as in Test 1 for theoscillations arise in the time evolution of the moment of
Maxwellian case). In the result given by Fig. 4, however,order 4 for the multigrid scheme, while the evolution is
we again observe oscillations of the moment of order 4smooth for the sublattices algorithm. Notice, however, that
with the multigrid algorithm, while the sublattices methodthe relative variations of the moment of order 4 and, thus,
gives smoother results. As in Test 1, we note that theseof these oscillations, are small. The quadratic error be-
oscillations have small relative values.tween the distribution function obtained by the numerical

schemes and the exact solution of the FPL equation is The curves given in Fig. 7 illustrate the fact that two
plotted (Fig. 6) and shows the efficiency of the random- sublattice sizes are necessary to avoid non-Maxwellian
multigrid method in terms of accuracy. steady states as it is shown in Proposition 4.2. Indeed, a

simple use of only one sublattice size (a 5 5 for 32 3Test 2. The Coulombian case: the initial data is now
chosen to be bi-Maxwellian i.e., a sum of two Maxwel- 32 3 32 grid) leads to a final distribution function which

is far from the realistic equilibrium state. This is shownlian functions,
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FIG. 2. Kinetic entropy for Coulombian case.

FIG. 3. Moment of order 4 for Maxwellian case.

by plotting the relaxation of the value of the distribution These simulations were carried on a DEC AlphaServer
2100 4/275 OSF/1 monoprocessor, and the CPU times perfunction at the center of the grid (Fig. 7). A difference

between the two relaxations given by the use of one (a 5 iteration in time for the two algorithms are listed on the
following table (in units of seconds (s) or minutes (min)):5) or two (a 5 5, b 5 6) sublattice sizes is observed (Fig. 7).
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FIG. 4. Moment of order 4 for Coulombian case.

FIG. 5. Températures Tx, Ty, and T for Coulombian case.

16 3 16 3 16 32 3 32 3 32 6. CONCLUSIONS

Sublattice sizes 2,3 3,4 5,6 7,8
We have implemented two methods to decrease the com-Sublattices 3 s 1.3 s 30 s 14 s

putational time required for the evaluation of the discreteMultigrids 0.4 s 8 s
Quadratic schemes 53 s 60 min FPL operator 2.7. The first one is a sublattices method,
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FIG. 6. Quadratic error for Maxwellian case.

FIG. 7. Coulombian case: Relaxations and Equilibrium states using one and two sublattice sizes. The numerical equilibrium state obtained by
using two sublattices sizes coincides with the realistic (the Maxwellian) final distribution.
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Abstract

In this paper, we propose two regularization approaches for the Boltzmann
collision operator. The constructed operators preserve the mass, momentum
and energy; their equilibrium states are Maxwellians and they satisfy the H
theorem. In the first approach, the regularization consists in allowing mi-
croscopic collisions which do not exactly preserve energy and momentum.
However, the limit of the mollified operator when the cut-off parameter tends
to 0 is not the usual Boltzmann operator unless a certain condition on the
distribution function is satisfied. In the second approach, the regularization
relies on a smoothing of the masses of the particles and leads to a regularized
operator which formally tends to the Boltzmann operator for any arbitrary
distribution function, when the cut-off parameter tends to zero.
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1 Introduction

In the recent past, various new numerical methods for solving the Boltzmann equa-
tion have been investigated, in particular, those based on discrete velocity models
(DVMs) (see [11], [5], [22] and [19]). In such methods, the velocities lie on a fixed
lattice L of IR3. The consistency of these DVMs are closely related to the repartition
of integer roots of the equation x2 + y2 + z2 = n. So far, partial consistency results
have been obtained via number theory (for example [2], [5]). From the numerical
and practical point of view, the main difficulty with DVMs is the small number of
pairs of discrete post collisional velocities for a given pair of pre-collisional veloci-
ties. Indeed, the number of intersection points between the collision sphere and the
lattice L of discrete velocities may be very small [12]. In such circumstances, the
grid needs to be refined and the cost becomes prohibitive. To waive this difficulty,
a smoothing of the collision sphere is necessary. This is the first motivation of the
present work.

The second motivation is to propose a basis for the approximation of the Boltz-
mann collision operator by means of the particle methods [8, 17, 21]. Monte Carlo
methods allow to treat both the transport and collision operators in a fairly natural
and easy way[1]. However, the Monte Carlo treatment of the collision integral gen-
erates a fairly high level of noise. It would therefore be desirable to design a particle
method which would allow a flexible treatment of the transport term, together with
a deterministic treatment of the collision integral in order to decrease the noise level.
This goal has been achieved in linear transport theory [8, 17, 21] but has for long
time been stopped by the inability of finding a regularization of the microscopic
collision process which still yields a macroscopically conservative Boltzmann opera-
tor. For short, the treatment of collisions by a deterministic particle method would
essentially reduce to find a 4-velocity model for velocities which are not exactly co-
spheric (in the center of the mass frame), but such that, after integration over all the
possible 4-velocity configurations, the collision operator would still be conservative
(in mass, momentum and energy). This rather imprecise statement will be made
clearer later on. The goal of the present paper is precisely to investigate whether it
is possible to perform such regularization.

In this paper, two possible strategies to address these problems are presented.
The first strategy consists in mollifying the collision sphere and in considering the
collisional velocities on a spherical shell rather than on a sphere. Therefore, momen-
tum and energy are not preserved at the level of the microscopic collision. However,
they may be conserved at the macroscopic level if the scattering cross section of these
unphysical collisions is carefully chosen. Indeed, in section 2 we shall construct a
mollified Boltzmann operator such that:

• conservations of mass, momentum and energy holds;

• the steady state solutions are Maxwellians;

• the H-theorem holds.

These three properties are required for having a correct convergence of the distribu-
tion function towards the Maxwellian distribution at large times, which is of primary
importance. We prove the following results:
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• The construction of a mollified operator for which either energy or both mo-
mentum and energy conservations are relaxed at a microscopic level but such
that they are satisfied at the macroscopic level is always possible (see sections
2.1, 2.2 and 2.4). In section 2.3 , we show that the associated cross sections
can be chosen in a simple form i. e. as a piecewise constant function.

• This collision operator may be chosen in such a way that, when the regular-
ization parameter tends to 0, it converges to the usual Boltzmann operator
with a modified scattering cross section. We prove that the limit cross sec-
tions coincide with the usual one if and only if the moments of the distribution
function satisfy some constraint (see section 2.5).

A distinctive feature of this mollified collision operator is that its associated scatter-
ing cross section depends on the distribution function itself. This heavily complicates
the structure of the collision operator and therefore, its implementation.

The second strategy is based on a modification of the masses of the particles
during the collision and will be developped in section 3. Once again, the micro-
scopic collision is modified but the operator is constructed in such a way that it
preserves the above three properties at the microscopic level. The main advantage
of this method is to be ”macroscopic” compared with the previous one in that the
associated scattering cross section essentially depends on the first three moments
of the distribution function instead of the microscopic details of it. Moreover, this
mollified operator tends, at least formally, when the cut-off parameter tends to 0,
to the usual Boltzmann operator.

We recall some classical features of the Boltzmann collision operator in the fol-
lowing paragraphs. We shall restrict ourselves to a monoatomic gas and consider
the Boltzmann collision operator of the form

Q[f ](v)=
∫
IR3×S2

+

σ

(
|v − v1|,

(v − v1, Ω)

|v − v1|

)
|v − v1| (f ′f ′1 − ff1) dΩ dv1 , (1.1)

where σ is the differential scattering cross section and f ′ = f(v′), f ′1 = f(v′1),
f = f(v), f1 = f(v1), v and v1 (resp. v′ and v′1) are the particle velocities before
(resp. after) the collision and are given by

v′ = v − (v − v1, Ω) Ω, v′1 = v1 + (v − v1, Ω) Ω . (1.2)

(x, y) denotes the dot product of the vectors x and y of IR3 and Ω is an arbitrary
angle Ω ∈ S2, where S2 is the unit sphere of IR3. These relations express the
conservation of momentum and energy during a collision (the conservation of the
number of particles is obviously satisfied)

v + v1 = v′ + v′1, (1.3)

|v|2 + |v1|2 = |v′|2 + |v′1|2. (1.4)

The standard properties of the Boltzmann operator can easily be presented on the
weak formulation of the Boltzmann operator. Let Ψ be a test function, we have:

P1 (Conservations):
∫

v∈IR3
Q[f ](v)Ψ(v)dv = 0, ∀f, (1.5)
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if and only if there exists a ∈ IR, b ∈ IR3 and c ∈ IR such that Ψ(v) = a+ b.v + c|v|2.

P2 (Maxwellians):
∫
IR3

Q[f ](v)Ψ(v)dv = 0, ∀Ψ, (1.6)

if and only if the distribution function is a Maxwellian

Mρ,u,T =
ρ

(2πT )3/2
exp

(
−|v − u|2

2T

)
. (1.7)

Finally, the entropy decay reads:

P3 (H-theorem):
∫
IR3

Q[f ](v) ln (f(v)) dv ≤ 0, ∀f. (1.8)

These properties hold true for sufficiently smooth and fast decaying distribution
functions.

2 Mollifying the collision sphere.

Note first that the Boltzmann operator (1.1) can be equivalently written in the form:

Q[f ](v)=
∫
(IR3)4

c (v, v1, v
′, v′1) (f ′f ′1 − ff1) dv′ dv′1 dv1 , (2.1)

where the integration is now taken upon the velocities dv′ dv′1 dv1 and

c (v, v1, v
′, v′1) = δ0(v + v1− v′− v′1)δ0(|v− v1|2−|v′− v′1|2)C

(
|v − v1|,

(v − v1, Ω)

|v − v1|

)
,

(2.2)

C

(
|v − v1|,

(v − v1, Ω)

|v − v1|

)
= σ

(
|v − v1|,

(v − v1, Ω)

|v − v1|

)
|v − v1||v′ − v′1|, (2.3)

where δ0 represents the delta measure located at x = 0. A straightforward calcula-

tion gives (from Ω =
(v′ − v′1)− (v − v1)

|(v′ − v′1)− (v − v1)|
):

| (v − v1, Ω)

|v − v1|
|= 1

2

| (v′ − v′1)− (v − v1) |
|v − v1|

. (2.4)

Note that the functions c and C are only defined for velocities v, v1, v′ and v′1
satisfying the conservation relations (1.3)-(1.4). The conservation of momentum and
energy are now taken care of by the delta measures in (2.2). Using this formulation,
which can be found for instance in Cercignani [7], a natural generalization of the
Boltzmann operator, consists in mollifying these measures in order to increase the
number of possible post-collisional velocities.

Let Ψ be a test function. We present the construction of the mollified Boltzmann
operator on the following standard symmetrized weak formulation of (2.1):

(Q[f ], Ψ) =
∫
IR3

Q[f ](v)Ψ(v)dv, (2.5)

= −1
4

∫
(IR3)4

c (v, v1, v
′, v′1) (Ψ′ + Ψ′

1 −Ψ−Ψ1) (f ′f ′1 − ff1) dv dv′ dv′1 dv1,
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where Ψ′, Ψ′
1, Ψ and Ψ1 again denote Ψ(v′), Ψ(v′1), Ψ(v) and Ψ(v1), respectively.

Our regularization procedure consists in smoothing the delta measures δ in the
definition (2.2) of the cross section c into a positive function δε depending on a
smoothing parameter ε. One goal is to achieve that

δε

(
v + v1

2
,
v − v1

2
,
v′ + v′1

2
,
v′ − v′1

2

)
ε→0−→ δ0(v + v1− v′− v′1)δ0(|v− v1|2− |v′− v′1|2).

(2.6)
while δε being designed such that the conservation properties are not lost. We shall
see that we cannot always achieve this aim. We drop the dependence upon ε for the
moment i. e. δε = δ.

The mollified Boltzmann operator Q̃ is written in the following symmetrized
weak form:(

Q̃[f ], Ψ
)

=
−1

4

∫
(IR3)4

C̃

(
v − v1

2
,
v′ − v′1

2

)
(Ψ′ + Ψ′

1 −Ψ−Ψ1) (2.7)(
f ′f ′1δ

(
v + v1

2
,
v − v1

2
,
v′ + v′1

2
,
v′ − v′1

2

)

−ff1δ

(
v′ + v′1

2
,
v′ − v′1

2
,
v + v1

2
,
v − v1

2

))
dv dv′ dv′1 dv1 ,

where C̃ is defined (from (2.4) and (2.3)) as

C̃ (z, z′) = C

(
|z|, |z − z′|

2|z|

)
, (2.8)

where |z| stands for some averaged value of |z| and |z′|, like, for example

|z| =
√
|z||z′| or |z| = (|z|+ |z′|)

2
.

The only required properties for |z| is to coincide with |z| for z = z′, to be smooth
and symmetric (when exchanging z and z′) in order to ensure the consistency of the
construction. In this section, we first obtain necessary conditions on the function δ
such that properties (P1), (P2) and (P3) are satisfied by Q̃ (subsection 2.1). Then,
in subsection 2.2 we prove the existence of the mollified operators. When both energy
and momentum conservations are smoothed we prove that the regularized operator
can be chosen in a simple form (using a piecewise constant correction function S)
under some conditions on the distribution function f . In subsection 2.4, we show
an explicit construction of the mollified operator whithout any conditions on the
distribution function, when only the energy conservation relation is smoothed, and
in subsection 2.5 we study its convergence to the Boltzmann operator when the
smoothing parameter tends to 0.

2.1 Construction of the regularization functions.

2.1.1 Change of variables.

We use the change of variables from the velocities v, v1 (resp. v′ and v′1 ) to the
velocities of the center of mass frame (denoted by w, resp. w′) and relative velocity
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z (resp. z′). More precisely, we set:
w =

v + v1

2
, z =

v − v1

2
,

w′ =
v′ + v′1

2
, z′ =

v′ − v′1
2

.

(2.9)

We recall that conservations of momentum and energy at the binary collision level
are written in these variables: w = w′ and |z|2 = |z′|2. The Jacobian of this

transformation is (
1

2
)3. Thus, the Boltzmann operator Q̃ can be written in a weak

formulation:(
Q̃[f ], Ψ

)
= −2

∫
(IR3)4

C̃ (z, z′) (Ψ′ + Ψ′
1 −Ψ−Ψ1) (f ′f ′1δ(w, z, w′, z′)

−ff1δ(w
′, z′, w, z)) dz dz′ dw′ dw, (2.10)

where the functions (f or Ψ) are evaluated at the points v, v1, v′, v′1 depending on
w, w′, z and z′ as defined in (2.9).

2.1.2 Maxwellian steady states i. e. (P2).

The collision operator has to vanish for Maxwellian distribution functions. This
property (P2) cannot be achieved if δ is independent of the distribution function.
Actually, we require a bit more indeed, that the integrand in (2.10) identically
vanishes when the distribution function is a Maxwellian (as defined in (1.6)); this is
the usual distinction between the global and detailed balance properties. Here the
detailed balance property is written:

M(w′ + z′)M(w′ − z′)δ(w, z, w′, z′) = M(w + z)M(w − z)δ(w′, z′, w, z) (2.11)

for any Maxwellian distribution function defined by (1.7). Note that we have, for
any Maxwellian Mρ,u,T and any vectors w and z

Mρ,u,T (w + z)Mρ,u,T (w − z) = Mρ,u, T
2
(w)Mρ,0, T

2
(z). (2.12)

Therefore, (2.11) is achieved if and only if δ is such that

δ(w, z, w′, z′) = Mρ,u, T
2
(w)Mρ,0, T

2
(z)S(w, z, w′, z′), (2.13)

where S is a positive symmetric function of the pairs (w, z) and (w′, z′):

S(w, z, w′, z′) = S(w′, z′, w, z), ∀(w, z, w′, z′) ∈ (IR3)4. (2.14)

In the remainder, we shall restrict to functions S which satisfy

∃α | S(w, z, w′, z′) > 0, |w − w′| ≤ α, |z − z′| ≤ α.

Let us now define the Maxwellian distribution function M f which has the same first
three moments as f i. e. , M f = Mρf ,uf ,Tf

such that

 ρf

ρfuf
1
2
ρf (u

2
f + 3Tf )

 =
∫
IR3

f(v)


1
v
|v|2

2

 dv (2.15)
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2.1.3 Conservations laws i. e. (P1).

Then, we consider conservations of momentum and energy, since conservation of
mass is obvious (i. e. (Q̃, Ψ) = 0 for Ψ(v) = 1 ). The conservation of momentum is
written:

(Q̃[f ], v) = 0 ⇔
∫
(IR3)4

C̃(z, z′) (w − w′)
(
f ′1f

′M fM f
1−

−ff1(M
f )′(M f

1 )′
)
S(w, z, w′, z′) dz dz′ dw′ dw,

and the conservation of energy:

(Q̃[f ], |v|2) = 0 ⇔
∫
(IR3)4

C̃(z, z′)
(
|w|2 − |w′|2 + |z|2 − |z′|2

) (
f ′1f

′M fM f
1−

−f1f(M f )′(M f
1 )′
)
S(w, z, w′, z′) dz dz′ dw′ dw.

Let us denote X = (w, z) ∈ (IR3)2 (and X ′ = (w′, z′)). The conservation relations
can then be written:∫

IR12
S̃(X, X ′)

(
(w − w′)
|X|2 − |X ′|2

)
(F (X ′)H(X)− F (X)H(X ′)) dXdX ′ = 0, (2.16)

with

F (X) = f(w + z)f(w − z), (2.17)

H(X) = M f (w + z)M f (w − z),

S̃(X, X ′) = C̃(z, z′)S(w, z, w′, z′),

|X|2 = |w|2 + |z|2.

Note that S̃ is a nonnegative symmetric function of its argument which is positive
in a strip:

S̃(X, X ′) ≥ 0, S̃(X, X ′) = S̃(X ′, X), ∀(X, X ′) ∈ (IR6)2, (2.18)

S̃(X, X ′) > 0, ∀X, X ′ |X −X ′| < α. (2.19)

Therefore, S̃ 6= 0 on a non negligible set (with respect to the Lebesgue measure
dXdX ′). It is easy to check that the functions F and H satisfy (from relations
(2.15) and with d = 6):

∫
IRd

 1
Xi

|X|2

F (X) dX =
∫
IRd

 1
Xi

|X|2

H(X) dX, ∀i = 1 · · · 3. (2.20)

Note that the conservation relations (2.16) are symmetric with respect to the ex-
change of X and X ′. This will be used to reduce the integration domains.
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2.2 Existence of S̃ in the general case.

We now construct the function S̃ from IR12 to IR+ such that conservation of mo-
mentum and energy holds. These conservation laws can be written in the form∫

(IR3)4
Gi(X, Y )S̃(X, Y )dXdY = 0, i = 0 . . . 3. (2.21)

where the functions Gi are defined by

G0(X, Y ) = (F (X)H(Y )− F (Y )H(X)) (|X|2 − |Y |2), (2.22)

Gi(X, Y ) = (F (X)H(Y )− F (Y )H(X)) (Xi − Yi), i ∈ [1..3] (2.23)

The existence of such a function S̃ (or equivalently S since C̃ has been already cho-
sen) in the cone of positive functions requires the following necessary and sufficient
condition

Proposition 2.1

There exists a positive and non vanishing function S̃ satisfying (2.21) if and
only if there exists no positive linear combination of the functions Gi.

Proof : The proof of the direct implication is obvious, by contradiction. We
shall now prove that if the intersection of the space V generated by the functions
(Gi)i=1...4 and the cone C of positive functions reduces to the null function, then
there exists a positive function S̃ satisfying (2.21) i. e. orthogonal to the functions
(Gi)i=1...4.

The sets C and V are considered as subsets of the Banach space H = L2 and they
are non empty, convex and disjoint. Moreover, C is closed and it generates H in the
sense that C + (−C) = H and C ∩ (−C) = {0}. If Hahn Banach theorem applies,
these sets can be separated by an hyperplane i. e. there exists a non vanishing
function S̃ ∈ H such that

< S̃, C >⊂ IR+, < S̃, V >= 0, (2.24)

which gives the result. The difficulty relies on the fact that none of these sets
are open. However, we still obtain the result. Let us consider f0 6= 0 in C and
define C0 = {f ≥ f0}. We show that the distance between V and C0 is such that
dist(V, C0) = 2r > 0: by contradiction, if ∃(fn) ∈ C and (xn) in V such that

|fn + f0 − xn| → 0

Then, if xn is bounded, it converges toward x0 ∈ V (since V is closed) up to the
extraction of a subsequence and fn+f0 → x0. Therefore fn converges to (x0−f0) ∈ C
(since C is closed) and hence, x0 = 0. This implies that f0 ∈ (−C) and contradicts

f0 6= 0. When xn is not bounded, one can consider the sequence
xn

|xn|
and obtain

again a contradiction.
Let us now define the following mollification of V :

Vr
def
= {x ∈ H | ∃y ∈ V, x ∈ B(y, r)}.
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Vr is now an open convex set which is disjoint from C0, since r = dist(V, C0)/2.
We can now apply the Hahn Banach theorem which gives the existence of a non
vanishing function S̃ ∈ H and of a real number α such that

< S̃, x > ≥ α, ∀x ∈ C0, < S̃, x > ≤ α, ∀x ∈ Vr,

The second condition implies that < S̃, x >≤ α, ∀x ∈ V and therefore (since V is
a vector space) < S̃, Gi >= 0, ∀i ∈ [1 · · · 4] and α = 0. The first condition reads
< S̃, th + f0 >≥ 0 forall h ∈ C and forall t ≥ 0. When t →∞, we obtain

< S̃, h >≥ 0, ∀h ∈ C.

This implies that S̃ ∈ C and ends the proof.

Remark 2.2 The same proof holds when the functions Gi are in Lp(IRn) for p < ∞
and insures the existence of a function f ∈ Lp′

. Since the functions Gi of interest
are naturally in L1 , we have the existence of S̃ ∈ L∞ (provided V ∩ C = {0} using
the above notations).

Remark 2.3 It can be proved that the function S can be chosen as an analytical
function and everywhere strictly positive ([18]).

Remark 2.4 Note that the construction of positive functions orthogonal to some
subspaces of C2[0, T ] is described in ([14]).

We now prove that the non existence of a positive combination of the Gi’s is satisfied
provided the distribution function f is not almost everywhere equal to a Maxwellian.

Lemma 2.5
Suppose that there exists (λi)i=0,...,3 such that the function defined by

G =
3∑

i=0

λiGi

is positive on a non negligible set. Then, we have

F = H, a.e.

Proof : We prove this by contradiction: we suppose that F 6= H on a non
negligible set and we assume the existence of (λi)i=0,...,3 such that G(X, Y ) ≥ 0 a.
e. (X, Y ) ∈ IR2d and such that G > 0 on a non negligible set of IR2d.

By the definition of the function Gi we have:

G(X,Y ) = (F (X)H(Y )−H(X)F (Y )) (P (X)− P (Y ))

with P (X) = α0|X|2 +
3∑

i=1

αiXi. By integrating over Y , we obtain

∫
IRd

(F (X)H(Y )−H(X)F (Y )) (P (X)− P (Y )) dY > 0, a.e. X ∈ IRd. (2.25)
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With the use of (2.20), we shall assume, without any loss of generality, that

∫
IR6

(
1
P (X)

)
F (X) dX =

∫
IR6

(
1
P (X)

)
H(X) dX =

(
1
α

)
. (2.26)

Then, (2.25) yields
(P (X)− α) (F (X)−H(X)) > 0. (2.27)

This gives∫
P (X)>α

P (X)(F (X)−H(X))dX ≥ α
∫

P (X)>α
(F (X)−H(X))dX,

= −α
∫

P (X)<α
(F (X)−H(X))dX,

= α
∫

P (X)<α
(H(X)− F (X))dX,

≥
∫

P (X)<α
(H(X)− F (X))P (X)dX,

and one of these inequalities at least is strict by the fact that G > 0 on a non
negligible set of IR2d. This is in contradiction with∫

(H(X)− F (X))P (X)dX = 0,

and ends the proof.

With Lemma 2.5 we prove the existence of a regularized operator Q̃ which sat-
isfies properties (P1)-(P3):

Theorem 2.6
There exists a positive function S such that the collision operator Q̃ based on
the above constuction satisfies properties (P1), (P2) and (P3).

Proof : Either f = M f a.e and then Q̃ = 0 or f 6= M f on a non negligible set,
then F 6= H on a non negligible set and there exits a function S̃ from Proposition
2.1. The verification of the remaining property (P3) follows from the positivity of
S̃. Details are left to the reader.

2.3 Existence of a piecewise constant function S.

In this section, we make an hypothesis which is a little bit restrictive but which has
two main advantages: first, this assumption is easy to check numerically; second, it
allows us to prove that the function S can be chosen in a very simple form, namely
as a piecewise constant function. This choice is particularly convenient from the
computational point of view.

First let us define the sets Ω±
i , i = 0, . . . 3, according to the following lemma:

we denote meas(A) the measure of a set A with respect to dXdY . We have the
lemmas:
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Lemma 2.7
Assume F (X) 6= H(X) on a non negligible set of IRd and define:

Ω±
0 =

{
(X, Y ) ∈ IR2d s.t. ±G0(X, Y ) > 0

}
, (2.28)

Ω±
i =

{
(X, Y ) ∈ IR2d s.t. ±Gi(X, Y ) > 0

}
. (2.29)

Then, we have meas
(
Ω±

i

)
> 0, for all i = 0 . . . 3.

The proof of lemma 2.7 follows exactly the same lines as that of lemma 2.5 and is
therefore omited. Next, we have:

Lemma 2.8
∀i = 0 . . . 3, at least one of the sets Ω+

i or Ω−
i defined by (2.28)-(2.29) with F

and H given by (2.17) is negligible (and then, both Ω+
i and Ω−

i are negligible)
or equivalently F = H a. e. if and only if f = M f , for a. e. v ∈ IR3.

Proof : Assume one of the sets Ω± or Ω±
i is negligible. From Lemma 2.7, we have

that F is equal to H, a. e. . This can be written in the form:

f(w + z)f(w − z) = M f (w + z)M f (w − z), a.e.(w, z) ∈ IR6,

which implies ∫
IR3

f(v1)f(v)dv1 =
∫
IR3

M f (v1)M
f (v)dv1, a.e. v ∈ IR3,

and yields
f(v) = M f (v), a.e. v ∈ IR3.

Now, we assume the following: any intersections of the 8 sets Ω±
i are non negligible

i. e.
meas

(
∩3

j=0Ω
αj

j

)
> 0, ∀(αj)j=0,···,3 ∈ ({±1}4). (2.30)

We prove that this condition allows to construct the function S such that (2.21)
holds, as a product of characteristic functions. More precisely, we set

S(X, X ′) =
4∏

i=0

χ±i (X, X ′) (2.31)

where the functions χ±i are defined for i = 0 · · · 3 by

χ±i (X, X ′) =

{
a+

i , ∀(X, X ′) ∈ Ω+
i ,

a−i , elsewhere
(2.32)

with 8 positive real numbers a±i to be determined. Note that Ω−
i ⊂ (Ω+

i )c, ∀i, by
construction. We define the following 64 constants, which depend on the distribution
function f and of the choice of C̃:

Iα
i =

∫
Ω

α0
0 ∩Ω

α1
1 ∩Ω

α2
2 ∩Ω

α3
3

C̃(z, z′) (F (X ′)H(X)− F (X)H(X ′)) (Xi −X ′
i)dXdX ′,

(2.33)
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∀i ∈ [0 · · · 3] and ∀α = (αi)i=0···3 ∈ {+1,−1}4 and we use the convention X0 = |X|2,
for the sake of simplicity. Using (2.30), we have the following sign properties:

αiI
α
i > 0. (2.34)

where α = (αi)i=1···4 ∈ ({+1,−1})4. With these notations and for function S of the
form (2.31), the conservation of momentum (for i = 1, 2, 3) and energy (for i = 0)
can be written as the following system of equations in the variables a±i with n = 4:

∑
(α)∈({+1,−1})n

Iα
i

n−1∏
k=0

aαk
k = 0, i = 0 · · ·n− 1. (2.35)

We shall now prove that systems of n equations of this type for 2n unknows a±i
have a non trivial positive solution (with the n supplementary following constraints
a−i = 1)

Proposition 2.9

Let n ∈ IN and (Iα
i )i=0···n−1, α∈({+1,−1})n ∈ (IR)n2n

such that (2.34) holds, be
given. The system (2.35) has a non vanishing solution (a±i )i=0···n−1 ∈ (IR+∗)2n,
not necessarily unique.

Proof : Let us fix a−i = 1 and construct sequences ((ai)
n)n∈IN which tend to a+

i

when n →∞ as follow:
Initialize the sequences ((ai)

n)n∈IN (for i = 1, · · · , n) by 1 i. e. a+
i = (a0

i )
0 = 1.

Assume am
i are known (in (IR+)n), we compute am+1

i using the ith equation in (2.35)
where the a+

j for j 6= i are equal to am
j and a−j = 1 for all j = 0 . . . n− 1. We have

am+1
i = −

∑
(α)|αi=−1

Iα
i

n−1∏
k=0

aαk
k

∑
(α)|αi=+1

Iα
i

n−1∏
k=0,k 6=i

aαk
k

. (2.36)

Note that by construction we have, for all m ∈ IN am+1
i > 0 (since αiI

α
i > 0 for

any α and the numerator contains
∏n−1

k=0 a−k = 1). We skip the term a−i = 1 in the
numerator product. Then, for any of the 2n−1 terms (associated with a particular α0)
in the numerator sum, we have its equivalent (i. e. α with the same αj = α0

j , j 6= i)
in the denominator, therefore:

Iα0

i

n−1∏
k=0,k 6=i

aαk
k

∑
(α)|αi=+1

Iα
i

n−1∏
k=0,k 6=i

aαk
k

≤
max(α), i=0···n−1 |Iα

i |
min(α), i=0···n−1 |Iα

i |
def
= R. (2.37)

Then, by adding these 2n−1 inequalities, we get an a priori upper bound for am+1
i

defined by (2.36):
am+1

i < 2n−1R. (2.38)
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Since the sum in the numerator includes a term
∏n−1

k=0 a−k equal to unity, we have
also a lower bound:

am+1
i >

R−1

(2n−1R)n−1
. (2.39)

Hence, the above constructed sequence lies in a compact set of IRn and, thus, up
to an extraction, has a limit point which gives a solution for system (2.35) which is
non trivial and positive thanks to (2.39). This ends the proof.

The convergence of the whole sequence requires the uniqueness of the possible
limit, which actually seems to hold, from the numerical point of view. This result
may be obtained using algebra technics since (2.35) is a system of polynomial equa-
tions of degree n for the variables a+

i and of degree 1 with respect to each of a+
i

separately. This remains to be proved.
We apply proposition 2.9 with Iα

i given by (2.33) and n = 4. Then, we can also
satisfy a normalization constraint of the form

∑
(α)∈({+1,−1})4

(∫
∩3

i=0Ω
αi
i

C̃(X, X ′)F (X)H(X ′)dXdX ′
)

3∏
k=0

aαk
k = Ncoll > 0, (2.40)

where the right hand side is the given number of collisions for the exact Boltzmann
operator defined by:

Ncoll
def
=
∫
(IR3)3

C̃(z, z) (f(w + z)f(w − z)) dzdw =
∫
IR3×IR3×S2

Cff1dvdv1dΩ > 0,

(2.41)
Therefore, it suffices to consider an arbitrary solution given by proposition 2.9 and
to multiply the pair (a+

1 , a−1 ) by a constant in order to satisfy the normalization
requirement (2.40).

Note that the coefficients Iα
i are defined from the distribution function as inte-

grals over Ω±
j (also defined from the distribution function). Thus, the assumption

(2.30) on the intersections of Ω±
i naturally depends on the details of the distribution

function and has to be checked. Efficient algorithms to achieve this computation
practically still need to be designed.

2.4 Description of the energy mollified operator

In this section, we prove that a generalized Boltzmann operator can be constructed
in the particular case in which only the microscopic energy conservation is relaxed.
More precisely, it consists in assuming that δ(w, z, w′, z′) in (2.10) is of the form

δ(w, z, w′, z′) = δz(|z|2, |z′|2)δ0(w − w′), (2.42)

where δ0 is the delta function. Then, the conservation of momentum is automatically
verified. The detailed balanced property (2.11) can be simplified using (w = w′) and
leads to

exp

(
−|z|2

Tf

)
δz(z, z

′) = exp

(
−|z′|2

Tf

)
δz(z

′, z) (2.43)
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where Tf is the temperature of f defined by (2.15). This condition (2.43) reads

δz(z, z
′) = exp

(
|z|2 − |z′|2

2Tf

)
S(z, z′), (2.44)

with S(z, z′) symmetric and positive. The conservation of energy can be written in
the following form:∫

(IR3)3
C̃(z, z′)

(
|z′|2 − |z|2

) (
f(w + z)f(w − z) exp

(
|z|2 − |z′|2

2Tf

)
− (2.45)

−f(w + z′)f(w − z′) exp

(
|z′|2 − |z|2

2Tf

))
S(z, z′)dzdz′dw = 0,

and, after integration with respect to the variable w,∫
(IR3)2

C̃(z, z′)
(
|z|2 − |z′|2

)(
αf (z) exp

(
−|z′|2

Tf

)
− αf (z

′) exp

(
−|z|2

Tf

))

exp(
(|z′|2 + |z|2)

2Tf

)S(z, z′)dzdz′ = 0. (2.46)

with
αf (z) =

∫
IR3

f(w + z)f(w − z)dw (2.47)

A corollary of lemma 2.7 proves that the function inside the integral in (2.46)

G(z, z′) =
(
|z|2 − |z′|2

)(
αf (z) exp

(
|z|2 − |z′|2

2Tf

)
− αf (z

′) exp

(
|z′|2 − |z|2

2Tf

))
,

is strictly positive (resp. negative) on a non negligible set denoted by Ω+(resp Ω−) if
and only if f is not almost everywhere equal to the Maxwellian M f . Then, a positive
function S such that the energy conservation holds can be found. It can be chosen
constant on the set Ω± in the spirit of the section 2.3 without any supplementary
hypothesis on the distribution function in this case. Then we have

Theorem 2.10
There exists a positive function S such that the operator Q̃ of the form (2.7)
with C̃ given by (2.8), δ given by (2.42) and δz by (2.44) verifies properties
(P1)-(P2)-(P3).

2.5 Convergence when ε → 0.

In this section, we intend to see if we can make the regularization depend on a
(small) smoothing parameter ε such that (2.6) holds when ε → 0. We restrict to
the energy regularization investigated in the previous section. We now consider
scattering cross sections of the form

Sε(z, z
′) = Sε(|z|2, |z′|2) = ξε(|z|2 − |z′|2).χε(|z|2, |z′|2), (2.48)

with ξ an even and positive function such that ξε(t) =
1

ε
ξ(

t

ε
) and

∫
ξ(t)dt = 1. We

shall now prove the
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Proposition 2.11

A necessary condition for the energy operator Q̃ε with Sε given by (2.48) to be
such that

lim
ε→0

Q̃ε = Q(f, f), in D

(for smooth distribution function f) is that∫ ∞

0
s c(

s

2
,
s

2
) µf (s)ds = 0 (2.49)

where µf (s) a particular moment of f defined below. In the case where c̃ is a
constant, (Variable Hard Sphere models), condition (2.49) is writtten:∫

w,z
C(|z|) (|z| − Tf

|z|
)f(w + z)f(w − z)dwdz = 0 (2.50)

Proof : The conservation of energy can be written (after angular integration
of the variables z and z′)

0 =
∫ ∞

0

∫ ∞

0
c̄(|z|2, |z′|2)

(
|z|2 − |z′|2

) (
ᾱf (|z|2) exp(

|z′|2 − |z|2

2Tf

) −

ᾱf (|z′|2) exp(
|z|2 − |z′|2

2Tf

)

)
Sε(|z′|2, |z|2) |z|2 d|z ||z′|2 d|z′|, (2.51)

where we assume that the scattering cross section verifies the simplifying assumption:

C̃(|z|β, |z′|β′) = c̄(|z|2, |z′|2).c̃(β, β′), (2.52)

with z = |z|β, β ∈ S2, z′ = |z′|β′, β′ ∈ S2 are the expressions of z and z′ in spherical
coordinates and where ᾱf is defined by

ᾱf (|z|2) =
∫

β∈S2

∫
β′∈S2

∫
w∈IR3

c̃(β, β′)f(w + |z|β)f(w − |z|β) dβ dβ′ dw. (2.53)

We use the following change of variable u = |z|2, u′ = |z′|2 in (2.51):

0 =
∫ ∞

0

∫ ∞

0
c̄(u, u′) (u− u′)

(
ᾱf (u) exp(

u′ − u

2Tf

)− ᾱf (u
′) exp(

u− u′

2Tf

)

)
(2.54)

ξε(u− u′)χε(u, u′)
√

udu
√

u′du′.

We set s = u + u′ and t = u′ − u and define

Ḡ0(s, t) =
√

s2 − t2 t c̄(
s− t

2
,
s + t

2
)

(
ᾱf (

s− t

2
) exp(

t

2Tf

)− ᾱf (
s + t

2
) exp(

−t

2Tf

)

)
,

(2.55)

for all (s, t) ∈ {s > 0, |t| ≤ s} def
= ∆. The energy conservation now reads∫

∆
Ḡ0(s, t)ξε(t)χε(

s− t

2
,
s + t

2
)dsdt = 0. (2.56)
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When ε → 0, the function ξε tends to a delta measure, and, by a classical result
about smoothing kernels, the above constructed collision operator converges to the
usual Boltzmann one, at least formally, provided first that

c̄(
s

2
,
s

2
) = c(s) (2.57)

where c(s) is the physical scattering cross section defined at (2.2) and second, that

lim
t→0

χε(
s− t

2
,
s + t

2
) = 1, ∀s > 0, (2.58)

uniformly for ε > 0. We now investigate under what condition it is possible to find a
family of functions χε satisfying (2.58) which guarantee that the energy conservation
(2.56) is satisfied. Let us suppose that (2.56) holds. Then, when t → 0, we have,
assuming enough regularity on the distribution function,

lim
t→0

Ḡ0(s, t) =
1

2
s t2 c̄(

s

2
,
s

2
)µf (s) (2.59)

with

µf (s) = ᾱf
′(

s

2
) +

ᾱf (
s

2
)

Tf

(2.60)

Therefore, at the leading order when ε → 0, (2.56) leads to∫ ∞

0
s c̄(

s

2
,
s

2
) µf (s)

∫ s

−s
ξε(t)χε(

s− t

2
,
s + t

2
)t2dtds = 0. (2.61)

But, by (2.58), we can write

χε(
s− t

2
,
s + t

2
) = 1 + ηε(s, t), (2.62)

with for all s,
lim
t→0

ηε(s, t) = 0, (2.63)

uniformly when ε → 0. Inserting (2.62) in (2.61), we get∫ ∞

0
s c̄(

s

2
,
s

2
) µf (s)

(∫ s

−s
t2ξε(t)dt

)(
1 +

∫ s

−s
ηε(s, t)dνε(t)

)
ds = 0, (2.64)

with

dνε,s(t) =
t2ξε(t)dt∫ s

−s
t2ξε(t)dt

. (2.65)

It is easy to see that

dνε,s(t) → δ(t), as ε → 0, ∀s > 0, (2.66)

vaguely. Therefore, with (2.63), we have∫ s

−s
ηε(s, t)dνε,s(t) → 0, as ε → 0. (2.67)
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∀s > 0, which by means of the Lebesgue theorem, implies:∫ ∞

0
s c̄(

s

2
,
s

2
) µf (s) ds = 0. (2.68)

It is easily seen that, by the same argument as in lemma 2.7, µf (s) is not of con-
stant sign. Therefore, a function c̄ such that (2.68) is satisfied can always be found.
However, here, we require (2.57) i. e. c = c̄ where c is the physical scattering cross
section defined by (2.2). Therefore, (2.68) is no more a constraint on c̄, but rather
a constraint on f . And, obviously, this contraint is in general not satisfied.

Remark 2.12 Note that µf = 0 if and only if f = M f (at least when C̃ is con-
stant which is the case with Variable Hard Sphere (VHS) models). The constructed
collision operator for the energy relaxation case is thus a good approximation of the
Boltzmann operator for distribution functions close to equilibrium.

3 Mollifying the masses during the collision.

The second regularization approach is based on the introduction of artificial masses
belonging to a certain interval around the physical mass. The scattering cross section
for collisions of particle with unphysical masses is designed to provide the properties
(P1)− (P3). The main advantage of this method is that this generalized scattering
cross section only depends on the first 3 moments of the distribution function (the
number density, the mean velocity and the temperature). This is very interesting
from the pratical point of view since, for example in the homogeneous case, these
corrections are computed once for all at the beginning. The principle of the mass
regularization, is to act as if the particles do not have the same masses before and
after the collision. For a similar approach devoted to multispecies flows, the reader
can also refer to [6].

3.1 Description of the collision process.

In this section, we describe the collision process. Let ~v and ~v1 be two incident
velocities (in IR3) corresponding to two particles of masses m and m1. We consider

post collisional velocities ~v′ and ~v′1 associated with particles of masses m′ and m′
1

such that conservation of momentum and energy hold for this particular collision
(see (1.3) and (1.4), for comparison):

m~v + m1 ~v1 = m′~v′ + m′
1
~v′1, (3.1)

m|~v|2 + m1|~v1|2 = m′|~v′|2 + m′
1|~v′1|2. (3.2)

The case m = m′ and m1 = m′
1 may be physically interpreted as a collision between

particles of different species (and different masses: A + B → A′ + B′), whereas the
general case could be interpreted as a collision with chemical reactions (A + B →
C + D), with a conservation of the total mass. However, in this paper, we shall
distinguish the physical masses of the particles (which are the same) and the artificial
masses (which serve us to generalize the collision operator). Although there is no
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physical justification, this procedure allows to build a collision operator satisfying
the properties (P1)− (P3) defined in section 1. We denote:

x =
m

m + m1

, 1− x =
m1

m + m1

, (3.3)

y =
m′

m′ + m′
1

, 1− y =
m′

1

m′ + m′
1

, (3.4)

with (x, y) ∈]0, 1[2. The conservation relations (3.1) and (3.2) can be written:

x~v + (1− x)~v1 = y~v′ + (1− y)~v′1, (3.5)

x|~v|2 + (1− x)|~v1|2 = y|~v′|2 + (1− y)|~v′1|2. (3.6)

We search now to parametrize the velocities (~v′, ~v′1) for a fixed pair (~v, ~v1) and fixed
parameters x and y. We define the velocities of the pre- and post- colisional center
of mass frames:

~V (x) = x~v + (1− x)~v1, (3.7)

~V ′(y) = y~v′ + (1− y)~v′1. (3.8)

To ensure momentum conservation it is enough to take (remember that ~V ′(y) =
~V (x)):

~v′ = ~V (x) + (1− y)r~ω, (3.9)

~v′1 = ~V (x)− yr~ω, (3.10)

with ~ω ∈ S2 and r > 0, S2 being the unit sphere of IR3 and r to be determined
later on. We now impose the conservation of energy (3.6). We calculate the two

quantities |~v′|2 and |~v′1|2, with (3.9) and (3.10):

|~v′|2 = |~V (y)|2 + 2r(1− y)(~ω, ~V (y)) + (1− y)2r2, (3.11)

|~v′1|2 = |~V (y)|2 + 2ry(~ω, ~V (y)) + y2r2, (3.12)

with (., .) the scalar product of two vectors of IR3. We deduce that:

y|~v′|2 + (1− y)|~v′1|2 = |~V (y)|2 + y(1− y)r2. (3.13)

We shall compute the quantity r using the conservation of energy, in terms of ~v1,
~v3, x and y:

|~V (x)|2 + y(1− y)r2 = |~V (x)|2 + x(1− x)|~v − ~v1|2. (3.14)

This equation has a unique solution r > 0 given by

r
def
=

(
x(1− x)

y(1− y)

) 1
2

|~v − ~v1|. (3.15)
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3.2 Microreversibility and invariant measures.

We define the transformation T as follows (the exponent T denotes the transpose
of a vector):

Definition 3.1
To a given (~v, ~v1) ∈ (IR3)2, ~ω ∈ S2, (x, y) ∈]0, 1[2, the transformation T
associates (~v′, ~v′1) ∈ (IR3)2, ~ω′ ∈ S2, (x′, y′) ∈]0, 1[2 such that

T (~v, ~v1, x, y, ω)T def
= (~v′, ~v′1, y, x,

~v − ~v1

|~v − ~v1|
)T (3.16)

where (~v′, ~v′1) are defined by (3.9)-(3.10). This transformation describes the
collision process.

We also define the space of collisional parameters by

E =
{
(~v, ~v1, x, y, ~ω)T ∈ (IR3)2 × S2×]0, 1[2

}
. (3.17)

This transformation can be decomposed in the center of mass frame according to
T = Φ−1 ◦C ◦Φ with C the collision process in the center of mass frame and Φ being
defined by

Definition 3.2
∀(~v, ~v1, x, y, ~ω)T ∈ E , we define

Φ(~v, ~v1, x, y, ~ω)T def
= ( ~V (x) = x~v + (1− x)~v1, ~g = ~v − ~v1, x, y, ~ω)T . (3.18)

Its Jacobian determinant verifies:

det(∂T ) = det(∂Φ−1) ◦ det(∂C) ◦ det(∂Φ).

We calculate the Jacobian of the transformation Φ:

| det(∂Φ)| = 1.

The Jacobian of T can be written:

| det(∂T (V))| =

√√√√ |g|2
g2

y + g2
z

sin(θ). (3.19)

with ~g = (gx, gy, gz) and with the classical parametrization of ~ω

~ω = (cos(θ), sin(θ)cos(φ), sin(θ)sin(φ)) . (3.20)

Parametrizing ~ω′ =
v − v1

|v − v1|
by

~ω′ = (cos(θ′), sin(θ′)cos(φ′), sin(θ′)sin(φ′)) . (3.21)

and remarking that √√√√g2
y + g2

z

|g|2
= sin(θ′),
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we can put the Jacobian of T in the form

det(∂T (U)) =
J(U)

J(U ′)

with U = (v, v1, x, y, ω), U ′ = T (U) and

J(U) = (x(1− x))
3
2 sin(θ).

Now we set, for simplicity
p(x) = 32(x− x2)

3
2 (3.22)

Note that the factor 32 is chosen such that p(
1

2
) = 1 since it will allow to recover

the standard Boltzmann operator in a following section. We deduce that

Proposition 3.3
The following measure

p(x)sin(θ)dxdyd~v1d~v3d~ω, (3.23)

is invariant under the transformation T .

Remark 3.4 Let T be an involutive differentiable application of E. Then, the mea-

sure
√
| det(∂T (X))|dX is invariant under the the transformation T . Indeed, by the

use of the property T = T −1, we deduce

∂T (X) =
(
∂T −1(T (X))

)−1
. (3.24)

By taking the determinant of each member and by putting X ′ = T (X)

det(∂T (X)) =
1

det(∂T (X ′))
, (3.25)

then we have

dX ′ = d(T (X)) = det(∂T (X))dX =

√√√√ | det(∂T (X))|
| det(∂T (X ′))|

dX. (3.26)

Invariants quantities by the transformation T can be easily built: let h be defined on
E and taking values in IRd and g be a real function. For example, we can consider
the quantities of the form:

g(< h(X), h(T (X)) >),

where < x, y > stands for the inner product in IRd.
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3.3 Definition of the mass regularized operator.

We consider a sub interval I of ]0, 1[ having the form I =]η, 1− η[, with 1
2

> η > 0
and ’cut off’ functions of the form

hε(x−
1

2
) =

1

ε
ξ

(
x− 1

2

ε

)
, (3.27)

with ξ(z) an even, positive and sufficiently smooth function verifying∫
z∈I

ξ(z − 1

2
)dz = 1.

We consider also the function χ defined by

χ(a, b, c, d, x, y) =

{
1 if (x ln(a) + (1− x) ln(b)− y ln(c)− (1− y) ln(d)) (cd− ab) ≤ 0
0 elsewhere .

(3.28)

Definition 3.5
For all ε > 0 and for any given distribution function f , we define

Cε(f, f) =
∫
IR3

∫
S2

∫
(x,y)∈I2

q(
|~v − ~v1|+ |~v′ − ~v′1|

2
, ~ω)

χ

(
f

M
,

f1

M1

,
f ′

M ′ ,
f ′1
M ′

1

, x, y

)
M1Mf ′f ′1 −M ′

1M
′ff1√

M1MM ′
1M

′


hε(x−

1

2
)hε(y −

1

2
)d~v1d~ω 2x p(x)dxdy,

where (~v′, ~v′1, ~ω′, x′, y′) = T (~v, ~v1, ~ω, x, y) (T being defined in definition 3.1,

q(u, ~ω) = uσ(u, ω) and σ is the differential scattering and M = M f is the
Maxwellian with the same first five moments as f .

We formally have:

Proposition 3.6
The limit when ε → 0 of Cε(f, f) given by definition 3.5 is the usual Boltzmann
operator

lim
ε→0

Cε(f, f) =
∫
IR3

∫
S2

(f ′f ′1 − ff1) q(|~v − ~v1|, ~ω)d~v1d~ω, in D. (3.29)

Proof : In the limit ε → 0, we have, in the distributional sense

lim
ε→0

hε(x−
1

2
) = δ 1

2
, (3.30)

where δ 1
2

is the delta measure located at x =
1

2
and, for x = y =

1

2
we have p(

1

2
) = 1

and χ(a, b, c, d,
1

2
,
1

2
) ≡ 1: indeed, ∀(a, b, c, d) ∈ IR4

+, we verify:

lim
x→ 1

2
, y→ 1

2

χ(a, b, c, d, x, y) = 1. (3.31)
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This is obvious in the case ab = cd and, in the converse case, ab 6= cd and for (x, y)

close enough of (
1

2
,
1

2
), we have χ = 1 by monotony of the logarithm:

(a− b)(ln(b)− ln(a) ≤ 0 ∀a, b ≥ 0.

Finally, for any Maxwellian, any 4-tuple of velocities (~v, ~v′, ~v1, ~v′1) satisfying the

conservation of momentum and energy (3.1)-(3.2) and for x = y =
1

2
, we have

M1M = M ′M ′
1.

This ends the proof.

3.4 Properties of the operator Cε.

We now check the properties (P1) − (P2) − (P3) for Cε(f, f) given by definition
(3.5). For that purpose, we introduce the weak formulation of this operator and
we symmetrize it as follows: by definition 3.5, momentum and energy conservation
relation (3.3) (3.4) and proposition 3.3 on invariant measures, we have, for all test
functions φ:∫
IR3
Cε(f, f)φ(~v)d~v =

1

2

∫
IR3

∫
IR3

∫
S2

∫
(x,y)∈I2

q(
|~v − ~v1|+ |~v − ~v1|

2
, ~ω)

χ

(
f

M
,

f1

M1

,
f ′

M ′ ,
f ′1
M ′

1

, x, y

)
M1Mf ′f ′1 −M ′

1M
′ff1√

M1MM ′
1M

′

 (xφ + (1− x)φ1 − yφ′ − (1− y)φ′1)

hε(x−
1

2
)hε(y −

1

2
)d~v1d~ωd~vp(x)dxdy.

3.4.1 Conservation laws i. e. (P1).

Proposition 3.7
Conservations of mass, momentum and energy hold true

∫
~v∈IR3

 1
~v
|~v|2

 Cε(f, f)d~v = ~0, (3.32)

Proof : By taking sucessively φ = 1, ~v and |~v|2 in the above weak formulation,
we can easily verify from (3.5) and (3.6) that (3.32) holds. This ends the proof.

We note that the term

χ

(
f

M
,

f1

M1

,
f ′

M ′ ,
f ′1
M ′

1

, x, y

)
,

in the definition of the collision operator, does not play any role for the establishe-
ment of the conservation laws.
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3.4.2 Entropy dissipation i. e. (P3).

Proposition 3.8
We have the following inequality∫

IR3
Cε(f, f) ln(f)d~v ≤ 0. (3.33)

Proof : Using the weak formulation of Cε(f, f) and replacing φ by ln(f) in it, we
obtain∫

IR3
Cε(f, f) ln(f)d~v =

1

2

∫
IR3

∫
IR3

∫
S2

∫
(x,y)∈I2

q(
|~v − ~v1|+ |~v − ~v1|

2
, ~ω)

χ

(
f

M
,

f1

M1

,
f ′

M ′ ,
f ′1
M ′

1

, x, y

)
M1Mf ′f ′1 −M ′

1M
′ff1√

M1MM ′
1M

′

 (3.34)

(x ln(f) + (1− x) ln(f1)− y ln(f ′)− (1− y) ln(f ′1))

hε(x−
1

2
)hε(y −

1

2
)d~v1d~vd~ωp(x)dxdy.

By the use of the conservations of mass, momentum and energy, we have that ln(M)
is an invariant for the collision operator, for any Maxwellian M . Therefore, (3.34)
can be written as:∫
IR3
Cε(f, f) ln(f)d~v =

1

2

∫
IR3

∫
IR3

∫
S2

∫
(x,y)∈I2

q(
|~v − ~v1|+ |~v − ~v1|

2
, ~ω)

χ

(
f

M
,

f1

M1

,
f ′

M ′ ,
f ′1
M ′

1

, x, y

)
(

f ′f ′1
M ′M ′

1

− ff1

MM1

)√
M1MM ′

1M
′

(
x ln(

f

M
) + (1− x) ln(

f1

M1

)− y ln(
f ′

M ′ )− (1− y) ln(
f ′1
M ′

1

)

)

hε(x−
1

2
)hε(y −

1

2
)d~v1d~vd~ωp(x)dxdy.

The definition (3.28) of χ

(
f

M
,

f1

M1

,
f ′

M ′ ,
f ′1
M ′

1

, x, y

)
ensures artificially the positivity

of the above expression and ends the proof.

3.4.3 Maxwellian steady states i. e. (P2).

By construction, we easily verify

Proposition 3.9

f(~v) = Mρ,u,T (~v) ⇒ Cε(f, f) = 0. (3.35)
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The converse implication is not clear, because the term χ can vanish for some
velocities even if the distribution function is not identically a Maxwellian. The only
equilibrium states of an operator of the form

Qα,ε(f, f) = (1− α)Cε(f, f) + αQ(f, f), (3.36)

with α ∈]0, 1[, Cε(f, f) given by definition 3.5 and Q(f, f) the standard Boltzmann
operator given by (3.29) are the Maxwellians. Indeed, since the only steady states
of Q(f, f) are the Maxwellians, we have proved that Qα,ε satisfies properties (P1)−
(P2)− (P3). The modification of Cε into Qα,ε is not unnatural from the numerical
point of view. It can be seen as a splitting of the collision operator between the
regularized operator which allows much more collisions and the standard operator
which eliminates spurious steady states.
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∗C.E.A., Bruỳeres le Cĥatel, France; and†Laboratoire d’Analyse Nuḿerique, CNRS- URA 189,
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Homogeneous Fokker–Planck–Landau equation denoted by FPLE is studied for
Coulombian and isotropic distribution function, i.e. when the distribution function
depends only on time and on the modulus of the velocity. We derive a new conserva-
tive and entropy decaying semi-discretized FPLE for which we prove the existence
of global in time, positive. For the time-discretized equation, we give upper bound
for the time step which guarantes positivity and entropy decay of the numerical solu-
tion. c© 1998 Academic Press
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differential equations; Cauchy problem; numerical scheme; entropy.

1. INTRODUCTION

The FPLE is commonly used in plasma physics when studying kinetical effects between
charged particles under Coulomb interaction. The homogeneous isotropic FPLE descibes
thermalization processes of the plasma in isotropic situations for the velocity variable and
independent of the space variable. Another interest of the FPLE is to produce precise
solutions in order to study numerical schemes in the 3D velocity space [4, 5, 8, 16–18] or
in the 2D axisymmetric case [15]. Indeed, no explicit solutions are known for the Coulomb
potential caseγ = −3, defined in Section 2, contrary to the Maxwellian caseγ = 0 [13].
There are also applications in the astrophysics field, where the FPLE is used for star cluster
modelling [6, 7].

Existence results for the continuous FPLE can be found in [9, 10, 1]. These results can
certainly be extended for the isotropic equation considered here.

1 Corresponding author.
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A conservative and entropy scheme for the (spherical and homogeneous) FPLE was first
proposed by Berezin, Khudick, and Pekker [2]. They give an upper bound for the time
step to ensure the decay of entropy without a complete proof of their assertion. Entropy
decay is physically relevant and seems to prevent oscillations (as shown in the sequel on
numerical examples and proved for the linear case in [4]). At the continuous level and for
obvious physical reason, the solution remains positive at any time. Thus, the discretization
must preserve this property and this does not appear clearly in [2]. See [4] for an example
of a conservative discretization which does not preserve positivity for all positive initial
data. In this work, we prove the positivity of the solution for the semi-discretized and
time-discretized solution for arbitrarily large time.

The aim of this paper is to propose a new conservative and entropy decaying scheme
for FPLE for which, first, we prove the existence of a unique and global in time solution
for the semi-discretized problem and, second, for the time-discretized equation we exhibit
an upper bound on the time step to ensure the positivity and the decay of the entropy.
Moreover, we show that the cost of the numerical evaluation of this operator is proportional
to the number of discretization points despite its quadratic structure. Let us also mention that
this scheme can be considered on an arbitrary mesh, contrary to the discretization considered
in [4, 5, 14]. This last property permits us to refine the mesh size for small velocity and, thus,
to obtain more accurate solutions. However, some questions remain open like the long-time
behaviour of the semi-discretized or time-discretized solution, although it is expected that
the distribution function converges to the discretized Maxwellian.

2. THE HOMOGENEOUS AND ISOTROPIC FPLE

We denote byF(v, t) the distribution function solution of the scaled integro-differential
equation

∂F

∂t
= Q(F, F) = ∇v.

( ∫
R3

8(v − v∗)
(
(∇v F)F∗ − (

∇v∗ F
)
F

)
dv∗

)
, (2.1)

where Q(F, F) is the Fokker–Planck collision operator written in the so called Landau
form with the standard notations (for exampleF∗ = F(v∗, t)) and8(v) is the following
3× 3 matrix:

8(v) = |v|γ+2S(v), S(v) = I3 − v ⊗ v
|v|2 . (2.2)

S(v) is the orthogonal projector onto the plane orthogonal tov. γ is a real parameter which
leads to the usual classification in hard potentials(γ > 0), maxwellian molecules(γ = 0)

or soft potentials(γ < 0). This latter case involves the Coulomb case (i.e.,γ = −3) which
is of primary importance for plasma applications. The well-known physical properties of
(2.1) are similar to that of the Boltzmann operator such as the decay of the entropy, the
conservation of mass, momentum, and energy, and the characterization of the equilibrium
states by Maxwellians. We refer to [8, 16] for a detailed presentation of this equation.

It can be easily check that isotropic initial data leads to an isotropic solution for the
classical nonlinear FPLE. In other words, if the distribution functionF(v, t) depends only of
the modulus of the velocityv = ‖v‖ at timet = 0, then this holds for any arbitrary timet ; i.e.,
there exists a functionf such thatF(v, t) = f (v, t) (see [2, 17, 18]). In the Coulomb case,
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such isotropic distribution functionf (ε, t), whereε = v2 is the energy variable, satisfies a
dimensionless equation of the form:

∂ f

∂t
= 1√

ε

∂

∂ε

∫ ∞

0
f (ε) f (ε′)

(
∂

∂ε
ln f (ε) − ∂

∂ε
ln f (ε′)

)
k(ε, ε′) dε′. (2.3)

For numerical simulations, we reduce the integration domain in FPLE to a bounded domain
in the variableε as in [2] :

∂ f

∂t
= 1√

ε

∂

∂ε

∫ ε0

0
f (ε) f (ε′)

(
∂

∂ε
ln f (ε) − ∂

∂ε
ln f (ε′)

)
k(ε, ε′) dε′, (2.4)

wherek(ε, ε′) = inf(ε3/2, (ε′)3/2) andε0 is choosen such that the distribution function is
near zero outside the ball of radiusε0. Physically,ε0 is choosen larger than the typical
scaled energy. We refer to [2] for a physical justification of this scaling. This operator
can be equivalently written in the following weak form: for any sufficiently smooth and
decaying test functionφ(ε),∫ ε0

0

∂ f

∂t
φ
√

ε dε = −1

2

∫ ε0

0

∫ ε0

0
f (ε) f (ε′)

(
∂φ(ε)

∂ε
− ∂φ(ε′)

∂ε

)
×

(
∂ ln f (ε)

∂ε
− ∂ ln f (ε′)

∂ε

)
k(ε, ε′) dε′ dε. (2.5)

This operator satisfies the conservation of mass (resp. energy) by choosingφ = 1 (resp.
φ = ε in (2.5))

ρ =
∫ ε0

0
f (ε)

√
ε dε, (2.6)

ρE =
∫ ε0

0
f (ε)ε3/2 dε. (2.7)

The entropy defined by

H =
∫ ε0

0
f (ε) ln( f (ε))

√
ε dε (2.8)

decays with time (by lettingφ = ln( f ) in the weak formulation of FPLE) and satisfies the
classical H theorem

∂ t H = 0 ⇔ f = exp(−Aε + B).

3. THE SEMI-DISCRETIZED FPLE

Let us introduce the discretizationfi = f (εi ), where (εi )i =1···N is an increasing se-
quence such thatε1 = 0, εN = ε0, and(1εi = (εi +1 − εi ))i =1···N−1, is also increasing. The
ε-derivative are approximated according to the simplest choice of finite difference operator
namely, we define for any discretized function(φi )i =1···N

Dφi = (φi +1 − φi )

1εi
, i = 1 · · · N − 1.
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Let us introduce some notations. We defineεi +1/2 = (εi +1 + εi )/2 andvi +1/2 as the mean
value of the velocity on [εi , εi +1], i.e.

vi +1/2 = 1

1εi

∫ εi +1

εi

√
ε dε = 2

31εi

(
ε

3/2
i +1 − ε

3/2
i

)
.

Let us consider first the discretization of the expression
∫ ε0

0 φ
√

ε dε for any functionφ. By
writing

∫ ε0

0
φ
√

ε dε =
N−1∑
i =1

∫ εi +1

εi

φ
√

ε dε

and using the trapezoidal quadrature formula with respect to the measure
√

ε dε, we ap-
proximate it by

N−1∑
i =1

1

2
(φi + φi +1)vi +1/21εi .

By factorizing the termsφi in the above expression, we obtain

1

2
φ1v3/21ε1 + 1

2

N−1∑
i =2

φi (vi +1/21εi +vi −1/21εi −1)+ 1

2
φNvN−1/21εN

def=
N∑

i =1

ci φi , (3.1)

whereci are such thatc1 = v3/21ε1/2= 1
3ε

3/2
2 ,

ci = 1

2
(vi +1/21εi + vi −1/21εi −1) = 1

3

(
ε

3/2
i +1 − ε

3/2
i −1

)
,

for i = 2 · · · N − 1 andcN = vN−1/21εN−1/2= 1
3(ε

3/2
N − ε

3/2
N−1). Once applied to the left-

hand side of (2.5) with(∂ f/∂t)φ, we obtain the discretization of
∫ ε0

0 (∂ f/∂t)φ
√

ε dε as∑N
i =1 ci (∂ fi /∂t)φi . We now turn to the discretization of the right-hand side of (2.5),

(r.h.s.) = −1

2

N−1∑
i =1

N−1∑
j =1

∫ εi +1

εi

∫ ε j +1

ε j

f (ε) f (ε′)
(

∂

∂ε
φ(ε) − ∂

∂ε
φ(ε′)

)

×
(

∂

∂ε
ln f (ε) − ∂

∂ε
ln f (ε′)

)
k(ε, ε′) dε′ dε. (3.2)

Using for each integrals of (3.2) a midpoint quadrature formula, we approximate (3.2) by

−1

2

N−1∑
i =1

N−1∑
j =1

gi gj ki, j 1εi 1εj (Dφi − Dφ j )(D(ln f )i − D(ln f ) j ) (3.3)

with

ki, j = k
(
ε

3/2
i +1/2, ε

3/2
j +1/2

)
,

and the termsgi stand for a second-order approximation of the distribution function at the
center of the interval [εi , εi +1]. In the paper of Berezinet al. [2], the termsgi are taken
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as an arithmetic mean offi and fi +1. This yields a discrete model for which it cannot be
proved that the distribution function remains positive as it must be. We take a second-order
approximation as the harmonic mean; that is,

gi
def= 2

1/ fi + 1/ fi +1
= 2 fi fi +1

fi + fi +1
. (3.4)

Such an approximation has been already used by the authors (see [4]) for the linear and
3D nonlinear cases of the Fokker–Planck–Landau equation and the resulting discretized
models for which the existence of a global positive solution is proved. Note that Dφi is also
a second-order approximation of the derivative in the center of the cell [εi , εi +1]. We shall
denote byDi, j the terms(D(ln f )i − D(ln f ) j ) for simplifying the notations. Hence, the
weak formulation of the semi-discretized model reads

N∑
i =1

ci
∂ fi
∂t

φi = −1

2

N−1∑
i =1

N−1∑
j =1

gi gj ki, j 1εi 1ε j (Dφi − Dφ j )Di, j . (3.5)

By factorizing the termsφi in the right-hand side of (3.5), we get

(r.h.s.) =
N−1∑
i =2

φi (pi − pi −1) + φ1 p1 − φN pN−1

for all i = 1 · · · N − 1:

pi
def=

N−1∑
j =1

gi gj ki, j Di, j 1ε j . (3.6)

Finally, by identifying the terms involvingφi in (3.5), we obtain the system of ordinary
differential equations (which is of the same form as in the 3D case presented in [4, 5]),

∂ fi
∂t

= FPs
i , i = 1 · · · N, (3.7)

with FPs
1 = p1/c1, FPs

i = (pi − pi −1)/ci for i = 2 · · · N − 1, and FPsN = −pN−1/cN−1. The
conservation laws imply that the discretized analogous of mass (2.6) and energy (2.7)
defined as

ρ =
N∑

j =1

cj f j (mass), ρE =
N∑

j =1

cj f j ε j (energy),

are conserved through the evolution of the system. These conservation properties can be
easily checked by takingφi = 1 andφi = εi in (3.5). Moreover, the entropy decays using
the discretized definition of the entropy (in the spherical case)

H = H( fi )
def=

N∑
j =1

cj f j ln( f j ). (3.8)

The verification is straightforward using the weak discretized formulation (3.5) with test
function φi = ln( fi ). Note that in the present case, the conservations and entropy decay
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hold whatever the discretization grid is uniform or not, which is not the case in the 3D case
[4, 5].

The existence of a positive global in time solution for this system follows exactly the
same line as the one of the full 3D system [4].

THEOREM 3.1. The Cauchy problem for the differential equation(3.7) with a strictly
positive initial data admits a unique, positive and entropy solution for any time.

Proof. The existence and unicity of the solution for small time is obtained using classical
Cauchy Lipschitz theorem. Indeed, there is no singularity in this system in the logarithmic
terms, usingf 0

i > 0. Thus, the existence of a solution global in time holds, provided that
the solution cannot vanish in finite time at some points. We follow exactly the same lines
as for the full 3D system [4]. Using mass conservation, showing that thefi ’s cannot vanish
in finite time is equivalent to checking that the function

K = N−1
sup
i =1

(∣∣∣∣ fi
fi +1

∣∣∣∣, ∣∣∣∣ fi +1

fi

∣∣∣∣) (3.9)

remains bounded in finite time. This function is convenient since these ratios actually appear
in the D(ln f )i terms. We have the following estimates (which are no more true with the
arithmetic average instead of (3.4)):

0 ≤ gi ≤ 2 fi +1 or 2 fi ∀i = 1 · · · N − 1. (3.10)

Using (3.9) and the mass conservation, we have the estimate for the termspi ,

|pi | ≤ Cgi ln(K ), (3.11)

whereC is a generic constant throughout the rest of the proof, depending on the number of
grid pointsN, domain sizeε0, the gridεi , and the initial data( f 0

i )i ∈I . Indeed, we have the
following upper bounds:

|Di, j | ≤ 2 sup
i =1···N−1

|D(ln f )i | ≤ 2 ln(K ), i = 1 · · · N − 1,

N−1∑
j =1

gj ki, j 1εj ≤
N−1∑
j =1

gj ε
3/2
j 1εj ≤ 2

N−1∑
j =1

gj ε j +1cj ≤ 4
N−1∑
j =1

f j +1ε j +1cj +1 ≤ 4ρE.

Note that the inequality

ε
3/2
j 1εj ≤ 2ε j +1cj , (3.12)

has been used which is equivalent to

3ε
3/2
j (ε j +1 − εj )

ε j +1
(
ε

3/2
j +1 − ε

3/2
j

) ≤ 3 sup
x∈[0,1[

x3/2(1 − x)

1 − x3/2
= 2.

Then, using (3.10), we have ∣∣∣∣ pi − pi −1

ci

∣∣∣∣ ≤ C ln(K ) fi . (3.13)
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Thus, we have for anyi = 1 · · · N − 1

∂( fi / fi +1)

∂t
= 1

fi +1

∂ fi
∂t

− fi
f 2
i +1

∂ fi +1

∂t
.

Finally, using (3.13), we have ∣∣∣∣∂K

∂t

∣∣∣∣ ≤ C K ln(K ), (3.14)

which impliesK (t) ≤ K (0) exp(exp(Ct)) and this ends the proof.

Remark3.2. Taking an arithmetic mean forgi terms, that isgi = ( fi + fi +1)/2 (like in
the work of Berezinet al.; see [2]) leads to the functionK (see [4]) for an estimate of the
form ∣∣∣∣∂K

∂t

∣∣∣∣ ≤ C K2 ln(K ). (3.15)

Since this differential equation has no global solution in time, it cannot be proved that the
semi-discretization described in [2] has a global positive solution.

Remark3.3. An alternative proof can be given following the ideas presented in next
section (see Proposition 4.1). Indeed, we show that the discrete collision term can always
be written as

FPs
i = Gi + Ki fi ,

whereGi is positive (gain term) andKi is bounded by some constantC. So that for alli
we have

d fi
dt

≥ −C fi .

Such inequality implies that the weightsfi cannot vanish in finite time.

4. THE TIME-DISCRETIZED FPLE

In this section, the bars denote the various quantities (likefi ) at time tn+1 = tn + 1t
defined recursively. Let us introduce the following time explicit scheme

f̄ i = fi + 1tFPs
i , (4.1)

where FPsi is defined by (3.7), of the formpi − pi −1/ci for i = 2, . . . , N − 1, andpi can
be written in the form

pi = gi (D(ln f )i Ai − Bi ) ∀i = 1 · · · N − 1,

with

Ai =
N−1∑
j =1

gj ki, j 1ε j and Bi =
N−1∑
j =1

gj D(ln f ) j ki, j 1εj . (4.2)
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4.1. Cost and Implementation of the Algorithm

The particular form of the discrete functionki, j ,

ki, j =
{

ε
3/2
i +1/2 ∀i < j,

ε
3/2
j +1/2 ∀ j ≥ i,

permits us to evaluate all theN terms Ai and Bi in O(N) operations. Indeed, we have,
using the definition ofki, j ,

Ai = ε
3/2
i +1/2

∑
N−1≥ j >i

gj 1εj +
∑

1≤ j ≤i

gj ε
3/2
j +1/21εj (4.3)

and

Bi = ε
3/2
i +1/2

∑
N−1≥ j >i

gj D(ln f )1εj +
∑

1≤ j ≤i

gj D(ln f )ε
3/2
j +1/21εj . (4.4)

Obviously, Ai and Bi can be evaluated using three loops. The detailed algorithm for the
computation of all the termspi reads :

ALGORITHM 4.1.

α1 = g1 ∗ ε
3/2
1+1/2 ∗ 1ε1;

γ1 := g1 ∗ D(ln f )1 ∗ ε
3/2
1+1/2 ∗ 1ε1;

for i := 2 to N − 1 do
αi := αi −1 + gi ∗ ε

3/2
i +1/2 ∗ 1εi ;

γi := γi −1 + gi ∗ D(ln f )i ∗ ε
3/2
i +1/2 ∗ 1εi ∗;

end for

βN−1 := gN−1 ∗ 1εN−1;
δN−1 := gN−1 ∗ D(ln f )N−1 ∗ 1εN−1;
for i := N − 2 to 1do

βi := βi +1 + gi ∗ 1εi ;
δi := δi +1 + gi ∗ D(ln f )i ∗ 1εi ;

end for

for i := 1 to N − 1 do
Ai := ε

3/2
i +1/2 ∗ βi + αi ;

Bi := ε
3/2
i +1/2 ∗ δi + γi ;

pi := gi ∗ ((D ln f )i ∗ Ai + Bi );
end for

4.2. Time Step Restriction for Positivity and Entropy Decay

The main questions about the time explicit scheme (4.1) concern positivity and entropy
decay property. By positivity of the scheme, we mean that the termsf̄ i are positive if
the terms fi are positive and by entropy decay, the propertyH( f̄ i ) ≤ H( fi ), where the
discretized entropyH is defined by (3.8).

We obtain a time step limitation in order that the scheme remains positive and the entropy
decays. The last question is related to the series of time steps; its divergence provides a



              

236 BUET AND CORDIER

positive and entropy decaying time-discretized solution for any arbitrary large time. We per-
form the analysis for two natural grids which are used for the numerical examples presented
later.

The first one is auniform grid in velocity , where the nodes of the grid are defined by the
sequenceεi = (i − 1)21v2 with 1v = √

ε0/(N − 1), N being the number of grid points.
For this choice, the geometric quantities used in the definition of the scheme are

• 1εi = (1v)2(2i − 1).
• ci = (3(i − 1)2 + 1)1v3/3 except fori = N, wherecN = (3N2 − 9N + 7)1v3/3.
• εi +1/2 = (2i 2 − 2i + 1)1v2/2.

The second type is auniform grid in energy , i.e. εi = (i − 1)1ε with 1ε = ε0/(N − 1)

and the geometric quantities used reads now:

• 1εi = 1ε.
• ci = (i 3/2−(i −2)3/2)1ε3/2/3 except fori = 1 and fori = N for whichc1 = 1ε3/2 and

cN = ((N−1)3/2−(N−2)3/2)1ε3/2 respectively. It is easy to check that we have the follow-
ing lower bound forci which will be usefull later:ci ≥ 1ε3/2((i −1)+√

i (i − 1))/(3
√

N)

for i = 2 · · · N − 1, and fori = N, cN ≥ 1ε3/2(N − 3/2 + √
(N − 1)(N − 2))/(3

√
N).

• εi +1/2 = (2i − 1)1ε/2.

For these two grids, we obtain sufficient conditions for the time step in order to ensure
positivity and entropy decay. We summarize this result as

PROPOSITION4.1. For each grid considered above, there exists a constant C which
depends only on the densityρ, the entropy H, and the lengthε0, such that the scheme(4.1)

is positive and entropy decaying under a time step restriction of the form1t ≤ C1v2 for
theuniform grid in velocity or 1t ≤ C1ε2 for theuniform grid in energy .

Proof. Let us first exhibit a sufficient condition on the time step to guarantee entropy
decay. Suppose that there exists a time step1t0 such that for all1t ∈ [0, 1t0[ all the terms
f̄ j are positive. Then, using the definition (3.8), the entropy associated with the scheme
(4.1) is

H̄ = H(1t) =
N∑

j =1

cj f̄ j ln( f̄ j ) ≥
N∑

j =1

cj
(

f j + 1tFPs
j

)
ln

(
f j + 1tFPs

j

)
. (4.5)

Then, we have, using the inequality ln(1 + x) < x ∀x > −1 and the conservation of the
mass,

H(1t) ≤ H(0) + 1t
N∑

i =1

ci FPs
i ln( fi ) + 1t2

N∑
i =1

ci
(
FPs

i

)2/
fi

def= H̃(1t)

for all 1t ∈ [0, 1t0[. Thus, a sufficient condition for the entropy decay is to choose1t such
that H̃(1t) ≤ H̃(0) = H(0), or equivalently,

1t ≤ −∑N
i =1 ci FPs

i ln( fi )∑N
i =1 ci

(
FPs

i

)2/
fi

.
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By construction, we have

−
N∑

i =1

ci FPs
i ln( fi ) = 1

2

N−1∑
i =1

N−1∑
j =1

gi gj ki, j 1εi 1εj D
2
i, j ≥ 0.

On the other hand, we have

N∑
i =1

ci
(
FPs

i

)2/
fi ≤ p2

1

c1 f1
+ p2

N−1

fNcN−1
+

N−1∑
i =2

1

ci fi
(pi − pi −1)

2

≤ p2
1

c1 f1
+ p2

N−1

fNcN−1
+

N−1∑
i =2

2

ci fi

(
p2

i + p2
i −1

)
.

Using the definition of the termpi , we have

p2
i =

(
N−1∑
i =1

gi gj ki, j 1εj Di, j

)2

≤
(

N−1∑
i =1

gi gj ki, j 1εj

)(
N−1∑
i =1

gi gj ki, j 1εj D
2
i, j

)
,

and using thatgi ≤ 2 fi , we obtain

p2
i

fi ci
≤ 2

ci 1εi

(
N−1∑
i =1

gj ki, j 1εj

)(
N−1∑
i =1

gi gj ki, j 1εj 1εi D
2
i, j

)

≤ sup
i =1···N

(
2

ci 1εi

N−1∑
i =1

ki, j gj 1εj

)(
N−1∑
i =1

gi gj ki, j 1εj 1εi D
2
i, j

)
.

The same estimate can be obtained forpi −1/ fi ci , since the sequence1εi is increasing. By
summing these inequalities, one obtains

N∑
i =1

ci
(
FPs

i

)2/
fi ≤ sup

i =1···N

(
16

ci 1εi

N−1∑
j =1

ki, j gj 1εj

)(
−

N∑
i =1

ci FPs
i ln( fi )

)
.

Finally, the time step has to satisfy

1t.
N

sup
i =1

(
16

ci 1εi

N−1∑
j =1

ki, j gj 1εj

)
≤ 1. (4.6)

Equation (4.6) gives the time step limitation used for the numerical examples. We must now
find an upper bound of the denominator of (4.6). We detail the majoration for the uniform
grid in velocity, since for the uniform grid in energy it follows the same lines. The problem is
to estimate the above terms independently of i. For the uniform grid in the velocity variable,
using the expressions of1εi andci and sinceε3/2

i +1/2 ≥ ki, j , we have for the denominator of
(4.6)

Ai =
(

N−1∑
j =1

ki, j gj 1εj

)
≤ ε

3/2
i +1/2

(
N−1∑
j =1

gj 1εj

)
. (4.7)



          

238 BUET AND CORDIER

Using the definitions ofci , 1εi , andεi +1/2, one also has

ε
3/2
i +1/2

ci 1εi
= 3

2
√

2

(
(2i 2 − 2i + 1)3/2

(3(i − 1)2 + 1)(2i − 1)

)
1

1v2
.

Since the term depending oni is bounded, we have a time step of the form

1t ≤ C

(
N−1∑
j =1

gj 1εj

)
(1v)2,

whereC is a constant independent of the data. Let us now bound the term
∑N−1

j =1 gj 1εj .
By the Cauchy–Schwarz inequality, we have

N−1∑
j =1

gj 1εj ≤
√√√√N−1∑

j =1

g2
j cj

√√√√N−1∑
j =1

(
1ε2

j

/
cj

)
. (4.8)

By replacing1εj andcj by their values, it is easy to check that
√∑N−1

j =1 (1ε2
j /cj ) is bounded

by a constant which depends only on the length of the domainε0. On the other hand, one
defines the discreteL2 norm

1

2

√√√√N−1∑
j =1

g2
j cj ≤

√√√√ N∑
j =1

f 2
j cj

def= ‖ f ‖2.

Finally, the scheme is entropy decaying under a condition for the time step of the form

1t ≤ C(ε0, ‖ f ‖2)1v2.

For the uniform grid in energy, as indicated above, the majoration can be carried out using
the same techniques. This gives the inequalities

Ai =
(

N−1∑
j =1

ki, j gj 1εj

)
≤ εi +1/2

(
N−1∑
j =1

ε
1/2
i +1/2gj 1εj

)
, (4.9)

instead of (4.7). It is also necessary to use the lower bound onci . We obtain the same kind
of time step restriction for entropy decaying as for the uniform grid in velocity, but with
1ε2 instead of1v2.

Let us now exhibit a sufficient condition on the time step to guarantee the positivity of
the scheme (4.1). Using the notation defined above, we can write the terms FPs

i as a sum of
a positive termGi and a pseudo-loss term (which is not necessarily negative) of the form
Ki fi , with bounded coefficientsKi . Indeed, FPsi reads

1

ci

(
Ai gi

1εi
ln

(
fi +1

fi

)
+ Ai −1gi −1

1εi −1
ln

(
fi −1

fi

)
− gi Bi − gi −1Bi −1

)
,

whereAi andBi are defined by (4.3) and (4.2), respectively. First, it is easy to check that
all the termsBi are bounded; then, using (3.10),Bi gi /( fi ci ) are bounded and are taking
into account inKi . The same result holds forBi −1gi −1/( fi −1ci −1).
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Consider now the term containingAi . If fi +1 ≥ fi , this term is positive, then it is taken
into account in the gain termGi . On the contrary, sinceAi ≥ 0 andgi ≥ 0, this term is
negative and in such case, we have∣∣∣∣gi ln

(
fi +1

fi

)∣∣∣∣ ≤ 2 sup
1≥x≥0

|x ln(x)| fi = 2e−1 fi ≤ 2 fi ,∣∣∣∣ 1

ci fi 1εi
Ai gi ln

(
fi +1

fi

)∣∣∣∣ ≤ 2Ai

ci 1εi
.

This term taken into account inKi . It is straightforward to show the same result for

1

ci 1εi −1
Ai −1gi −1 ln

(
fi −1

fi

)
.

Therefore, we have

FPs
i = Gi + Ki fi

with Gi ≥ 0 andKi bounded. Then,̄f i = fi + FPs
i is positive provided that

1t ≤
(

max
i

|Ki |
)−1

,

and it is easy to check that

max
i

|Ki | ≤ 2

(
max

i

∣∣∣∣ Ai

ci 1εi

∣∣∣∣ + max
i

∣∣∣∣ Bi

ci

∣∣∣∣).

Then, under the condition

1t ≤ 1

2

(
max

i

∣∣∣∣ Ai

ci 1εi

∣∣∣∣ + max
i

∣∣∣∣ Bi

ci

∣∣∣∣)−1

, (4.10)

the scheme is positive. Let us now detail for the uniform grid inv such a time restriction.
Recall the inequality obtained from (4.7)

Ai

ci 1εi
≤ C(ε0, ‖ f ‖2)/(1v)2. (4.11)

For the terms|Bi /ci | we use∣∣∣∣ Bi

ci

∣∣∣∣εi +1/2

ci

N−1∑
j =1

ε
1/2
j +1/2 gj |(D ln f ) j |1εj ≤ C

1v

N−1∑
j =1

ε
1/2
j +1/2 gj |(D ln f ) j |1εj . (4.12)

Using (3.10) and the fact that the sequence1εj is increasing, we have

N−1∑
j =1

ε
1/2
j +1/2 gj |(D ln f ) j |1εj ≤

N−1∑
j =1

ε
1/2
j +1/2

1εj
gj (|ln f j | + |ln f j +1|)1εj

≤ 4
N−1∑
j =1

ε
1/2
j +1/2

1εj
f j |ln f j |1εj + 2 fN |ln( fN)|ε1/2

N−1/2

≤ C′

1v

N∑
j =1

f j |ln f j |1εj .
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Then, using the Cauchy–Schwarz inequality as for (4.8), we obtain

N−1∑
j =1

1εj f j |ln f ) j | ≤
√√√√N−1∑

j =1

f 2
j |ln f j |2cj

√√√√N−1∑
j =1

1ε2
j

cj
≤ C(ε0, ‖ f ln( f )‖2). (4.13)

Collecting all the results, we show that, in the case of an uniform grid inv, there exists a
constantC such that for any time step satisfying

1t ≤ C(ε0, ‖ f ln( f )‖2, ‖ f ‖2)1v2 (4.14)

the scheme is positive For the case of an uniform grid inε, we do not detail the calculations.
One uses an estimate of the form (4.7) instead of (4.11) to obtain an upper bound of
Ai /(ci 1εi ). For Bi /(ci ), one proceeds exactly as for the uniform grid in velocity. Finally,
we obtain (4.14) with1ε2 instead of1v2.

For each type of grid, by takingC = min(C1, C2), we obtain the desired result.

Remark4.2. On the numerical examples, maxi ( fi ) (and consequently theL2 norm
‖ f ‖2) appears to be bounded not only uniformly in time (for a fixedN), which can be
proved using the mass conservation, but also independently of the mesh size. This remains
to be proved in order to approach the problem of the convergence.

Remark4.3. As we will see in the next section on a numerical example, preserving the
positivity only, by taking a time step of the form1t = α1t0, where1t0 is the maximum
allowable time step satisfying

fi + 1t0FPs
i ≥ 0 ∀ i ∈ I

with the CFL factorα equal to 0.5, for example, does not permit to avoid oscillations.
However, (4.6) and (4.10) yield to a nonoscillatory scheme even if there is no maximum
principle for the nonlinear FPLE.

5. NUMERICAL TEST FOR THE FPLE

The numerical test presented now is extracted from the work of Rosenbluthet al. [19]
and has been used by Larrocheet al. [12] and Frenod and Lucquin [11] to test numerical
methods for the Fokker–Planck–Landau equation. The initial data is given by

f 0(ε) = 0.01 exp(−10[(
√

ε − 0.3)/0.3]2). (5.1)

We will show the entropy, the Linnick functionnal and the distribution function at time
t ∈ {9, 36, 81, 144, 225, 324, 441, 576, 729, 900}. The Linnick functionnal is defined by

L(t) =
∫

v∈R3

(∇v f )2

f
dv (5.2)

and for an isotropic function this reduces to

L(t) =
∫
ε≥0

(
∂ f

∂ε

)2
ε3/2

f
dε. (5.3)
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FIG. 1. Distribution function for the uniform grid in velocity.

The Linnick functionnal is known to be decreasing in time for the Boltzmann equation and
the linear Fokker–Planck equation [3, 20, 9, 10]. Since the nonlinear FPLE is the so-called
grazing collisions limit of the Boltzmann equation, one can expect that it is also decreasing
for FPLE. For initial data (5.1) the Linnick functionnal is actually time-decreasing. More-
over, this functionnal illustrates very well the instabilities due to a nonentropy decaying
scheme.

The tests run with two types of meshes, a uniform grid in the modulus of the velocity
v = √

ε and the other in the energy variableε already described in the preceeding section.
For the two type of grids we take either 200 or 800 points of discretization andε0 = 1.
The computations were carried out with a global time step equal to 1 and using subcycling
inside each time step in order to preserve the positivity of the solution and to respect the
entropy condition (4.6) with a CFL factor equal to 4.

The tests have been performed on a personnal Apple computer, with a 160 Mhz PPC 603
chip. The cost of evaluating the solution during a time step for the uniform grid in energy
(resp. in velocity) is about 0.09 s (resp. 0.05 s) for 200 cells and 7.46 s (resp. 3.71 s) for
800 cells; 900 time steps are performed. Note that the increase of the computationnal time
is in good agreement with the theoretical estimate, since it is around a cubic function of the
numberN of points (1t ≤ C/N2 and linear costO(N) of the algorithm).

Figures 1 and 2 show the time relaxation of the distribution function at various times:
initial condition, timet ∈ {9, 36, 81, 144, 225, 900}, and the equilibrium state. Figures 3
and 4 show for this thermalization experiment the time relaxation of theH and Linnick

FIG. 2. Distribution function for the uniform grid in energy.
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FIG. 3. Entropy.

functionnals. One can observe for these quantities that the results are very close to each
other.

We also run a simulation using 200 cells uniformly distributed in energy and by only
imposing the positivity of the solution using at each iteration half of the maximal allowable
time step that guarantees the positivity. The run is only three times faster than the ones made
with a CFL equal to 4 for the entropy condition 4.6.

Figures 5, 6, and 7 show the relaxation of the H and Linnick functionnals and the dis-
tribution function att = 81. For the entropy, Fig. 5 compares the result with the entropy
obtained for the same grid and the entropy-decaying scheme. The noisy curve corresponds
to the “nonentropy-decaying” computation. For the first time steps, the two curves are very
close. For large time, it is clear that the “nonentropy-decaying” computation has some dif-
ficulties reaching the equilibrium state, but the result does not seem too bad. On the Fig. 7
we plot the distribution function obtained with the two schemes att = 81. The results are
qualitatively the same for other times except for the small ones. The domain of oscillations

FIG. 4. Linnick functionnal.
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FIG. 5. Entropy: Comparison between entropy and nonentropy computations.

FIG. 6. Nonentropy computation: Linnick functionnal.

FIG. 7. Comparison between entropy and nonentropy computation for the distribution function att = 81.
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is independent of time and of the number of grid points. At large time, these oscillations
persist but are damped. The main difference can be seen on the Linnick functional for which
the results appear totally randomized, with no relationship to the ”exact” (entropy decaying
one) behaviour. Note that the same type of computation with a uniform grid in velocity pro-
duces a totally different behaviour. The distribution function is uniquely noisy nearv = 0
which explains, by recalling that the measure of integration is

√
ε dε, that functionnals of

the distribution function have a correct time relaxation.

6. CONCLUSIONS

We provide for the simplest case of the isotropic, homogeneous, and Coulomb Fokker–
Planck–Landau equation, a complete analysis of a conservative and entropy decaying
numerical scheme. This scheme is very close to the scheme proposed in [2] since the
modification consists in taking the harmonic average, instead of the arithmetic one for the
evaluation ofgi . The main advantage of this scheme is to provide rigorously for the first
time the existence of solutions for the semi-discretized model and time step restrictions to
ensure positivity and entropy decaying of the scheme. We show that relaxing these time
step conditions provides suspicious numerical results of FPLE for any time (see plots of
Linnick functional).

We refer to [4] for similar analysis for the linear and nonlinear FPLE given by (2.1).

REFERENCES

1. A. A. Arsene’v and N. V. Peskov, On the existence of a generalized solution of Landau’s equation,USSR
Comput. Maths Math. Phys.17, 241 (1977).

2. Yu. A. Berezin, V. N. Khudick, and M. S. Pekker, Conservative finite difference schemes for the Fokker–Planck
equation not violating the law of an increasing entropy,J. Comput. Phys.69, 163 (1987).

3. A. V. Bobylev and G. Toscani, On the generalization of the Boltzmann H-theorem for a spatially homogeneous
Maxwell gas,J. Math. Phys.33, 7 (1992).

4. C. Buet and S. Cordier, Numerical analysis of conservatives and entropy schemes for the Fokker–Planck–
Landau equation,SIAM J. Numer. Anal., submitted.

5. C. Buet, S. Cordier, P. Degond, and M. Lemou, Fast algorithms for the the Fokker–Planck equation,J. Comput.
Phys.133, 310 (1997).

6. H. Cohn, Numerical integration of the Fokker–Planck equation and the evolution of stars clusters,Astrophys.
J. 234, 1036 (1979).

7. H. Cohn, Late core collapse in star clusters and the gravothermal instability,Astrophys. J.242, 765 (1980).

8. P. Degond and B. Lucquin-Desreux, An entropy scheme for the Fokker–Planck collision of plasma kinetic
theory,Numer. Math.68, 239 (1994).

9. L. Desvillettes and C. Villani, On the spatially homogeneous Landau equation for hard potentials. Part I.
Existence, uniqueness, and smoothness, DMI, ENS de Paris, preprint.

10. L. Desvillettes and C. Villani, On the spatially homogeneous Landau equation for hard potentials. Part II.
H-theorem and applications, DMI, ENS de Paris, preprint.

11. E. Frenod and B. Lucquin-Desreux, On conservative and entropic discrete axisymmetric Fokker–Planck
operators, in preparation.

12. O. Larroche, Kinetic Simulations of a plasma collision experiment,Phys. Fluids B5, No. 8 (1993).

13. M. Lemou, Exact solutions of the Fokker–Planck equation,C.R. Acad. Sci. Ser. 1319, 579 (1994).

14. M. Lemou, Multipole expansions for the Fokker–Planck equation, in preparation.

15. M. Lemou, Fast algorithm for the axisymmetric Fokker–Planck equation, in preparation.



     

CONSERVATIVE AND ENTROPY DECAYING SCHEME 245

16. B. Lucquin-Desreux, Discr´etisation de l’op´erateur de Fokker–Planck dans le cas homog`ene,C.R. Acad. Sci.
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Abstract. Conservatives and entropy schemes for the Fokker–Planck–Landau (FPL) equation
are studied. We prove the existence of a unique positive and global in time solution for the homoge-
neous linear and nonlinear discretized (either in the velocity space or both in the velocity space and
in time) FPL equation. The stability analysis of these schemes leads to sufficient conditions on the
time-step that guarantee positivity and entropy decay.
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1. Introduction. The Fokker–Planck–Landau (FPL) equation describes the bi-
nary collisional effects (through long range Coulombian interaction) in a plasma
[20] and can be derived from the Boltzmann equation in the grazing collision limit
[11, 13, 1, 2]. Other applications may be found in astrophysics, for example, in the
study of star cluster models [8, 9]. The linear FPL equation can also be used for
diphasic flow modeling [10] and in space plasma physics for polar outflow modeling
of a minor ion [23, 30]. Note that it is generally necessary to solve the nonlinear
FPL equation to obtain quantitative agreement with experimental data [24]. The re-
sulting prohibitive numerical cost forces many authors to consider simplified models,
although rapid algorithms can now be used [7, 22].

In plasma physics, conservative schemes are of great importance since nonconser-
vative designed schemes generally produce artificial heating or cooling of the plasma,
as mentioned in [18] for the Boltzmann equation. Therefore, such methods require a
great number of discretization points and thus, a prohibitive CPU time. We refer to
[20] for such discretizations, which are based on the so-called Rosenbluth form of the
FPL equation. In this paper, the major preoccupation is to reduce the cost of the
algorithm using FFT method. In other words, entropy decay is important to ensure
the thermalization of the plasma to the physically relevant temperature. Moreover,
the methods considered here can be easily extended to multispecies plasma, as ex-
plained in [7], which is one of the major difficulties with the nonconservative schemes.
Numerically, it can also be observed that entropy decay and positivity generally entail
a nonoscillatory scheme. This property will be proved in the linear case. We refer to
[6] for numerical evidence of these oscillations for the spherical Fokker–Planck equa-
tion when the entropy decay is not satisfied. Conservatives and entropy schemes for
the nonlinear FPL equation can be only designed using the Landau and the so-called
log formulation (which will be defined later on) of the equation, as proved by many
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authors [12, 3, 27, 5, 25, 17, 26]. Indeed, we construct in the appendix a conservative
scheme which is based on the Landau form but in the nonlog formulation for which
a positive initial distribution function does not remain positive after an arbitrarily
small time.

One open problem that is addressed here concerns existence of positive solutions
for such discretizations. Another point of interest is the entropy decay of the fully
discretized equation (i.e., also in time). Indeed, the entropy decay is guaranteed in the
log Landau form only for the semidiscretized problem (i.e., discretized in the velocity
space and continuous in time, which leads to a system of coupled nonlinear differential
equations), but not for the fully discretized problem which is actually implemented in
numerical simulations. Berezin, Khudick, and Pekker [3] provide an insight into these
questions but their response remains incomplete; they give no rigorous proof either
for the decay of the entropy for their time discretized scheme or for the existence
of a positive (time-discretized or not) solution. In the present paper, we will prove
some existence and stability results for the fully discretized and semidiscretized FPL
equations in the homogeneous case, i.e., when there is no x-space dependence, using
the Landau log formulation in both linear and nonlinear cases.

In section 2, we deal with the linear FPL equation, that is, a simpler situation
in which it is easy to understand what happens when the Landau log formulation
of the equation is discretized. We study the semidiscretized problem which leads to
a system of ordinary differential equations (ODEs). These equations are nonlinear
since the discretization is done on the log formulation in order to satisfy the entropy
decay, as explained in the rest of this paper. We prove that this system still verifies
a maximum principle and has a global in time solution with a uniform nonnegative
lower bound. We show that the distribution function converges toward the discrete
Maxwellian when t → ∞. Then, we consider the time-discretized problem and we
prove that the proposed explicit scheme has the same properties as the semidiscretized
problem (and as the continuous one). More precisely, we construct a piecewise con-
stant in time approximation of the velocity-discretized distribution function. This
discretized solution remains positive, entropy decaying, nonoscillatory, and tends to
the discrete Maxwellian for large time. These properties are achieved under some
time-step restriction that provides a CFL-like condition for the scheme.

In section 3, we consider the three-dimensional nonlinear FPL equation, which is
more interesting for plasma physics applications. We introduce a new conservative
and entropy decaying discretization of the Fokker–Planck operator that guarantees
the existence of a positive solution. More precisely, we prove that the semidiscretized
problem has a global in time, positive, and entropy solution. However, we have no uni-
form, strictly positive lower bound for the solution in arbitrary large time and, for this
reason, we cannot prove that the solution converges toward the velocity-discretized
Maxwellian. Then, we consider the time-discretized problem. We prove that the se-
quence of time steps for which the solution remains positive at each iteration, forms a
divergent series. Using this fact, we construct an approximate entropy solution for an
arbitrarily large time. We also exhibit a lower bound for the time-step that ensures the
decay of the entropy. Although this scheme is entropy decaying, the convergence of
the discretized distribution function toward the discrete Maxwellian (or equivalently
a lower-bound uniform in time on its weights) remains an open problem.

Finally, we point out that these first existence results of an entropy positive
discretized solution can also be viewed as a first step toward proving any convergence
or consistency result for these methods.
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2. The linear FPL operator.

2.1. The continuous homogeneous linear FPL equation. Let us consider
the linear FPL equation in dimension d, which is a second-order differential equation.
This convection-diffusion equation can equivalently be written in the following forms
(for strictly positive distribution functions):

∂f

∂t
= ∇ ·

(
(~v − ~u)f + T ~∇vf

)
(2.1)

= ∇ ·
(
Tf ~∇v log(f/Mf )

)
(2.2)

= ∇ ·
(
Tf

(
(~v − ~u)

T
+ ~∇v log f

))
= ∇ ·

(
TMf

~∇v(f/Mf )
)
,

where ∇· and ~∇v are the divergence and gradient operator, respectively, f(v, t) is the
distribution function (with ~v ∈ Rd, t > 0). T represents a constant temperature,
~u a constant velocity, and Mf the Maxwellian with the same first moment nf as f ,
defined by

Mf (~v) =
nf

(2πT )d/2
exp

(−‖~v − ~u‖2
2T

)
,(2.3)

nf (t) =

∫
Rd
f(v, t)dv (mass),

~uf (t) =
1

nf (t)

∫
Rd
~vf(v, t)dv (velocity),

Tf (t) =
1

dnf (t)

∫
Rd
‖~v − ~uf (t)‖2f(v, t)dv (temperature).

Equation (2.2) is called Landau-log formulation of the linear FPL equation. In the
following, we assume T = 1 for the sake of simplicity. For any test-function φ(v), we
have, integrating (2.2) by part∫

Rd
∂f

∂t
φ(v)dv = −

∫
Rd
f ~∇vφT · ~∇v log(f/Mf )dv,(2.4)

where xT denotes the transpose vector. By taking φ ≡ 1, we obtain the mass con-
servation which is the only conservation for this equation, i.e., nf (t) = nf (0) = n.
Thus, the Maxwellian is constant in time. Note that, in general, this equation does
not preserve momentum and energy. Indeed, letting φ = v in (2.4), we get

d

dt
(~uf (t)− ~u) = −(~uf (t)− ~u),

where u is the constant velocity. Thus, we have

~uf (t) = ~uf (0) exp(−t) + ~u (1− exp(−t)) .

Therefore, the velocity is not constant except if ~uf (0) = ~u. Let us now choose

φ(~v) =
1

dn
‖~v − ~uf (t)‖2,
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in (2.4) or equivalently in the weak form of (2.1), we have (T = 1)

d

dt
(Tf (t)− 1) =

−1

dn

∫
Rd

~∇v
(‖~v − ~uf (t)‖2)T · ((~v − ~uf )f + ~∇vf

)
dv

= 2− 2

dn

∫
f(~v − ~uf (t))T · (~v − ~u)dv = 2(1− Tf (t)),

since ~∇v
(‖~v − ~uf (t)‖2) = 2(~v − ~uf (t)) and

∫
f(~v − ~uf (t))dv = ~0. Thus, we have

Tf (t) = Tf (0) exp(−2t) + (1− exp(−2t)) ,

i.e., the temperature tends to the equilibrium temperature T = 1. Using φ =
log(f/Mf ), we obtain the H-theorem

H =

∫
Rd
f log(f/Mf )dv,

dH

dt
= −

∫
Rd
f
∥∥∥~∇v log(f/Mf )

∥∥∥2

dv ≤ 0

and dH/dt = 0 ⇔ f = Mf . The existence of a solution for the Cauchy problem
associated with (2.1) is classical. It can be easily shown that the solution remains
strictly positive for nonnegative initial data. The remainder of this section is devoted
to the existence proof of solution for the discretized problem using the log formulation,
i.e., (2.2). We obtain a discrete analogous of the H-theorem and prove that the solution
tends to the discretized Maxwellian for large time.

2.2. The semidiscretized linear FPL equation. We shall consider the prob-
lem discretized in the velocity space. Let us first discuss the discretization of the
gradient, i.e., the choice of the finite difference operators.

2.2.1. Finite difference operator. Let D be a finite difference operator that
approximates the usual gradient operator ~∇v at least up to the first order defined as
follows: for any test sequence ψ = (ψi)i∈Zd , Dψ is a sequence (Dψ)i ∈ Zd of vectors
of Rd defined by

(Dψ)i = ((Dsψ)i)s=1,...,d ∈ Rd,
where the components (Dsψ)i for s = 1, . . . , d approximate the partial derivatives
∂ψ/∂xs(vi). The s-component of such finite difference operator is of the form

(Dsψ)i =
∑
k∈Ns

αskψi+k,(2.5)

where Ns is a finite set of indices k ∈ Zd which contains the neighbors of the points
involved for the s-component by the finite difference operator. We also set throughout
the rest of the paper N = ∪s=1,...,dN

s. The vectors αk = (αsk)s=1,...,d ∈ Rd satisfy
the following symmetry properties:∑

k∈Ns
αsk = 0,

∑
k∈Ns

αskk
r∆v = δsr, s = 1, . . . , d, r = 1, . . . , d,(2.6)

where kr is the rth component of the vector k ∈ Zd and δsr is the Kronecker
symbol. Condition (2.6) states that D is the exact gradient for constant and lin-

ear functions or equivalently, that D is an approximation of ~∇v at least up to
the first order. The formal adjoint D∗ of D is given, for each component, by
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(D∗sψ)i =
∑
−k∈Ns α

∗s
k ψi+k,with α∗sk = αs−k ∀(−k) ∈ Ns. There are two simple

cases of such discretized operator. On the one hand, the 2d uncentered difference
operators denoted by Dε, for ε = (εj)j=1,...,d ∈ {−1, 1}d defined by

(Ds
εψ)i =

1

∆v
(εs(ψi+εses − ψi)) ,

for such uncentered, we have (Dε)
∗ = −(D−ε). On the other hand, the centered op-

erator Dc defined by (Ds
cψ)i = (ψi+es −ψi−es)/2∆v for s = 1, . . . , d. The operators

Dε are clearly first-order approximations while Dc is a second-order one. For a given
uncentered operator Dε, the sets Ns are Ns = {i, i + εses}. For the sake of simplic-
ity, we restrict ourselves in the linear case (section 2) to discrete gradient D = Dε

with any choice of ε. We shall also introduce the discretized divergence operator as
(D · ψ)i =

∑d
s=1(Dsψ)i = 1

∆v

∑d
s=1 (εs(ψi+εses − ψi) .

2.2.2. The semidiscretized operator. The distribution function is approxi-
mated by a piecewise function on a fixed regular mesh of the form vi = i∆v, where
i ∈ Zd. Let us denote by fi(t) the value of the approximated distribution function
at velocity vi and time t. The evolution in time of these functions are governed by a
coupled system of nonlinear equations which is the discretized version of (2.2):

dfi
dt

= FPLi = (D∗ · p)i, psi = gsi (D
s log(f/M))i,(2.7)

where the terms gsi have now to be defined, M is the discretized Maxwellian with the
same mass nf as f , velocity u and temperature T = 1, as in (2.3). This Maxwellian
is thus chosen such that its mass is the same as the mass of the initial distribution
function: ∑

i

Mi =
∑
i

f0
i .

Note that the simplest and natural choice gsi = fi corresponds to the semidiscretiza-
tion proposed by Degond and Lucquin in [25, 12] for the nonlinear FPL equation,
described in the next section. In this paper, we shall use a modification of the scheme
by defining, in a general way

gsi =
(]Ns)

∏
k∈Ns fi+k∑

k′∈Ns
(∏

k∈Ns−{k′} fi+k
) , i ∈ Zd,(2.8)

where (]N) is the cardinal of any finite subset N of Zd. This term gsi is a rather
good approximation of fi when the distribution function is smooth but it is a rough
one when the distribution function has some “hole,” i.e., takes very small values at
some velocity because all neighbors of these velocities with vanishing weight will be
associated with vanishing gsi . We have the following estimates:

0 ≤ gsi ≤ (]Ns)fi+k ∀i ∈ Zd and ∀k ∈ Ns.(2.9)

Using the choice D = Dε of discrete gradient with (]Ns) = 2 and the correspondent
definition of the set Ns, the scheme can be simplified further:

psi =
εs
∆v

gsi

(
log

(
fi+εses
Mi+εses

)
− log

(
fi
Mi

))
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for s = 1, . . . , d. Then, the system reads, surprisingly, in a form independent of the
direction ε used to calculate the discrete gradient,

dfi
dt

= FPLi =
1

∆v2

∑
µ∈{−1,1}

∑
s=1...d

gi,i+µes

(
log

(
fi+µes
Mi+µes

)
− log

(
fi
Mi

))
,(2.10)

with the terms gi,j , which are given by

gi,j =
2fifj
fi + fj

with gsi = gi,i+εses =
2fifi+εses
fi + fi+εses

, gsi−εses = gi,i−εses .(2.11)

Hence, this modification (fi 7→ gi) allows to symmetrize the formulation of the dis-
cretized linear Fokker–Planck equation.

2.2.3. Finite volume interpretation. Let us show that the scheme (2.10) can
be derived using classical finite volume approach. Starting again from the FPL linear
equation in its log form, i.e., (2.2) (again with T = 1)

∂f

∂t
= ~∇v ·

(
f ~∇v log(f/Mf )

)
,

integrating it over the cell Ci defined as the centered cubic cell surrounding the point
vi and using the Green formula, one obtains∫

Ci

∂f

∂t
dv =

∑
µ∈{−1,1}

∑
s=1,...,d

∫
∂C(i,i+µes)

µf
∂ log f/Mf

∂vs
dσ,(2.12)

where ∂C(i,i+µes) stands for the interface between cells Ci and Ci+µes (with a normal

vector µ~es and, thus, a normal derivative µ ∂
∂vs ) and dσ the superficial measure on

this interface. By taking midpoint quadrature formula for each side of this equation,
we have

dfi
dt

=
∆vd−1

∆vd

 ∑
µ∈{−1,1}

∑
s=1,...,d

f

(
vi + vi+µes

2

)
µ
∂ log

(
f
Mf

)
∂vs

(
vi + vi+µes

2

)
+ O(∆v2)

.
(2.13)
Now, approximating ∂ log f/Mf

/
∂vs
(
vi + vi+µes

/
2
)

with the second-order approxi-
mation

µ

∆v

(
log

(
fi+µes
Mi+µes

)
− log

(
fi
Mi

))
,

and using a classical, second-order approximation designed for the numerical treat-
ment of such diffusive equation [16] which consists of the harmonic averaged of the
diffusion coefficients

f

(
v =

vi + vi+µes
2

)
≈ 2fifi+µes
fi + fi+µes

,

one recovers the scheme (2.10). Note that such approximation of the diffusion coeffi-
cients guarantees the continuity of the fluxes at the interface.
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2.2.4. Reduction to a bounded velocity domain. From a numerical point
of view, it is necessary to consider a bounded velocity domain, i.e., to assume that the

index i belongs to a finite set of integer which is assumed of the form {1 · · ·n}d def= I
for the sake of simplicity. Let us define the “interior” set I such that i ∈ I if and
only if ∀k ∈ N , (i+ k) ∈ I. The definition (2.7) of FPLi is modified as follows on the
discretized weak formulation:∑

i∈I
φiFP

L
i = −

∑
i∈I

∑
s=1,...,d

gsi (Dφ)i · (D log(f/Mf ))i .(2.14)

Then, FPLi is unchanged for any “interior” point i ∈ I. For the “frontier” points, it
leads to suppress the terms of the form(

log

(
fi±εses
Mi±εses

)
− log

(
fi
Mi

))
for any index such that i± εses 6∈ I. Finally, FPLi , on a bounded domain I is of the
form ∀i ∈ I

FPLi =
∑

µ∈{−1,1}

∑
s=1,...,d

ai,i+µesgi,i+µes

(
log

(
fi+µes
Mi+µes

)
− log

(
fi
Mi

))
,(2.15)

where the constant coefficients ai,i+µes were defined as 1
∆v2 if the point i+µes lies in

I, or 0 if not and gi,i+µes is given by (2.11).

2.2.5. The semidiscrete H-theorem. The H-theorem is satisfied with the
following discrete entropy functional:

H =
∑
i∈I

fi log(fi/Mi).(2.16)

Indeed, using the weak formulation (2.14) with φi = log(fi/Mi), we have using the
mass conservation

dH

dt
= −

∑
i∈I

∑
µ∈{−1,1}

∑
s=1,...,d

ai,i+µesgi,i+µes

(
log

(
fi+µes
Mi+µes

)
− log

(
fi
Mi

))2

≤ 0.

Moreover, we have (if the terms gsi are strictly positive):

dH

dt
= 0⇔ ∀(i, j) ∈ I2, fi/Mi = fj/Mj .(2.17)

Finally, using the mass conservation, we have fi = Mi ∀i ∈ I.

2.3. Existence for the semidiscretized linear FPL equation. This section
is devoted to the proof of the following theorem.

Theorem 2.1. Let (f0
i ) ∈ R(]I) such that f0

i > 0 ∀i ∈ I. Then, the Cauchy
problem for the system (FPL)

dfi
dt

= FPLi , fi(t = 0) = f0
i ∀i ∈ I,
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with FPLi defined by (2.15) is well posed. Moreover, there exists a global in time
solution (fi(t))i∈I such that

∀i ∈ I, lim
t→∞ fi(t) = Mi,(2.18)

where Mi is the associated discrete Maxwellian, defined by (2.3).
Proof. The local existence is obtained using standard Lipschitz property of the

equations. Thus, there exists a solution at least for small time. The difficulty arises
when some of the fi tend to 0 due to the singularity of the log terms.

Once a positive lower bound is obtained for the fi, one has an upper bound using
the conservation of mass. Hence, there are only two alternatives: either there exists
a global positive solution or the solution has a maximal lifetime t0 < ∞ such that
fi(t) → 0 when t → t0 for some i ∈ I. We shall now prove that the solution is
global using a maximum principle. Let us recall the proof although it can probably
be obtained using a more general theory, since it provides us an explicit lower bound
for the distribution function. Define hS and hI as follows:

hS(t) = sup
i∈I

fi(t)

Mi
, hI(t) = inf

i∈I
fi(t)

Mi
.(2.19)

Note that hI and hS are continuous functions of t (for sufficiently small time t such
that the solution exists) such that hS(0) ≥ 1 and 0 < hI(0) ≤ 1 since the Maxwellian
Mi has the same first moment as fi. Let us prove that hS is a decreasing function by
contradiction. Assume there exists t1 and t2 > t1 such that hS(t2) > hS(t1). Then,
there exists t3 ∈ [t1, t2] such that hS is maximal. Let IS be the set of indexes i for
which hS(t3) = fi(t3)/Mi. At such point i, we have

d(fi/Mi)

dt
(t3) ≤ 0.

Indeed, the time evolution of fi is governed by (2.15), and, setting hi = (fi/Mi) is a
sum of terms of the form log(hi+k/hi)(t3), with k ∈ N , multiplied by positive terms
ai,i+kgi,i+k . Thus, hi being maximal (i ∈ IS), these terms are negative. The minima
cannot be isolated since in this case, we get d(fi/Mi)(t3)

/
dt < 0, which contradicts

i ∈ IS . Step by step, we obtain that hi = 1, i.e., fi = Mi ∀i ∈ I. Finally, we have
proved that hS is decreasing. A similar proof holds for hI increasing. This naturally
provides a uniform bound for the weights fi and for any time t

hS(0) sup
i∈I

Mi ≥ fi(t) ≥ hI(0) inf
i∈I

Mi ∀i ∈ I, ∀t ≥ 0.

Let us now prove that fi → Mi when t → ∞. Indeed, the following “weighted L2”
distance between fi and Mi

D̃ =
∑
i∈I

Mi

(
fi
Mi
− 1

)2

,

is decreasing, using φi = (fi/Mi − 1) in the weak formulation (2.14),

dD̃

dt
= 2

∑
i∈I

dfi
dt

(
fi
Mi
− 1

)
= −2

∑
i∈I

∑
µ∈{−1,1}

∑
s=1···d

ai,i+µesgi,i+µes

(
fi+µes
Mi+µes

− fi
Mi

)

×
(

log

(
fi+µes
Mi+µes

)
− log

(
fi
Mi

))
≤ 0,
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using the standard inequalities (x−y) (log(x)− log(y)) ≥ 0. The distance is decreasing
and tends to 0 for any sequence of time. More precisely, the maximum principle,
proved above, ensures the existence of C > 0 (depending only on the initial data and
particularly on the initial lower bound of the weights) such that

dD̃

dt
≤ C

∑
i∈I

∑
µ∈{−1,1}

∑
s=1...d

(
fi+µes
Mi+µes

− fi
Mi

)2

≤ C̃D̃.

Thus, the functions fi(t) tend exponentially to Mi ∀i ∈ I when t → ∞ using a
Grönwall lemma. This last result can be related to a recent paper of Toscani [28]
concerned with the continuous linear Fokker–Planck equation for which he obtains
similar exponential decay toward the Maxwellian.

The convergence toward the equilibrium can also be proved using the Csiszar–
Kullback inequality [19] for the continuous problem (see [28]). Since the terms fi are
bounded below for t ∈ [0,∞[ then necessarily limt→∞H(t) = 0. Applying the Csiszar–
Kullback inequality which states that for any couple of strictly positive functions F
and G and any probability measure dP we have

‖ F −G ‖2L1(dP )≤ 2

∫
F ln

(
F

G

)
dP ;

then

0 ≤
(∑

i

|fi −Mi|
)2

≤ 2H(f),

which implies that

lim
t→∞

∑
i

|fi(t)−Mi| = 0.

Note that this theorem can be proved even in the case gi = fi. However, the
following cannot be extended without the modification and the use of the estimate
(2.9) on gi,j we have proposed.

2.4. The time-discretized linear FPL equation. Let us consider now the
explicit time discretization of the preceding problem. The distribution function is
assumed known at time t and equal to (fi)i∈I . Let us denote by v̄ the computed
value of any variable v at time t+ ∆t. The scheme is of the form

f̄i = fi + ∆tFPLi ,(2.20)

where FPLi is defined by (2.15). The main properties of this explicit in time scheme
(2.20) are summarized in the following proposition.

Proposition 2.2. Let (f0
i ) ∈ R(]I) such that f0

i > 0 ∀i ∈ I. Then there
exists a time step of the form C/∆v2 with the constant C depending only on the
initial condition for which the scheme (2.20) is positive and conservative and decays
entropy. Furthermore, the scheme leads to a solution which verifies

∀i ∈ I, lim
t→∞ fi(t) = Mi,(2.21)

where Mi is the associated discrete Maxwellian, defined by (2.3).
The proof is postponed until the appendix. Note that the scheme leads to a

nonoscillatory solution since the maximum principle prevents the creation of any
supplementary local extremum (since local maximum decreases and local infimum
increases).
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3. The nonlinear FPL equation. We shall now consider the tridimensional
nonlinear FPL equation in the homogeneous case for any interaction potential. We
restrict ourselves to a single-species plasma since the methods can easily be extended
to the multispecies case as explained in [7].

3.1. The continuous nonlinear FPL equation. We denote by f(v, t) the
distribution function, a solution of the following scaled FPL equation:

∂f

∂t
= Q(f, f) = ∇v.

(∫
R3

Φ(v − v∗)((~∇vf)f∗ − (~∇v∗f)f)dv∗

)
,(3.1)

where Q(f, f) is the FPL collision operator written in the so-called Landau form with
the standard notations (for example, f∗ = f(x, v∗, t)) and Φ(v) is the following 3× 3
matrix:

Φ(v) = |v|γ+2S(v), S(v) = I3 − v ⊗ v
|v|2 .(3.2)

S(v) is the orthogonal projector onto the plane orthogonal to v. γ is a real parameter
which leads to the usual classification in hard potentials (γ > 0), Maxwellian molecules
(γ = 0) or soft potentials (γ < 0). This latter case involves the Coulombian case (i.e.,
γ = −3) which is of primary importance for plasma applications. The well-known
physical properties of the FPL operator are similar to that of the Boltzmann operator
such as the decay of the entropy, the conservation of mass, momentum, and energy,
and the characterization of the equilibrium states by Maxwellians. These properties
can easily be shown on the weak form of the FPL operator which can be found in
[11, 7, 25, 12].

3.2. The semidiscretized nonlinear FPL equation. The distribution func-
tion is approximated by piecewise constant functions on a fixed regular mesh of the
form vi = i∆v, where i = (i1, i2, i3) belongs, as in the linear case, to a finite set of

integer which is assumed of the form {1 · · ·n}3 def
= I for the sake of simplicity. We

refer to [11, 25, 12] for a detailed derivation of this discretization. Denote by fi(t)
the value of the approximated distribution function at velocity vi and time t. The
time evolution of this discretized function is then governed by a coupled system of
nonlinear equations of the form (for i ∈ I)

∂fi
∂t

= (D∗.p)i, pi = ∆v3
∑
j∈I

fifjΦ ((i− j)∆v) ((D log f)i − (D log f)j) ,(3.3)

where D is again a finite difference operator that approximates the usual gradient
operator ∇ at least up to the first order, D∗ its formal adjoint, as defined in section
2.2.1. The reduction to a bounded domain follows the same lines as in the linear case
presented before. In the weak formulation, this system of differential equations can
be written equivalently for any test sequence (ψi)i∈I as∑

i∈I

∂fi
∂t
ψi∆v

3(3.4)

= −1

2
∆v6

∑
(i,j)∈I2

fifj ((Dψ)i − (Dψ)j)
T

Φ(vi − vj) ((D(log f))i − (D(log f))j) .

As shown in [11, 12, 25], this discrete model is conservative and decays entropy (pro-
vided that there exists a solution, which is the aim of the present paper). The only
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equilibrium states are the discrete Maxwellians for decentered approximation Dε of
the gradient but introduce spurious collisional invariant for the centered Dc one (pre-
viously defined in the linear case). The good choice for the discretized Fokker–Planck
operator is the arithmetic average over all (eight) decentered operators Dε which is
equal to the centered operator plus a diffusive perturbation (see [7] for details).

From the positivity of the matrix Φ, it is easy to check that such a scheme decays
the entropy using the weak form (3.4) with ψi = log fi

H(t)
def
= ∆v3

∑
i∈I

fi(log fi) ≤ ∆v3
∑
i∈I

f0
i (log f0

i ) = H(0).(3.5)

Note that this property is not achieved if one discretizes the Fokker–Planck operator
in the “nonlog” form (see [12] for a precise statement). This was the first reason for
using the “log”-discretization we presented here. There is another reason which is
also of main importance: there exists some positive initial condition for which the
“nonlog” discretized FPL equations leads to a solution with negative values of the
distribution function in arbitrary small time (see appendix for details).

3.3. Existence for a semidiscretized nonlinear FPL equation. We shall
now turn to the proof of existence of positive solutions for the Cauchy problem for the
system defined by (3.3) with positive initial conditions fi(t = 0) = f0

i > 0 ∀i ∈ I. We
also refer to [7] for methods such as multigrid or sublattice for reducing the numerical
cost in evaluating this quadratic operator. These methods are based on a simplified
discrete operator of the form

∆v6
∑
i∈Z3

FPiψi∆v
3(3.6)

= −1

2

∑
(i,j)∈I2

aiaj ((Dψ)i − (Dψ)j)
T

Φ(vi − vj) ((D log f)i − (D log f)j) ,

where the coefficients ai depend on the distribution function, some of them can be
null, and their sum over all the indices is bounded. The number of nonnull terms
determines the cost of the method. For the original discrete operator there are (]I)2

nonnull terms so the method is quadratic. In multigrid methods, since Monte Carlo
integration is used [7], only ]I log(]I) terms are nonzero at each time step. Therefore
the cost is only of the order of ]I log(]I). The following analysis also applies for such
rapid methods. The existence of solutions for small time can be easily obtained using
classical Cauchy–Lipschitz theorem. Indeed, there is no singularity in this system
neither in the log terms, using f0

i > 0, nor in the matrix Φ, since for i 6= j we have
‖vi − vj‖ ≥ ∆v.

Then, these solutions had to remain positive due to the log terms and they are
global in time provided that none of the fi vanishes. Indeed, we get for free an upper
bound (uniform in time, depending on ∆v) for fi using the conservation of mass∑
i∈I fi∆v

3 =
∑
i∈I f

0
i ∆v3. Finally, we have the only two following alternatives:

either there exists a maximal time t0 > 0 of existence, i.e., such that for at least some
index i0 ∈ I, limt→t0 fi0(t) = 0, or there exists a solution global in time. In other
words, existence of global solution for the differential equations is related to the fact
that fi can only vanish in infinite time.

Assuming that there exists only one index i0 for which the distribution tends to 0
when t→ 0, one separates in the various terms involved in (D∗.p)i the ones containing
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log(fi0) which blows up. Then, it is easy to check that this term is multiplied by a
negative constant and therefore, the leading order term in dfi0/dt is positive which
provides the contradiction. However, this method cannot be extended, at least to our
knowledge, to the general case where the distribution function vanishes simultaneously
at several locations.

Showing that the weights fi cannot vanish in finite time is equivalent to showing
that the function

K = sup
i∈I,k∈N

∣∣∣∣ fifi+k

∣∣∣∣(3.7)

remains bounded in finite time as in the linear case. This function is convenient since
these ratios actually appear in the D(log f)i terms. A direct calculation, which is
left to the reader and related to the one given in the next section, gives the following
estimates: ∣∣∣∣dKdt

∣∣∣∣ ≤ CK2 log(K)(3.8)

for some constant C > 0. This estimate obviously does not give an upper bound
for the value of K for arbitrary large time and therefore, no lower bound for the fi
in finite time. Other methods for proving the existence of positive solution for the
system of ODEs (3.3) rely on functional approaches (i.e., find a function of fi which
tends to∞ if one of the fi → 0 and proves that it remains bounded) like, for example,
the Linnick functional [4]. Note that for the continuous Boltzmann or FPL equations,
the distribution function can be bounded below by some Maxwellian [29, 14, 15].

To ensure the existence of global positive solutions, we introduce a slightly differ-
ent discretized operator which has exactly the same properties (conservation, entropy)
as the one defined in [11, 7, 25, 12] but for which the proof can be complete using the
first direct method. The trick consists of modifying the terms fi and fj , respectively,
in the formulae (3.3) by some approximations gi and gj , respectively, defined as in
the linear case by

gi =


(]N)

∏
k∈N fi+k∑

k′∈N

(∏
k∈N−{k′} fi+k

) , i ∈ I,

0 if i ∈ I − I,
where N is a finite subset of Z3 and (]N) is the cardinal of N . Let us recall that gi
is a rather good approximation of fi when the distribution function is smooth but is
rough when the distribution function is very peaked at some velocity. The Cauchy
problem associated with the modified ODEs, i.e., the semidiscretized FPL equation
(3.3) reads for i ∈ I

∂fi
∂t

= FPi = (D∗.p)i, pi = ∆v3
∑
j∈I

gigjΦ((i−j)∆v) ((D log f)i − (D log f)j) ,(3.9)

We have the following result.
Theorem 3.1. Let (f0

i ) ∈ R(]I) such that f0
i > 0 ∀i ∈ I. The Cauchy problem

with initial conditions fi(t = 0) = f0
i for the differential system (3.9) has a unique

positive entropy solution for arbitrary large time.
Proof. The existence and unicity of the solution of system (3.9) with strictly pos-

itive initial data for small time is obtained using classical Cauchy–Lipschitz theorem.
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We will now prove that the solution cannot vanish at some velocities in finite time
and, thus, the solution is global in time. The discrete H-theorem is given by (3.5) and
can be proved using the weak formulation. We recall the following estimates:

0 ≤ gi ≤ (]N)fi+k ∀i ∈ I and ∀k ∈ N.(3.10)

Using definition of K and pi, i.e., (3.7) and (3.9), we have the following estimate for
the vectors pi:

‖pi‖ ≤ Cgi log(K),(3.11)

where C is a generic constant throughout the rest of the paper, depending on the
number of grid points (]I), the potential parameter γ, the velocity mesh size ∆v, the
initial condition (f0

i )i∈I , the coefficients ak, and the cardinal of the set N . Indeed,
we have the following upper bounds:

sup
(i,j)∈I2

‖Φ (vi − vj)‖ ≤ C, |fi| ≤ C ∀i ∈ I,

‖(D log f)i‖ ≤ C ∀i ∈ I.

Then, using (3.10), we have

|(D∗.p)i| ≤ C log(K) sup
k∈N

gi−k ≤ C log(K)fi.(3.12)

Then, we have for any i ∈ I and any k ∈ N
d(fi/fi+k)

dt
=

1

fi+k

dfi
dt
− fi
f2
i+k

dfi+k
dt

.

Finally, using (3.12) and since
dfi
dt

= (D∗.p)i, we have∣∣∣∣dKdt
∣∣∣∣ ≤ CK log(K),(3.13)

which implies K(t) ≤ K(0) exp(exp(Ct)) and this concludes the proof.
This proof can be carried out for the diffusive perturbation defined in [7] by again

changing the fi into gi as explained above. We do not detail the proof since it follows
exactly the same lines. The key point is that the modified scheme (with gi defined by
(2.8)) satisfies (3.10), which implies (3.12), while the original scheme [11, 7, 25, 12]
(with gi = fi) leads to

|(D∗.p)i| ≤ CK log(K)fi,(3.14)

and thus (3.13) becomes (3.8).
Note that for large time, the distribution function should tend at least formally to

the discretized Maxwellian since its entropy decays (see Csiszar–Kullback inequality).
Therefore, there must exist some constant K0 > 1 such that K(t) ≤ K0 for all
time. However, the convergence toward the discrete Maxwellian or equivalently the
existence of a lower bound for the weights fi uniform in time remains an open problem
up to now for the discretized nonlinear FPL equation. This point is currently being
investigated.
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3.4. The time-discretized nonlinear FPL equation. Let us consider an
explicit time discretization as in the linear case. The distribution function is assumed
known at time t and equal to fi and its value at time t̄ = t + ∆t denoted by f̄i is
given by the following explicit scheme:

f̄i = fi + ∆tFPi,(3.15)

where FPi is defined by (3.9). We shall determine conditions on the time step ∆t
under which the scheme gives positive and entropy solution for an arbitrary large
time. We resume our results in the following proposition.

Proposition 3.2. There exists a time-step sequence ∆tn such that the scheme
(3.15) defines recursively a positive and entropy solution at any time (i.e.,

∑
∆tn =

∞).
Proof. First, note that (3.12) gives a positive constant C > 0 such that

|FPi| = |(D∗.p)i| ≤ C log(K)fi,

where K = maxi∈I,k∈N fi/fi+k. Let us define ∆t1 = 1/C logK and choose ∆t =
α∆t1, with 0 < α < 1. Then, we have using (3.15) and (3.12),

K̄ = max
i∈I,k∈N

f̄i
f̄i+k

≤ K(1 + α)

(1− α)
= βK,

with β = (1 + α)/(1 − α) > 1. Note the difference with the linear case where the
maximum principle insures that the function K decreases at each iteration. Thus, we
have by recursion at iteration n

log(Kn) ≤ n log(β) + log(K0),

with K0 = K(0) = maxi∈I,k∈N f0
i /f

0
i+k < ∞. Therefore, for the time step ∆tn at

iteration n, which is defined recursively by ∆tn = α/C log(Kn) and for which the
solution is positive, we have the following estimate:

∆tn ≥ α

C(n log(β) + log(K0))
.

The right-hand side of this inequality leads to a divergent sum and thus the solution
remains positive and can be constructed for any arbitrary large time, i.e., after n
iterations the time is equal to

tn =
∑
k≤n

∆tk →∞, n→∞.

We have now to check that the entropy decays. Defining the discrete entropy H by
(3.5), we obtain, as in the linear case (see appendix A-1), that it is decreasing provided
that the time-step is smaller than

∆t̃1
def
= min

α∆t1,
−∆v3

∑
i∈I FPi log(fi)

∆v3
∑
i∈I

(FPi)
2

fi

 .

Using the weak formulation, we have∣∣∣∣∣∆v3
∑
i∈I

FPi log(fi)

∣∣∣∣∣ = ∆v6
∑

(i,j)∈I2

gigjX
T
i,jΦ(vi − vj)Xi,j ,(3.16)
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where Xi,j is a d vector defined by Xi,j = (D log f)i− (D log f)j . On the other hand,
using the convention where terms of the form ai+k are set to zero if i+k /∈ I, we have
for any i ∈ I

(FPi)
2 = (D∗.p)2

i ≤
C ′

∆v2

∑
k∈N
‖pi+k‖2 ,

where C ′ is a constant which depends only on the cardinal of the set N and

‖pi+k‖2 =

∥∥∥∥∥∥gi+k∆v3
∑
j∈I

gjΦ(vi+k − vj)Xi+k,j

∥∥∥∥∥∥
2

.

Let us introduce the sequences Uj and Vj as

Uj =

(√
gi+kgj∆v3

‖vi+k − vj‖s
)
j

, Vj =

(√
gi+kgj∆v3

‖vi+k − vj‖s ‖S(vi+k − vj)Xi+k,j‖
)
j

.

The definition of pi+k leads, using the Cauchy–Schwarz inequality and definition of
the matrix S(v) (with s = 1 in the Coulombian case), to

‖pi+k‖2 ≤ ‖U‖2 ‖V ‖2 ,
with the norm

‖U‖2 =
∑
j∈I

gi+kgj∆v
3

‖vi+k − vj‖s , ‖V ‖
2

= ∆v3
∑
j∈I

gi+kgj ‖vi+k − vj‖s ‖Φ(vi+k − vj)Xi+k,j‖2 .

Thus, we have, using twice gi ≤ (]N)fi ∀i,

‖pi+k‖2 /fi

≤ (]N)2

sup
i∈I

∑
j∈I

fj∆v
3

‖vi − vj‖s

∆v3
∑
j∈I

gi+kgj ‖vi+k − vj‖s ‖Φ((i+ k − j)∆v)Xi+k,j‖2 ,

and adding these inequalities, we obtain∑
i∈I

(FPi)
2

fi
∆v3

≤ C ′

∆v2
(]N)2

sup
i∈I

∑
j∈I

fj∆v
3

‖vi − vj‖s

∆v6
∑

(i,j)∈I2

gigj ‖vi − vj‖s ‖Φ(vi − vj)Xi,j‖2 .

Moreover, we have for all vectors v and X

XTS(v)X = ‖S(v)X‖2 ⇒ XTΦ(v)X = ‖v‖s ‖Φ(v)X‖2 ,
and then, using (3.16), we have proved that

∑
i∈I

(FPi)
2∆v3

fi
≤ C ′

∆v2
(]N)2

sup
i∈I

∑
j∈I

fj∆v
3

‖vi − vj‖s

×∆v3
∑
i∈I

FPi log(fi),
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and thus

∆t
def
= min

α∆t1,
∆v2

C ′(]N)2
×
sup
i∈I

∑
j∈I

fj∆v
3

‖vi+k − vj‖s

−1


yields a positive and entropy scheme.
For the simplest uncentered discrete gradient, a simple calculus gives us C ′ = 4

and (]N) = 4. For other choices of the discrete gradient the calculus of these constants
can be achieved by straightforward calculations. In numerical simulations, the time
step that guarantees positivity and entropy decay of the solution tends to a constant
one (and not to zero as the time-step sequence constructed in the proof).

Moreover, the condition on the entropy is more restrictive than the positivity
one and insures a nonoscillatory solution. This differs from the linear case. If the
condition on the entropy is relaxed, it is readily seen on numerical simulations (see,
for example, [6]) that unphysical oscillations appear.

4. Conclusions. The existence of a global, positive, conservative, and entropy
solution for the semidiscretized nonlinear FPL equation as proposed (on Landau-log
form) in [12, 3, 27, 5, 26] cannot be proved, at least to our knowledge, without the
modification proposed here (i.e., fi 7→ gi). Moreover, when such velocity discretized
models are also discretized in time, it is not proved that they still preserve entropy
decay and positivity of the solution even though these properties are satisfied by the
semidiscretized models [11].

We show that the constructed discrete model for FPL equation gives global posi-
tive solution and its time-discretized version preserves all the properties of the semidis-
cretized one. In the linear case, the modification that we propose is related to a clas-
sical approximation of the diffusion coefficients. For the nonlinear equation, we give
sufficient, CFL-like conditions on the time step that guarantees entropy decay and
positivity.

We refer to [7, 22] for fast algorithms for solving the nonlinear Fokker–Planck
equation in Landau form. As explained in the present paper, the proofs apply to the
multigrid and sublattice methods and can probably be extended to multipole meth-
ods using the modification we propose. Let us also mention a forthcoming paper
concerned with the isotropic distribution function [6], for which the results presented
here can be improved. It is possible in this particular case to use a nonuniform grid,
to obtain a uniform estimate on the time step (instead of the divergent series we have
constructed), and to reduce the quadratic cost to a linear cost without any supplemen-
tary approximation. The isotropic case can be used to compute reference solutions—or
benchmarks—since the linear cost of this one-dimensional problem makes it possible
to compute very accurate solutions even in the Coulombian case (γ = −3), for which
there is no known explicit solution unlike the Maxwellian case (γ = 0, see [21]).

The next step is to prove the convergence of the constructed sequences of ap-
proximated solutions toward the solution of the continuous FPL equation. First, one
shall study the convergence of the time-discretized solution (using the explicit scheme
presented in section 3.4) toward the solution of the system of ODE corresponding to
the semidiscretized FPL equation presented in section 3.2 when ∆t→ 0. Second, we
shall prove convergence of the solution of the semidiscretized FPL equation to the
solution of the continuous equation when ∆v → 0. This result is much more difficult
to prove.
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Appendix. A1. Proof of Proposition 2.2. Let us define hi = fi/Mi. We
have from (2.20)

h̄i = hi +
FPLi
Mi

∆thi

1 + ∆t
∑

µ∈{−1,1}

∑
s=1,...,d

ai,i+µes
gi,i+µes
fi

log

(
hi+µes
hi

) .

Recall that hI , hS defined in the preceding proof can be equivalently written as

hI = inf
i∈I,k∈N |(i+k)∈I

hi+k, hS = sup
i∈I,k∈N |(i+k)∈I

hi+k.

We also define K = hS/hI > 1. Let us prove first that there exists a uniform lower
bound on the time step ∆t for which hS is decreasing and hI is increasing. Assume

∆t ≤ ∆t1
def
=

1

M
inf

x∈]1,K]

(x− 1)

x log x
<∞,

with (using the definitions of ai,i+µes)

M =
8d

∆v2
≥ 4

∑
µ∈{−1,1}

∑
s=1,...,d

ai,i+µes .

Using (2.9) we have gi,i+µes ≤ 2fi by construction and therefore

hi + 2∆t

 ∑
µ∈{−1,1}

∑
s=1,...,d

ai,i+µes

hi log

(
hI
hi

)
≤ h̄i,

and

h̄i ≤ hi + 2∆t

 ∑
µ∈{−1,1}

∑
s=1,...,d

ai,i+µes

 hi log

(
hS
hi

)
.

Moreover, for ∆t ≤ ∆t1, we have

4∆t

 ∑
µ∈{−1,1}

∑
s=1,...,d

ai,i+µes

 x log x ≤ x− 1 ∀x ∈]1,K].

This implies (for x = hi/hI and x = hS/hi) that

hI ≤ (hI + hi)/2 ≤ h̄i ≤ (hi + hS)/2 ≤ hS .
Thus, supi∈I hi decreases, infi∈I hi increases, and K̄ ≤ K. This discrete maximum
principle insures that the scheme is positive. These bounds for the time-steps are not
optimal. Since the coefficients ai,i+k depend on the velocity mesh size as ∆v−2, the
stability condition we get, can be written in the form

∆t ≤ ∆t1 = C∆v2, C =
1

8d
. inf
x∈]1,K(0)]

(x− 1)

x log x

as is usual for such convection-diffusion operator.
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We shall determine another condition for the scheme being entropy decaying. Let
us assume the first condition is satisfied. Thus, the terms fi and also gi,i+µes have a
uniform lower and upper bound. The entropy at time t+ ∆t is of the form

H̄ =
∑
i∈I

(fi + ∆tFPLi ) log
(
(fi + ∆tFPLi )/Mi

)
.

Then, using log(1 + h) ≤ h ∀h > −1, we have (with h = ∆f
f ≥ −1 since the scheme

is positive)

(f + ∆f) log

(
f + ∆f

M

)
= (f + ∆f) log

(
f

M

(
1 +

∆f

f

))
≤ (f + ∆f)

(
log

(
f

M

)
+

∆f

f

)
≤ f log

(
f

M

)
+ ∆f log

(
f

M

)
+ ∆f +

∆f2

f
.

Summing this inequality (with f = fi and ∆f = ∆tFPLi ) over i ∈ I, the first term of
the right-hand side gives H, the third vanishes by mass conservation, and one obtains

H̄ ≤ H + ∆t
∑
i∈I

FPLi log(fi/Mi) + (∆t)2(FPLi )2/fi
def
= H̃.

Note that, as previously shown, we have if fi 6= Mi for at least one index i ∈ I∑
i∈I

FPLi log(fi/Mi) < 0.

Therefore, the scheme is entropy decaying provided that the time step verifies

∆t ≤ ∆t2
def
= min

(
∆t1,

−∑i∈I FP
L
i (log(fi/Mi)∑

i∈I(FP
L
i )2/fi

)
<∞.

By the definition (2.15) of FPLi , and applying the Cauchy–Schwarz inequality, we
have

(FPLi )2 ≤
 ∑
µ∈{−1,1}

∑
s=1,...,d

ai,i+µesgi,i+µes


×
 ∑
µ∈{−1,1}

∑
s=1,...,d

ai,i+µesgi,i+µes log2

(
hi+µes
hi

) .

The first term of the right-hand side is less than 2fi
∑
µ∈{−1,1}

∑
s=1,...,d ai,i+µes using

again (2.9). The second term already appears in the computation of dH
dt . Dividing

this inequality by fi, using the definition ai,i+µes , and summing over the indices i give

∑
i∈I

(FPLi )2

fi
≤ 4d

∆v2

(
−
∑
i∈I

FPLi (log(fi/Mi)

)
.
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We set δt = ∆v2

4d . Note that δt ≥ 2∆t1 since

inf
x∈]1,K(0)]

(x− 1)

x log x
≤ 1.

Then, any ∆t smaller than ∆t1 yields to a positive, entropy, and nonoscillatory
scheme. Note that the entropy condition is less restrictive than the positivity one
in the linear case. The scheme (2.20) defines a sequence of {fni }n∈N, which serves us
to define a piecewise-constant in time function and v by

fi(t) = fni ∀t ∈ [tn, tn+1[,

with t0 = 0, and tn+1 = tn + ∆t and the fni defined above by recursion. We have

K−1Mi ≤ fi ≤ KMi ∀i ∈ I,

with K = K(0), defined above. We have now to prove that this discrete solution
tends to the Maxwellian. First, note that the associated entropy H defined by

H(t) =
∑
i∈I

fni log(fni /Mi) ∀t ∈ [tn, tn+1[

is decreasing and has a lower bound. Thus, it converges and the Cauchy criteria
implies that (Hn+1 −Hn) → 0 as n → ∞ where we have set Hn = H(tn). Define H̃
for t ∈ [tn, tn+1[ as previously by

H̃(t) = H(tn) + (t− tn)
∑
i∈I

FPLi log(fni /Mi) + (t− tn)2(FPLi )2/fni .

Then, H̃ satisfies

H̃(tn) = H(tn), H(t)−Hn ≤ H̃(t)−Hn ≤ 0 ∀t ∈ [tn, tn+1[.

Thus, we have for ∆t = tn+1 − tn ≤ ∆t1 ≤ δt/2 using (Hn+1 −Hn)→ 0:

∆t1
∑
i∈I

(FPLi )2/fi +
∑
i∈I

FPLi log(fni /Mi))→ 0,

and, since we have proved(
−
∑
i∈I

FPLi log(fni /Mi)

)
≥ (δt)

(∑
i∈I

(FPLi )2/fni

)
,

we obtain
∑
i∈I FP

L
i log(fni /Mi)) → 0 when n → ∞ which is equivalent to fni →

Mi ∀i ∈ I since the gi have a uniform lower bound. As for the semidiscretized model,
the convergence of the sequence fki toward the equilibrium can also be proved using
the Csiszar–Kullback inequality and the fact that under the time-step restrictions to
ensure the decay of the entropy and the positivity of the distribution function we have
necessarily limk→∞Hk = 0.

This concludes the proof.
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A2. Negative solution for the nonlog form of nonlinear FPL equation.
The nonlog formulation of the discretized nonlinear FPL equation (3.3) can be written
as

∂fi
∂t

= (D∗.p)i, pi = ∆v3
∑
j∈I

Φ ((i− j)∆v) (fj(Df)i − fi(Df)j) , i ∈ I.

Let us consider, for example, n = 8, and the following initial data: fi = µ ∀i ∈ I
except for two indices i0 = (2, 2, 2) and j0 = (6, 6, 6) where fi0 = fj0 = 1. We choose
for the log form the simplest centered operator, i.e., Dc. First, let µ = 0. The system
defined above gives a negative value for the derivative of fk with respect to t at time
t = 0 for k = (7, 6, 7). A numerical computation of the terms pi gives

d

dt
fk(t = 0) = −1.457165e−04.

Therefore, a positive initial condition gives a solution such that ∃k ∈ I, fk(t) <
0 for any arbitrary small value of t. Finally, the continuity of the solution of the
nonlog formulation of FPL equation with respect to the initial data implies that, for
µ small enough, there exists tµ such that fk(tµ) < 0 for some indices k. Thus, a
strictly positive initial data becomes negative after finite time (tµ) when using the
nonlog form of the FPL equation. On the contrary, this proof does not apply to the
log form which is singular when some fk tends to 0 and, thus, its solutions do not
depend continuously on the initial data near such situations (with vanishing weights).
Numerical simulations illustrating this property are available by sending e-mails to
the authors.
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Abstract. We describe a numerical scheme for dealing with an ion/electron collision operator of
the Fokker–Planck type; for that purpose, we introduce the notion of the entropic average of two pos-
itive quantities. This scheme has the property to be entropic in the sense of Boltzmann’s H-theorem
under a CFL criteria. Moreover, we prove that the solution of the semidiscrete scheme converges
towards a unique Maxwellian equilibrium state when the time grows. Numerical applications are
given and show that our scheme is more precise than the classical Chang–Cooper one.
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Introduction. In hot plasmas such as the plasmas of microballs in the inertial
confinement fusion framework (see [1]), the characteristic length of variation of hydro-
dynamic quantities may be of the order of a micrometer, but when the temperature
arises up to some KeV, the mean free path of the ions may be greater than a microm-
eter. Thus, to simulate the behavior of such a plasma, it is necessary to study the
kinetic models of the evolution of ions coupled with an electronic population which is
assumed to be Maxwellian. Before writing the relevant kinetic model, we recall the
most simple fluid model for hot plasmas which is called two-temperatures Euler equa-
tions (in what follows, we assume that there is only one ionic species whose atomic
mass is m, the ionization level being Z):

∂

∂t
N +∇x · (N−→

U ) = 0,(0.1)

∂

∂t
(mN

−→
U ) +∇x · (mN−→

U ⊗−→
U ) +∇x(NT + Pe) =

−→
0 ,(0.2)

∂

∂t

(
3

2
NT

)
+∇x

(
3

2
NT

−→
U

)
+NT∇x · −→U = 3ΩN(Te − T ),(0.3)

∂

∂t
Ee(Te) +∇x · [Ee(Te)−→U ] + Pe∇x · −→U = 3ΩN(T − Te),(0.4)

where N ,
−→
U , T , and Te are, respectively, the ionic density, the ionic macroscopic

velocity, the ionic temperatures, and electronic temperatures. Ee(Te) = 3
2ZNTe and

Pe = ZNTe are the internal energy and the pressure of the electrons. Ω < 0, defined
with (4.1), is the collision frequency and is of the form Ω = N ·Ω0, where Ω0 depends

continuously on N and T
−3/2
e (see [2], [3], or [4]). For the numerical treatment of this

macroscopic model, see [5] and [6]; for the physical analysis of this model and the link
with a two fluid model, see, for example, [3].
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The kinetic model. Now we are concerned with the kinetic model. The ionic
distribution f = f(t, x, v) (x ∈ R3 and −→v ∈ R3) and the electronic temperature
Te(t, x) are solutions of

∂

∂t
f +−→v · ∇xf − ∇xPe

Nm
· ∇vf = B(f) + S(f),(0.5)

∂

∂t
Ee(Te) +∇x · [Ee(Te)−→U ] + Pe∇x · −→U = −m

2
〈v2S(f)〉.(0.6)

We have set 〈•〉 = ∫ •d−→v and we define N,
−→
U by

N = 〈f〉, N
−→
U = 〈f−→v 〉.

The Fokker–Planck operator S(f) is a model describing the collisions of the ions
against the electrons and is defined with

S(f)(−→v ) = Ω∇v ·
[
(−→v −−→

U )f +
Te
m

∇vf

]
.(0.7)

B(f) is the classical quadratic Landau operator (see [2], [3], and [4]). On the origin of
the system (0.5) and (0.6), see [7] and the references therein; for a mathematical ap-
proach, see [12] and [13]. For some general features related to its numerical treatment,
see [7] and [9] (in the stationary case).

The numerical solution of the overall system (0.5) and (0.6) can be done with a
finite difference method in the phase space (x,−→v ) with a splitting in five stages:

(1) resolution of ∂
∂tf +

−→v · ∇xf = 0 with an upwind scheme with respect to the
x variable;

(2) resolution of the ion/ion Fokker–Planck operator, i.e., we solve ∂
∂tf = B(f).

For example, see [11], [14], [16], and [18] for a conservative and entropic scheme (and
[17] in the isotropic case);

(3) resolution of ∂
∂tf = ∇xPe

Nm ·∇vf with an upwind scheme with respect to the −→v
variable;

(4) resolution of the Fokker–Planck operator S(f), i.e., we solve
∂

∂t
f = S(f),

∂

∂t
Ee = −m

2
〈v2S(f)〉;

(0.8)

(5) resolution of the remaining part of the electronic energy equation.
In this paper, we describe only the fourth stage, which is the most technical.

Thus, we introduce the notion of entropic average which allows us to build a numerical
scheme with very strong convergence and stability properties. To our knowledge, even
the classical Chang–Cooper [8] numerical scheme does not realize all these properties
(see also [9] and [10]).
Plan of the paper. In section 1, we give the main properties of the kinetic

system: We check that there exists an entropy which is the sum of an ionic part
equal to 〈f log f〉 and an electronic part. This entropy is decreasing with time, and
we check that if f is a Maxwellian function, the first three moments of (0.5) yield
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the two-temperatures Euler equations. Section 2 is devoted to the introduction of
the entropic average and to the analysis of a semidiscretization of the system (0.8)
with respect to the velocity variable: the entropic average allows us to build a scheme
whose discretized distribution f converges in large time t to the projection on the
velocity grid of a Maxwellian distribution, properties which are not shown with other
schemes as those described in [8] and [10].

In section 3, we describe the full discretization of the system (0.8): first, we
build a positive and entropic explicit conservative scheme under a classical CFL
criteria, and second, we build a semi-implicit conservative scheme which preserves the
thermodynamical equilibrium. Finally, in section 4, we give numerical results which
show that our scheme is more precise than the classical Chang–Cooper one (cf. [8]).

1. Preliminaries. Let us remark that even with a constant Ω, the operator
S(f) is not a linear operator with respect to f . Indeed,

−→
U depends on f and we can

write

S(f)(−→v ) = Ω0∇v ·
[∫

(−→v −−→v∗)f(−→v∗)f(−→v )d−→v∗ +
∫
f(−→v∗)d−→v∗ Te

m
∇vf

]
.

Let us define the Maxwellian

M−→
U ,T

(−→v ) = N

(2πT/m)
3/2

exp

[
−m(−→v −−→

U )2

2T

]
.

We can write the operator S(f) in the Landau form

S(f) = Ω
Te
m

∇v ·
[
f∇v log

(
f/M−→

U ,Te

)]
.(1.1)

We do not emphasize in this paper the domain of the operator S(f), but we assume
in the following that f is a positive function belonging to L1[(1 + |−→v |2)dv] and that
|−→v |2f(v) → 0 and |−→v |2∇vf → 0 when |−→v | → +∞.

For any f , we introduce an ionic temperature defined by

3NT = m〈(−→v −−→
U )2f〉.(1.2)

Using the properties∫ ∫
(−→v −−→v∗)f(−→v∗)f(−→v )d−→v∗d−→v =

−→
0 ,

m

∫ ∫
−→v (−→v −−→v∗)f(−→v∗)f(−→v )d−→v∗d−→v +NTe

∫
−→v ∇vfd−→v = 3N(T − Te),

we can check that the operator S(f) satisfies

〈S(f)〉 = 0, 〈S(f)−→v 〉 = −→
0 ,

m

2
〈S(f)v2〉 = 3ΩN(Te − T ).(1.3)

Moreover, by using the Landau form and by assuming that f = 0 when |−→v | → +∞,
we easily see that〈

log
(
f/M−→

U ,Te

)
S(f)

〉
= −ΩTe

m

∫
f
[
∇v log

(
f/M−→

U ,Te

)]2
d−→v ,
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and we get the following lemma.
Lemma 1.1. For all f > 0 and Te > 0, we have〈

S(f) log
(
f/M−→

U ,Te

)〉
≤ 0.(1.4)

Moreover, 〈S(f) log(f/M−→
U ,Te

)〉 = 0 if and only if f =M−→
U ,Te

.

We know that the operator B(f) conserves the mass, the momentum, and the
energy and we have 〈B(f) log f〉 ≤ 0. Thus〈

B(f) log
(
f/M−→

U ,Te

)〉
≤ 0.(1.5)

Lemma 1.1 with (1.5) gives the following proposition.
Proposition 1.2. Let f and Te be solutions of (0.5) and (0.6) with Te smooth

enough with respect to the variable x. Then we have the relation of the decay of the
entropy

∂

∂t
(〈f log f〉+He)+∇x·

(
〈−→v f log f〉+−→

UHe

)
≤ 0, where He = ZN log(NT−3/2

e ).

(1.6)

Proof of Proposition 1.2. Let us denote Pi = m〈f(−→v −−→
U )⊗ (−→v −−→

U )〉. By taking
the two first moments of the kinetic equation (0.5), a classical calculus yields

∂

∂t
N +∇x · (N−→

U ) = 0,

∂

∂t
(mN

−→
U ) +∇x · (mN−→

U ⊗−→
U ) +∇x (ZNTe) +∇x · Pi =

−→
0 .(1.7)

Now, using the classical relation

∂

∂t
(Nw) +∇x · (Nw−→U ) = N

(
∂

∂t
w +

−→
U · ∇xw

)
,(1.8)

which is valid for any w, we get

N

(
∂

∂t
(N−1) +

−→
U · ∇x(N

−1)

)
−∇x · −→U = 0,(1.9)

mN

(
∂

∂t

−→
U +

−→
U · ∇x

−→
U

)
+∇x (ZNTe) +∇x · Pi =

−→
0 .

If we multiply the kinetic equation (0.5) with mv2/2, we get

m
∂

∂t

〈
v2

2
f

〉
+m∇x ·

〈
−→v v

2

2
f

〉
+
−→
U · ∇x(ZNTe) = 3ΩN(Te − T ).(1.10)

(i) The electronic entropy. According to (0.4) and (1.8), the electronic energy
balance equation may be written as

3

2

(
∂Te
∂t

+
−→
U · ∇xTe

)
+ Te∇x · −→U = 3

Ω

Z
(T − Te).
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Thus

∂

∂t
log(NT−3/2

e ) +
−→
U · ∇x log(NT

−3/2
e ) = 3

Ω

Z

(Te − T )
Te

;

that is to say

∂He

∂t
+∇x · (−→UHe) = 3ΩN

(Te − T )
Te

.(1.11)

(ii) The ionic entropy. According to Lemma 1.1, the inequality (1.5), the relation
〈∂tf +−→v · ∇xf〉 = 0, and the relation 〈∇vf〉 = −→

0 , we see that〈(
log f +

m

2

(−→v −−→
U )2

Te

)
∂

∂t
f

〉
+

〈(
log f +

m

2

(−→v −−→
U )2

Te

)
∇x · (f−→v )

〉
≤ 0.

Since 〈f ∂
∂t log f〉+ 〈f−→v · ∇x log f〉 = 0, we get

∂

∂t
〈f log f〉+∇x · 〈−→v f log f〉 ≤ m

Te

[
−
〈 ∂
∂t

v2

2
f
〉
+
〈−→v · −→U ∂

∂t
f
〉
−∇x ·

〈−→v v2
2
f
〉

+ 〈(−→v · −→U )∇x · (f−→v )〉
]
.

On the other hand, we can notice that

m

(〈
−→v · −→U ∂

∂t
f

〉
+ 〈(−→v · −→U )∇x · (f−→v )〉

)
= m

[−→
U · ∂t(N−→

U ) +
−→
U · 〈∇x · (f−→v ⊗−→v )〉

]
=

−→
U ·
[
∂t(mN

−→
U ) +∇x · (mN−→

U ⊗−→
U )
]

+
−→
U · ∇xPi.

However, according to (1.7), this last expression is equal to

−−→
U · ∇xPi −−→

U · ∇x(ZNTe) +
−→
U · ∇xPi = −−→

U · ∇x(ZNTe).

By gathering the previous relations and (1.10), we get

∂

∂t
〈f log f〉+∇x · 〈−→v f log f〉 ≤ 3ΩN

(T − Te)
Te

which, by adding (1.11), gives the result.

Remark. If the ionic distribution function is Maxwellian, we have Pi = 1NT and,
according to (1.10), we obtain(
∂

∂t
+∇x · (−→U ·)

)(
3

2
NT +N

m

2
|−→U |2

)
+
−→
U ·∇x (ZNTe)+∇x·(−→UNT ) = 3ΩN(Te−T ).

Thus, according to (1.7), we see that (0.3) is satisfied. Then, N , U , T , and Te satisfy
the fluid system (0.1), (0.2), (0.3), and (0.4).
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2. Semidiscretized scheme for the ion/electron Fokker–Planck opera-
tor. For the sake of simplicity, we shall consider only the monodimensional Cartesian
case; that is, f depends only of t ∈ R+ and v ∈ R. Then, Ee(Te) = Z

2NTe and 3NT
has to be replaced by NT in (1.2) and the system (0.8) becomes

∂
∂tf = S(f),

Z
2

∂
∂t (NTe) = ΩN(T − Te)

(2.1)

with

S(f) = Ω∂v

[
(v − U)f + Te

m
∂vf

]
.

We will study discretization in velocity only (semidiscretized model). We use a dis-
cretization of R by a finite difference grid {vj} (j ∈ {1, . . . , jmax}) and ∆v = vj+1−vj
is constant. Let us note fj(t), the evaluation of f(t) at the point vj . From now on,
we set

〈Ψ〉 = ∆v
∑
j

Ψj .

Let us recall that, in the continuous case, the collision operator S(f) verifies the
conservation properties (1.3), which implies in the homogeneous case that ∂tN = 0
and ∂tU = 0; these properties will have to be verified in the discretized case (which
will be verified; see Proposition 2.2).

2.1. Definition of the semidiscretized scheme and preliminary results.
Boundary conditions in the general continuous case for a compact veloc-
ity domain. Since we will consider compact velocity domain V for the numerical
applications, we briefly study the boundary conditions that we have to impose in the
general continuous case to verify again the conservation properties (1.3) when the
velocity domain is compact. The first consequence is that we cannot say that f and
∇vf are equal to zero on the frontier δV of the compact velocity domain and, then,
we must give new boundary conditions even for the general continuous system; for
this one, in order to ensure the mass conservation, the best boundary conditions are
the Robin ones

(−→v −−→
U )f +

Te
m

∇vf =
−→
0 when −→v ∈ δV.(2.2)

And, to ensure the momentum conservation, we have to define the macroscopic ve-
locity

−→
U with

−→
U =

∫
V
−→v f(v)dv∫
V f(v)dv

+ δ−→u ,(2.3)

where

δ−→u =
Te

m
∫
V f(v)dv

∫
δV
f(v)d

−→S ,(2.4)

d
−→S being the measure of δV. And, due to the corrective term δ−→u , it is easy to verify
that ∫

V
m
v2

2
S(f)dv = dΩ · (Te − T ) ·

∫
V
f(v)dv(2.5)
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(d is the dimension of the velocity space V) with
T = m

d·
∫
V f(v)dv

∫
V
(−→v −−→

U )2f(v)dv + δt,

δt = Te

d·
∫
V f(v)dv

∫
δV
(v − U)f(v)d−→S .

(2.6)

We will use this remark at the discretized level when j = 1 and j = jmax. Indeed, we
define the following numerical scheme with the following discrete boundary conditions.
Statement of the semidiscrete scheme. For initial conditions f0 and T 0

e , we
consider the following scheme:

∂tfj = S(f)j ∀j ∈ {1, . . . , jmax} : fj(0) = f0
j ,

Z
2 ∂t(NTe) = Ω(ÑT −NTe), Te(0) = T

0
e ,

(2.7)

with

S(f)j =
Ω

∆v

[
(vj+1/2 − Ũ)f̃j+1/2 − (vj−1/2 − Ũ)f̃j−1/2

]
+

ΩTe
m∆v2

(ajfj+1−bjfj+cjfj−1)

(2.8)
and

N = 〈f〉,



Ñ =
∑
j

f̃j+1/2∆v,

Ũ =
∑
j

vj+1/2f̃j+1/2∆v/Ñ + δũ,

ÑT =
∑
j

m(vj+1/2 − Ũ)2f̃j+1/2∆v + Ñ · δt̃.

(2.9)

f̃j+1/2(t) is an appropriate average of fj(t) and fj+1(t): we will see that we will use
the entropic average (see Definition 2.1) to define this average.

δũ and δt̃ are corrective terms necessary for the conservation of momentum and
energy, knowing that the distribution f is not always equal to zero on the boundary
of [v1, vjmax

]. These terms are defined in the following way:
δũ = Te

mÑ
(fjmax − f1) ,

δt̃ = Te

Ñ

[
fjmax

(
vjmax+1/2 − Ũ

)
+ f1

(
Ũ − v1/2

)]
.

(2.10)

Let us remark that (2.9) and (2.10) are the discrete versions of the relations (2.3),
(2.4), and (2.6) (see the proof of Proposition 2.2 for a justification of these formulas).

From a practical point of view, we can say that when |v1| and |vjmax | will be
large enough, these corrective terms will be very small since the distributions {fj}
converge to the projection of a Maxwellian distribution on the velocity mesh {vj}
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when t goes to infinity; see Theorem 2.8. Then, it would be possible to forget them
for the numerical applications.
Discrete boundary conditions. To take into account the Robin’s boundary

conditions (2.2) at the boundary of the velocity domain V = [v1, vjmax ], we set
aj = 1 if j �= jmax,
bj = 2 if j ∈ {2, . . . , jmax − 1} ,
cj = 1 if j �= 1,
b1 = bjmax

= 1 and ajmax
= c1 = 0

(2.11)

and

f̃1/2 = f̃jmax+1/2 ≡ 0.(2.12)

Now, we introduce the entropic average.
Definition 2.1. The entropic average f̃ of two strictly positive quantities x and

y is defined by

f̃ =


x−y

log x−log y if x �= y,

x otherwise.

By continuity, we extend this definition by setting f̃ = 0 if x = 0 or y = 0.
Notice that for any smooth and positive function f , we have

f(v +∆v/2) =
f(v +∆v)− f(v)

log f(v +∆v)− log f(v)
+O(∆v2),

which makes the discretized operator (2.8) of second order in velocity space.
Preliminary results.
Proposition 2.2. The conservation laws

〈S(f)〉 = 0,

〈vS(f)〉 = 0,

m〈v2

2 S(f)〉 = Ω(NTe − ÑT )

are verified. Thus, N ≡ 〈f〉, NU ≡ 〈vf〉, and m〈 (v−U)2

2 f〉+ Z
2NTe do not depend on

t.
Proof of Proposition 2.2. The first relation comes from

〈S(f)〉 = Ω

∆v

[
(vjmax+1/2 − Ũ)f̃jmax+1/2 − (v1/2 − Ũ)f̃1/2

]
+

ΩTe
m∆v2

jmax∑
j=2

fj −
jmax−1∑
j=1

fj −
jmax∑
j=2

fj +

jmax−1∑
j=1

fj

 = 0.

We also have

〈vS(f)〉 = −Ω
jmax∑
j=1

(vj+1/2 − Ũ)f̃j+1/2∆v +
ΩTe
m

(f1 − fjmax
)

= Ωδũ

jmax∑
j=1

f̃j+1/2∆v +
ΩTe
m

(f1 − fjmax) = 0.
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For the variation of the ionic energy, we obtain

Ω−1m

〈
v2

2
S(f)

〉
= −

jmax∑
j=1

m(vj+1/2 − Ũ)vj+1/2f̃j+1/2∆v

− Te

jmax∑
j=2

fjvj−1/2 −
jmax−1∑
j=1

fjvj+1/2


= −

jmax∑
j=1

m(vj+1/2 − Ũ)vj+1/2f̃j+1/2∆v

− Te

fjmaxvjmax−1/2 − f1v3/2 −
jmax−1∑
j=2

fj∆v


= −

jmax∑
j=1

m(vj+1/2 − Ũ)2f̃j+1/2∆v +mÑŨδũ

− Te
(
fjmax

vjmax+1/2 − f1v1/2 −N
)

= (NTe − ÑT ).
Now, we introduce the numerical entropy

H(f, Te) = 〈f log f〉 − ZN

2
log Te

and the Maxwellian

M
Ũ,Te

(v, t) =
N√

2πTe/m
exp

[
−m(v − Ũ)2

2Te

]

associated with (f, Te). Using the fact that

〈v2S(f)〉 = 〈(v − Ũ)2S(f)〉,(2.13)

we can show that

∂

∂t
H(f, Te) = 〈S(f) log f〉 − Ω(ÑT −NTe)

Te
=

〈
S(f) log

(
f

M
Ũ,Te

)〉
.(2.14)

This is still true by defining f̃j+1/2(t) in another way, but the entropic average allows
us to have the following results.

Lemma 2.3. For all strictly positive fj(t) and Te(t), we have

S(f) =
ΩTe
m∆v2

f̃j+1/2

log( f

M
Ũ,Te

)
j+1

− log

(
f

M
Ũ,Te

)
j

(2.15)

−f̃j−1/2

log( f

M
Ũ,Te

)
j

− log

(
f

M
Ũ,Te

)
j−1


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and

∂

∂t
H(f, Te) = − ΩTe

m∆v2

∑
f̃j+1/2

log( f

M
Ũ,Te

)
j+1

− log

(
f

M
Ũ,Te

)
j

2

≤ 0.(2.16)

This lemma shows that there is equivalence between the convection-diffusion form
(0.7) and the Landau form (1.1) of the discretized Fokker–Planck collision operator
and that the semidiscretized scheme is entropic: these strong properties, due to the
definition of the entropic average, are essential to obtain the convergence results in
the next paragraph.

Proof of Lemma 2.3. The first point comes from

log(M
Ũ,Te

)j+1 − log(M
Ũ,Te

)j = −m∆v

Te
(vj+1/2 − Ũ).(2.17)

The second one comes from the first point and from (2.14).
And now we can show the following result.
Proposition 2.4. For all strictly positive initial conditions, the semidiscretized

scheme defined by (2.7) and (2.8) has a global positive solution and

inf
t∈[0,+∞[

Te(t) > 0.

The proof of Proposition 2.4 is in the appendix.
Corollary 2.5. There exists a constant H∞ such that

lim
t→+∞H(f, Te) = H

∞.

Proof of Corollary 2.5. A direct consequence of Proposition 2.4 is that H(f, Te) is
well defined on [0,+∞[. By applying Lemma 2.3, we see that H(f, Te) is a decreasing
function. Since the scheme conserves the energy, Te(t) is bounded from above, which
implies that H(f, Te) is bounded from below on [0,+∞[ since x �→ x log x is bounded
from below on [0,+∞[. Therefore, H(f, Te) has a limit H∞ > −∞ when t goes to
infinity.

2.2. Convergence of the semidiscretized scheme toward an unique equi-
librium. Now we define the numerical equilibrium state f∞j which is a projection of
a Maxwelian distribution on the discretized velocity grid {vj}.

Definition 2.6. The numerical equilibrium state f∞j is defined with

f∞j = N ·
M

Ũ∞,T∞
e

(vj)

〈M
Ũ∞,T∞

e

〉 ,(2.18)

where

M
Ũ∞,T∞

e

(v) =
N√

2πT∞
e /m

exp

[
−m(v − Ũ∞)2

2T∞
e

]
,(2.19)

knowing that (Ũ∞, T∞
e ) is a solution of the nonlinear system

N
〈M

Ũ∞,T∞
e

〉 · 〈vMŨ∞,T∞
e

〉 = 〈vf0〉,

N
〈M

Ũ∞,T∞
e

〉 · 〈(v − U0)2M
Ũ∞,T∞

e

〉+ ZN
m T∞

e = 〈(v − U0)2f0〉+ ZN
m T 0

e .
(2.20)
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Let us notice that 〈MU,T 〉 = N
∑

j exp[−m(v−U)2

2T ] ∆v√
2πT/m

is not exactly equal

to N according to the discretization errors.
We can now state the following result.
Proposition 2.7. For all strictly positive initial conditions,
(i) the semidiscretized scheme defined by (2.7) and (2.8) ensures that there exists

a subsequence (tk) such that the functions fj(tk) converge to the equilibrium state f∞j
given by (2.18);

(ii) any solution (Ũ∞, T∞
e ) of (2.20) satisfies

∀t : H(f∞, T∞
e ) ≤ H(f, Te);

(iii) the system (2.20) admits a unique solution.
The proof of Proposition 2.7 is in the appendix.
Now we write the main result of this section.
Theorem 2.8. For all strictly positive initial conditions, the semidiscretized

scheme defined by (2.7) and (2.8) ensures that
(i)

lim
t→+∞ fj(t) = f

∞
j ,

(ii)

lim
t→+∞Te(t) = T

∞
e ,

where f∞j and T∞
e are given by the unique equilibrium state defined with (2.18), (2.19),

and (2.20).
Let us remark that

Ũ∞ � U0 =
〈vf0〉
N

and that

T∞
e � T 0 + ZT 0

e

1 + Z
,

where NT 0=〈(v − U0
)2
f0〉.

Proof of Theorem 2.8. We know that H(f, Te) has a limit (see Corollary 2.5) and
that H(f, Te) is bounded from below by H(f∞, T∞

e ) (see point (ii) of Proposition
2.7). Then we can write

lim
t→+∞H(f, Te)−H(f∞, T∞

e ) = a ≥ 0.

On the other hand, using point (i) of Proposition 2.7, we can say that there exists a
sequence (tk) such that

lim
tk→+∞ fj(tk) = f

∞
j .

Then, for the sequence (tk), we also have

lim
tk→+∞H(f, Te)(tk)−H(f∞, T∞

e ) = 0.
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Then, a = 0; that is,

lim
t→+∞H(f, Te)(t)−H(f∞, T∞

e ) = 0.(2.21)

However, the Csiszar–Kullback inequality (cf. [21] and [22]) allows us to write that

∥∥fj − f∞j ∥∥2l1 ≤ 2
∑
j

fj log

(
fj
f∞j

)
∆v

and ∥∥∥M
Ũ∞,Te

−M
Ũ∞,T∞

e

∥∥∥2
L1

≤ 2

∫
M

Ũ∞,Te
log

(
M

Ũ∞,Te

M
Ũ∞,T∞

e

)
dv.

Then, by applying Lemma A.1 (see the appendix) with the limit (2.21), we obtain

lim
t→+∞

∥∥fj − f∞j ∥∥l1 = 0

and

lim
t→+∞

∥∥∥M
Ũ∞,Te

−M
Ũ∞,T∞

e

∥∥∥
L1

= 0,

this last limit showing that limt→+∞ Te(t) = T∞
e .

3. Fully discretized scheme. Let us denote by a superscript n the values of
the various variables at the time tn and let us define the time step ∆t = tn+1 − tn.
3.1. Time explicit scheme. We define the following explicit scheme:

1
∆t (f

n+1
j − fnj ) = S(fn)j ,

1
∆t

[
Z
2 (NTe)

n+1 − Z
2 (NTe)

n
]
= Ωn(ÑT

n −NnTn
e )

(3.1)

with

S(fn)j =
Ωn

∆v

[
(vj+1/2 − Ũn)f̃nj+1/2 − (vj−1/2 − Ũn)f̃nj−1/2

]
+

ΩnTn
e

m∆v2
(ajf

n
j+1 − bjfnj + cjf

n
j−1).(3.2)

f̃nj+1/2 is the entropic average of fnj and fnj+1 (see Definition 2.1); aj , bj , and cj

are given by (2.11); and we set f̃n1/2 = f̃njmax+1/2 ≡ 0. Ũn and ÑT
n
are defined by

(2.9); and Ωn is evaluated with the values known at time tn. We obtain the following
conservation relations.

Proposition 3.1. The conservation laws
〈fn+1〉 = 〈fn〉,

〈vfn+1〉 = 〈vfn〉,

m〈v2

2 f
n+1〉 −m〈 v2

2 f
n〉 = ∆tΩn(NnTn

e − ÑTn
)
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are verified. Thus, Nn ≡ 〈fn〉 ≡ N , NnUn ≡ 〈vfn〉 ≡ NU , and m〈 (v−Un)2

2 fn〉 +
Z
2N

nTn
e ≡ N

2 (T
0 + ZT 0

e ) do not depend on n.

That is, the scheme conserves the mass, the momentum, and the energy, which is
consistent with (1.3). Let us note that the equation for the electronic energy can be
written in the following way:

Tn+1
e = Tn

e

(
1−∆t

2Ωn

Z

)
+ 2∆tΩn ÑT

n

ZN
.(3.3)

Positivity and conservation of the equilibrium state. Now we show that
the time explicit scheme defined by (3.1) and (3.2) is positive under a CFL criteria
and verifies a discrete version of the H-theorem. We set

∆tn1 =
m

4ΩnTn
e

· ∆v
2

Mn
and ∆tn2 =

Z

2Ωn
(3.4)

with

Mn = max
j

[
M

Ũn,Tn
e ,j±1

M
Ũn,Tn

e ,j

]

(where j and j ± 1 ∈ {1, . . . , jmax}). Let us recall that

M
Ũn,Tn

e ,j
=

N√
2πTn

e /m
exp

[
−m(vj − Ũn)2

2Tn
e

]
,

that f∞ is defined by (2.18), and that (Ũ∞, T∞
e ) is the unique solution of the system

(2.20).

We have the following result.

Proposition 3.2. For all strictly positive initial conditions, the explicit scheme
defined by (3.1) and (3.2) preserves the positivity of fn+1

j and Tn+1
e and verifies a

discrete version of the H-theorem

〈S(fn) log(fn/M
Ũn,Tn

e

)〉 ≤ 0

under the CFL criteria

∆t < min(∆tn1 ,∆t
n
2 ).(3.5)

Moreover, we have

fn = f∞ and Tn
e = T∞

e > 0 ⇐⇒ fn+1 = fn and ∀j : fnj > 0, Tn
e > 0.

The proof of Proposition 3.2 is in the appendix.

The decay of the entropy. Now we show that the scheme is entropic, that (Tn
e ) is

bounded from below, and that the time step ∆t does not vanish in finite time under
a very weak hypothesis. We set
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∆tn3 = ∆tn1 · h
n
min

hnmax

· 1

1 + αn
and ∆tn4 =

1

2
∆tn2 ,


hnmax = maxk

(
fn

M
Ũn,Tn

e

)
k

,

hnmin = mink

(
fn

M
Ũn,Tn

e

)
k

,

αn = 1
Z · maxk(vk−Ũn)4

(Tn
e /m)2 ,

and

Hn = 〈fn log fn〉 − ZN

2
log Tn

e .

Proposition 3.3. For all strictly positive initial conditions, the scheme defined
by (3.1) and (3.2) verifies the inequality

H(f∞, T∞
e ) ≤ Hn+1 ≤ Hn

if we have

∆t < min(∆tn3 ,∆t
n
4 ).(3.6)

The proof of Proposition 3.3 is in the appendix.
Corollary 3.4. For all strictly positive initial conditions, and under the CFL

condition (3.6), we have

inf
n
Tn
e > 0,

and there exists a constant H∞ such that

lim
n→+∞H

n = H∞.

Since infn T
n
e > 0 (see Corollary 3.4), we also have infn∆t

n
4 > 0. However, we do

not have infn∆t
n
3 > 0 because this property is related to the property infj,n(f

n
j ) > 0

which seems to be difficult to obtain. (This lower bound would prove that the explicit
scheme converges to the equilibrium state f∞j given by (2.18).) However, we have to
check on the numerical experiments that the coefficient ∆tn3 does not vanish.

3.2. Time semi-implicit scheme. Despite its good behavior, the explicit scheme
is expensive since the CFL condition is in ∆v2. This leads us to implicate the diffusive
term. Then, we define the semi-implicit scheme as

1
∆t (f

n+1
j − fnj ) = S(fn, fn+1)j ,

1
∆t

[
1
2 (NeTe)

n+1 − 1
2 (NeTe)

n
]
= Ωn(ÑT

n+1/2 −NTn
e )

(3.7)

with

S(fn, fn+1)j =
Ωn

∆v

[
(vj+1/2 − Ũn+1/2)f̃nj+1/2 − (vj−1/2 − Ũn+1/2)f̃nj−1/2

]
+

ΩnTn
e

m∆v2
(ajf

n+1
j+1 − bjfn+1

j + cjf
n+1
j−1 ).(3.8)
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As in the explicit case, f̃nj+1/2 is the entropic average of fnj and fnj+1; aj , bj , and

cj are given by (2.11) and we set f̃n1/2 = f̃njmax+1/2 ≡ 0. In (3.7) and (3.8), Ũn+1/2

and ÑT
n+1/2

(defined with (2.9)) are semi-implicit only through the corrective terms
δũn+1/2 and δt̃n+1/2 defined with

δũn+1/2 =
Tn
e

mÑn

(
fn+1
jmax

− fn+1
1

)
,

δt̃n+1/2 =
Tn
e

Ñn

[
fn+1
jmax

(
vjmax+1/2 − Ũn+1/2

)
+ fn+1

1

(
Ũn+1/2 − v1/2

)]
.

However, for and only for the numerical applications, we will neglect the corrective

terms δũn+1/2 and δt̃n+1/2, and then Ũn+1/2 and ÑT
n+1/2

will be completely explicit.
We obtain the following conservation laws.
Proposition 3.5. The conservation laws

〈fn+1〉 = 〈fn〉,

〈vfn+1〉 = 〈vfn〉,

m〈v2

2 f
n+1〉 −m〈 v2

2 f
n〉 = ∆tΩn(NnTn

e − ÑTn+1/2
)

(3.9)

are verified. Thus, Nn ≡ 〈fn〉 ≡ N , NnUn ≡ 〈vfn〉 ≡ NU , and m〈 (v−Un)2

2 fn〉 +
Z
2N

nTn
e ≡ N

2 (T
0 + ZT 0

e ) do not depend on n.
That is, the semi-implicit scheme is also totally conservative and consistent with

(1.3), and the discrete temperature equation for the electrons has the same form as
the explicit scheme (3.3); that is,

Tn+1
e = Tn

e

(
1−∆t

2Ωn

Z

)
+ 2∆tΩn ÑT

n+1/2

Nn
.

Conservation of the equilibrium state by the semi-implicit scheme. For this scheme,
we cannot prove an H-theorem since we cannot obtain a formulation of S(fn, fn+1)j
equivalent to (A.9). However, we have the following result.

Proposition 3.6. The scheme defined by (3.7) and (3.8) preserves the equilib-
rium state; that is,

fn = f∞ and Tn
e = T∞

e > 0 ⇐⇒ fn+1 = fn and ∀j : fnj > 0, Tn
e > 0.

We recall that f∞ is defined by the relation (2.18).
Proof of Proposition 3.6. Let us assume that

fn = C ·M
Ũ∞,T∞

e

and Tn
e = T∞

e .

Then, as for the proof of the relation (2.15), we get

∀∆t (fn+1 − CM
Ũ∞,T∞

e

)j

= ∆t
ΩnTn

e

m∆v2

[
aj(f

n+1 − CM
Ũ∞,T∞

e

)j+1 − bj(fn+1 − CM
Ũ∞,T∞

e

)j

+ cj(f
n+1 − CM

Ũ∞,T∞
e

)j−1

]
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with C = N
〈M

Ũ∞,T∞
e

〉 . Since the diffusive matrix D (see (2.11)) is diagonally dominant,

I +∆t · D is definite positive, which necessarily shows that

fn+1 = C ·M
Ũ∞,T∞

e

= fn.

Now, by assuming that fn+1 = fn, we can apply the equality (A.11) and we get∑
j

S(fn, fn)j log(f/MŨ,Te
)nj

= −ΩnTn
e

m∆v2

∑
j

f̃nj+1/2

[
log(f/M

Ũ,Te
)nj+1 − log(f/M

Ũ,Te
)nj

]2
= 0,

which shows that there exists C such that

fn = C ·M
Ũn,Tn

e

since, by hypothesis, f̃nj+1/2 > 0 and ΩnTn
e > 0. To conclude, we have to say only

that the solution of the system (2.20) is unique (see point (iii) of Proposition 2.7)
and that M

Ũn,Tn
e

is a solution of the system (2.20) since the scheme is conserva-

tive.

On the positivity of the semi-implicit scheme. We can remark that the semi-
implicit scheme realizes a splitting between the convective and the diffusion parts of
the operator. Then, by neglecting the corrective term δũn+1/2, we can formulate it as

1

∆t
(f

n+1/2
j − fnj ) =

Ωn

∆v

[
(vj+1/2 − Ũn)f̃nj+1/2 − (vj−1/2 − Ũn)f̃nj−1/2

]
,

discretization of

∂tf = Ω∂v [(v − U)f ] ,(3.10)

and

1

∆t
(fn+1

j − fn+1/2
j ) =

ΩnTn
e

m∆v2
(ajf

n+1
j+1 − bjfn+1

j + cjf
n+1
j−1 ),

discretization of

∂tf =
ΩTe
m
∂v2f.(3.11)

It is clear that f
n+1/2
j > 0 =⇒ fn+1

j > 0 for any time step ∆t since the inverse of a
diagonal dominant matrix is a positive matrix. The difficulty arises for the convective

part since we have to find a criteria ∆t ≤ ∆tn such that fnj > 0 =⇒ f
n+1/2
j > 0.

Such a criteria with ∆tn not going toward 0 can be found only if infj,n(f
n
j ) is strictly

positive. In our case, we can expect only that we would have infj,n(f
n
j ) > 0 thanks to

the smoothing effect of the diffusion operator, knowing that the solution of (3.10) is a
classical Dirac measure when t goes to infinity; the numerical results seem to confirm
this fact.
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4. Numerical results. We test the numerical semi-implicit scheme. In the
following test cases, the collision frequency Ω is given by (see [2], [3], or [4])

Ω =
4

3

√
2π

√
meNZ

3e4 log Λ

mT
3/2
e

,(4.1)

where log Λ is the Coulombian logarithm which is supposed to be a constant and equal
to 10. We recall that the numerical entropy is defined by

H(t) = 〈f log f〉 − ZN

2
log Te.

We introduce a CFL number equal to

CFL = ∆t/
m∆v2

4Ω0T 0
e

.

It is related to the discretization of the diffusion operator and then to the theoretical
time step ∆tn1 given by (3.4). Moreover, we take

vjmax = −v1/2 = 5

√
T 0
e

m
with T 0

e = 2 KeV

and

∆v =
1

10
·
√
T 0
e

m
;

that is, jmax = 100 (except for the test case 3 also tested with jmax = 10). Then, we
can rewrite the variable CFL as (when jmax = 100)

∆t =
CFL

400
· 1

Ω0
.

For the three first test cases, the results of our explicit and semi-implicit schemes
(i.e., by using the entropic average) are quasi-identical because the CFL number is
close to 1. In the fourth test case, we show that the semi-implicit scheme allows us
to use very large time steps.

Test case 1. We consider the following initial conditions:
f0 = bi-Maxwellian centered and of temperature T 0,
T 0 = 1 KeV,
T 0
e = 2 KeV,
U0 = 0

with 
ρ/m = 1022 cm−3,
m = 2.5mp (where mp is the proton mass),
Z = 2,

and we take CFL = 1.7. We can remark on Figures 1, 2, and 3 that the relaxation
has a good behavior. We can also remark that when jmax = 100, the entropic average
and the arithmetic average give very close results.
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Mesh :
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Fig. 1.
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Mesh :
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0

Entropic 
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and
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t = 0

t = + 8

Fig. 2.

Test case 2. To study the conservation of the equilibrium state, we now consider
a plasma whose initial conditions are

f0 = centered Maxwellian with temperature T 0,
T 0 = 1 KeV,
T 0
e = 1 KeV,
U0 = 0,

and we study the behavior of the scheme when f̃ is defined by the entropic average, the
classical Chang–Cooper average (see [8]), the arithmetic average, and the harmonic
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Mesh :
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Entropy H(t)
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arithmetic

Fig. 3.

Entropic
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Arithmetic 
average

Fig. 4.

average (used in [17]) with jmax = 100. Figure 4 shows that only the two first choices

of f̃ preserve the equilibrium state.
Test case 3. To study more finely the difference between all choices of f̃ , we

consider the following initial conditions:
f0 = centered Maxwellian with temperature T 0,
T 0 = 1 KeV,
T 0
e = 2 KeV,
U0 = 0
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Fig. 5.

with 
ρ/m = 1022 cm−3,
m = 2.5mp (where mp is the mass of a proton),
Z = 2,

and we take CFL = 1.7. We also remark on Figures 5–13 that these four averages
give similar results on a fine grid, but only the entropic and the Chang–Cooper ones
give good relaxation that trends to the right equilibrium state and positivity of the
solution. For jmax = 10, we also verify that the scheme is entropic only for the entropic
(see Figure 11) and Chang–Cooper (see Figure 12) averages. Figures 5, 7, 11, and 12
show also that the entropic averages give results that are better than the ones given
by the Chang–Cooper average on a small grid.

Test case 4: Study of the time step. We can see in Figure 14 (see test case 3
for the initial conditions) that the semi-implicit scheme gives a good relaxation of
the temperature even when the CFL factor is large (we have taken CFL = 108).
However, we can also notice that for this test case, the value of the CFL factor to
ensure the decay of the entropy is about of an order of 20 (with jmax = 100). For the
explicit scheme running on the same test case, the maximum CFL factor is about 1.7,
independently of the velocity step ∆v.

All the results of these test cases show us that the explicit and semi-implicit
schemes using the entropic average allow us to simulate the ion/electron collision
operator well even on a grid with very large ∆v. Moreover, the semi-implicit scheme
accepts very large time steps.

5. Conclusion. To solve the ion/electron Fokker–Planck equation in Cartesian
geometry, we have proposed a numerical scheme of finite difference type based on the
entropic average, an average which is introduced in this paper (see Definition 2.1).
The semi-implicit scheme has been used in [19, Part 2, Chapter 4] for solving the
full kinetic system (0.5) and (0.6). This scheme may obviously be extended to the
dimension 2 or 3, and we have shown that it is a good alternative to the Chang–Cooper
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average: indeed, it always gives positive and precise solutions even on very coarse grids
(see also [19, Part 2, Chapter 4]) for hard numerical applications coming from the
inertial confinement fusion field) and it is simpler. Moreover, it is possible to recover
the results of this paper in axisymmetrical or spherical geometries (see [19, Part 1,
Chapter 4]), and the entropic average may also be used for the numerical treatment
of other kinetic operators of Fokker–Planck type (see [15] and [20])—for instance, for
the classical quadratic Fokker–Planck operator B(f) in spherical geometry which is
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defined by (see [11])

B(f)(w) = w−1/2 ∂

∂w

∫
R+

(
f(w′)

∂f

∂w
(w)− f(w) ∂f

∂w′ (w
′)
)
min(w3/2, w′3/2)dw′.

Here, w is the square of the modulus of the velocity. In this framework, the entropic
average defines a scheme which is closely related to one of the schemes proposed in
[11] (see [15]).
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Appendix. Proof of Propositions 2.4, 2.7, 3.2, and 3.3.

A.1. Proof of Proposition 2.4. Let us remark that by applying the Cauchy–
Peano theorem (or the Cauchy–Lipschitz theorem), we can say that there exists a
maximum interval [0, T [ on which the semidiscretized scheme (2.7) and (2.8) admits a
strictly positive solution. (We recall that the initial conditions are strictly positive.)
Let us note that H(f, Te)(t) is defined on [0, T [ and that, due to Lemma 2.3, we have
H(f, Te)(t) ≤ H(f, Te)(0) < +∞ on [0, T [; then, since x �→ x log x is bounded from
below on [0,+∞[, we have inft∈[0,T [ Te(t) > 0 (otherwise, limt→T H(f, Te)(t) = +∞)
and, consequently, inft∈[0,T [ Ω(t) > 0.
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If T < +∞, necessarily, ∃j0/ limt→T fj0(t) = 0 which implies that limt→T f̃j0±1/2(t) =

0. When limt→T Ñ(t) > 0, we have supt∈[0,T [ |Ũ(t)| < +∞; and when limt→T Ñ(t) =

0 (i.e., ∀j : limt→T f̃j+1/2(t) = 0 which does not mean that ∀j : limt→T fj(t) = 0),

by continuity, we obtain limt→T Ũ(t) = 0. Then, in each case, when T < +∞, the
convective part of (2.8) goes to zero when t goes to T , which shows that

lim
t→T

∂tfj0(t) = lim
t→T

Ω(t)Te(t)

m∆v2
[fj0+1(t) + fj0−1(t)] ≥ 0.
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On the other hand, since fj0(t) is strictly positive for t < T , necessarily, we must have

lim
t→T

∂tfj0(t) ≤ 0.

Thus, limt→T ∂tfj0(t) = 0, and then limt→T fj0+1(t) = limt→T fj0−1(t) = 0 since
inft∈[0,T [ Te(t) > 0 and inft∈[0,T [ Ω(t) > 0. By continuation, we obtain that

T < +∞ =⇒ ∀j : lim
t→T

fj(t) = 0,

which is impossible since we know that for all t ∈ [0, T [:
∑

j fj(t)∆v = N(t) = N(0) >
0 (see Proposition 2.2).

Then, the only possibility is that the maximal interval is equal to [0,+∞[. And,
finally, we can write that inft∈[0,+∞[ Te(t) > 0.

A.2. Proof of Proposition 2.7. Let us recall the notation

MU,T (v, t) =
N√

2πT/m
exp

[
−m(v − U)2

2T

]
.

A.2.1. Preliminary results: Lemmas A.1, A.2, and A.3. The proof of
Proposition 2.7 uses the following lemma.

Lemma A.1. The relation

H(f, Te)−H(f∞, T∞
e ) =

∑
j

fj log

(
fj
f∞j

)
∆v + Z

∫
M

Ũ∞,Te
log

(
M

Ũ∞,Te

M
Ũ∞,T∞

e

)
dv

is verified.
Lemma A.2. For all sequence (tk) such that

lim
tk→+∞max

j

(
f̃j+1/2(tk)

[
log(f/M

Ũ,Te
)j+1(tk)− log(f/M

Ũ,Te
)j(tk)

]2)
= 0,(A.1)
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it exists a subsequence, still denoted (tk), such that
(i)

inf
k

∣∣∣Ñ(tk)
∣∣∣ > 0, sup

k

∣∣∣Ũ(tk)∣∣∣ < +∞ and sup
k

|δũ(tk)| < +∞,

(ii)

inf
k,j
fj(tk) > 0.(A.2)

The proof of Lemma A.2 is based on the following lemma.
Lemma A.3. Let us define two sequences xk and yk of positives reals, f̃k their

entropic average, and zka real sequence. And let us suppose that

∀k : f̃k[log xk − log yk − zk]2 ≤ C.

Then, the two following properties are verified:
(i) If for one C ′ positive we have for all k

zk > −C ′,

then

xk → 0 =⇒ yk → 0.

(ii) If zk is bounded, then

f̃k → 0 =⇒ xk → 0 and yk → 0.

Proof of Lemma A.1. We can write

H(f, Te)−H(f∞, T∞
e )

=
∑
j

fj log fj∆v + Z

∫
M

Ũ∞,Te
logM

Ũ∞,Te
dv

−
∑
j

f∞j log f∞j ∆v − Z
∫
M

Ũ∞,T∞
e

logM
Ũ∞,T∞

e

dv

=
∑
j

fj log

(
fj
f∞j

)
∆v + Z

∫
M

Ũ∞,Te
log

(
M

Ũ∞,Te

M
Ũ∞,T∞

e

)
dv

+

∑
j

(
fj − f∞j

)
log f∞j ∆v + Z

∫ (
M

Ũ∞,Te
−M

Ũ∞,T∞
e

)
logM

Ũ∞,T∞
e

dv

 .
Since this scheme conserves the mass, we have∑

j

(
fj − f∞j

)
log f∞j ∆v =

1

T∞
e

∑
j

m

2

(
vj − Ũ∞

)2 (
f∞j − fj

)
∆v.

Then
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j

(
fj − f∞j

)
log f∞j ∆v =

1

T∞
e

∑
j

m

2

(
vj − U0

)2 (
f∞j − fj

)
∆v

+
m
(
U0 − Ũ∞

)
2T∞

e

(U0 − Ũ∞
)∑

j

(
f∞j − fj

)
∆v + 2

∑
j

(
vj − U0

) (
f∞j − fj

)
∆v

 .
However, we have

∑
j

(
f∞j − fj

)
∆v = 0 and

∑
j

(
vj − U0

) (
f∞j − fj

)
∆v = 0 since

the scheme conserves the mass and the momentum, and since M
Ũ∞,T∞

e

is a solution

of the system (2.20). Then we can write∑
j

(
fj − f∞j

)
log f∞j ∆v =

1

T∞
e

∑
j

m

2

(
vj − U0

)2 (
f∞j − fj

)
∆v.

And since ∫ (
M

Ũ∞,Te
−M

Ũ∞,T∞
e

)
logM

Ũ∞,T∞
e

dv = − N

2T∞
e

(Te − T∞
e ) ,

in conclusion we have

H(f, Te)−H(f∞, T∞
e ) =

∑
j

fj log

(
fj
f∞j

)
∆v + Z

∫
M

Ũ∞,Te
log

(
M

Ũ∞,Te

M
Ũ∞,T∞

e

)
dv

+
1

T∞
e

∑
j

m

2

(
vj − U0

)2 (
f∞j − fj

)
∆v +

ZN

2
(T∞

e − Te)
 .

However, the last term of the right-hand side is equal to zero since the scheme con-
serves the energy and since M

Ũ∞,T∞
e

is a solution of the system (2.20). Then, we

obtain the result.
Proof of Lemma A.2. (i) If there exists a subsequence of (tk) such that

lim
tk→+∞ Ñ(tk) = 0,(A.3)

then, for any j, we get

lim
tk→+∞ f̃j+1/2(tk) = 0.

Since N(tk) = N(0), there is at least one j such that (up to an extraction)

inf
k
fj(tk) > 0.(A.4)

Moreover, up to an extraction, Ũ(tk) is bounded from below or bounded from above;

let us suppose that Ũ(tk) is bounded from below. (Proof is similar if we suppose that

Ũ(tk) is bounded from above.) Since f̃j+1/2(tk) converges to 0 and since infk fj(tk) >
0, we deduce that fj+1(tk) converges to 0. The relation (A.1) can be also written as

lim
tk→+∞ f̃j+1/2(tk)[log fj+1(tk)− log fj(tk)− zk]2 = 0 with

zk = −m∆v

Te(t)

(
vj+1/2 − Ũ(tk)

)
.(A.5)
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And since infk Te(tk) > 0 (see Proposition 2.4), we can see that there exists C ′ > 0
such that zk > −C ′; the hypothesis of Lemma A.3(i) is verified with xk = fj+1(tk)
and yk = fj(tk). Then, limtk→+∞ fj(tk) = 0, which is in contradiction with (A.4).
Thus, (A.3) is false and we have

inf
k

∣∣∣Ñ(tk)
∣∣∣ > 0.

Knowing that

v1/2 +
Te(t)

m
· (fjmax(t)− f1(t))

Ñ(t)
≤ Ũ(t) ≤ vjmax+1/2 +

Te(t)

m
· (fjmax(t)− f1(t))

Ñ(t)
,

we also obtain

sup
k

∣∣∣Ũ(tk)∣∣∣ < +∞.

(∆v is fixed and N(t) < +∞; then, for all j, t ≥ 0 : fj(t) < +∞.) Using the definition
of δũ(t), we also have

sup
k

|δũ(tk)| < +∞.

(ii) If (A.2) is false, there exists a j0 such that, up to an extraction, limtk→+∞ fj0(tk) =
0. Then, we have limtk→+∞ f̃j0±1/2(tk) = 0. Since the relation (A.5) is true with zk
bounded, point (ii) of Lemma A.3 claims that also

lim
tk→+∞ fj0−1(tk) = 0 and lim

tk→+∞ fj0+1(tk) = 0,

which gives

lim
tk→+∞ f̃j0−3/2(tk) = 0 and lim

tk→+∞ f̃j0+3/2(tk) = 0.

By continuation, we deduce that for any j, limtk→+∞ fj(tk) = 0 and limtk→+∞N(tk) =
0 which is in contradiction with the conservation of the mass.

Proof of Lemma A.3. (i) We suppose that there exists a subsequence of yk, also
called yk, which is bounded below by a constant α > 0. Then, there is a contradiction
since

f̃k[log xk − log yk − zk]2 = (xk − yk)[log xk − log yk] + f̃kzk
2 − 2zk(xk − yk)

≥ −yk[log xk − log yk] + 2zk(yk − xk) + o(1) → +∞.

(ii) This point is a consequence of the first point since xk and yk play symmetrical
roles.

A.2.2. Proof of point (i) of Proposition 2.7. Since H(f, Te) is continuous,
decreasing, and bounded from below (see Lemma 2.3 and Corollary 2.5), and since
inft∈[0,+∞[ Te(t) > 0 (see Proposition 2.4), the relation (2.16) shows that there exists
a sequence (tk) going to +∞ and such that

lim
tk→+∞max

j

(
f̃j+1/2(tk)

[
log(f/M

Ũ,Te
)j+1(tk)− log(f/M

Ũ,Te
)j(tk)

]2)
= 0.(A.6)
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By using point (ii) of Lemma A.2, we know that up to an extraction of a subsequence

inf
k,j
f̃j+1/2(tk) > 0

(except for j = 0 and j = jmax because of the boundary limits (2.12)). And using
(A.6), we obtain

lim
tk→+∞max

j

[
log(f/M

Ũ,Te
)j+1(tk)− log(f/M

Ũ,Te
)j(tk)

]
= 0,

which implies that there exists C > 0 such that

lim
tk→+∞

fj(tk)

M
Ũ,Te,j

(tk)
= C.

By applying point (i) of Lemma A.2, we see that Ũ(tk) is bounded. Moreover, Te(t)
is also bounded since the scheme conserves the energy. Then, we can state that there
exists T∞

e > 0 (since Te(t) is also bounded from below; see Proposition 2.4), Ũ∞, and
a subsequence of (tk) still noted (tk) such that

lim
tk→+∞Te(tk) = T

∞
e > 0 and lim

tk→+∞ Ũ(tk) = Ũ
∞,

which gives

lim
tk→+∞MŨ,Te,j

(tk) =MŨ∞,T∞
e ,j

and then

lim
tk→+∞ fj(tk) = C ·M

Ũ∞,T∞
e ,j
.

Since the scheme conserves the mass and the energy, (Ũ∞, T∞
e ) is a solution of (2.20)

and we have

C = N/〈M
Ũ∞,T∞

e

〉.

A.2.3. Proof of point (ii) of Proposition 2.7. Let (Ũ∞, T∞
e ) be a solution

of the system (2.20) and let us recall Jensen’s inequality (see [21] and [22]) which says
that ∫

g[w(v)]dµ(v) ≥
∫
µ(v)dv · g

[∫
w(v)dµ(v)∫
µ(v)dv

]
for each convex function g(w) and finite positive measure dµ(v). Then, by applying
this inequality with the function g(w) = w logw and the measure

∑
j f

∞
j δ(vj) (δ

being the classical Dirac measure) or the measure M
Ũ∞,T∞

e

dv, we get

∑
j

fj log

(
fj
f∞j

)
∆v > 0 and

∫
M

Ũ∞,Te
log

(
M

Ũ∞,Te

M
Ũ∞,T∞

e

)
dv > 0

since ∑
j fj∆v∑
j f

∞
j ∆v

= 1 and

∫
M

Ũ∞,Te
(v)dv∫

M
Ũ∞,T∞

e

(v)dv
= 1.

To conclude, we have to use only Lemma A.1.
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A.2.4. Proof of point (iii) of Proposition 2.7. To obtain the unicity, we
now apply the Csiszar–Kullback inequality (cf. [21] and [22]), which gives a better
result for the convergence toward the equilibrium state

∥∥fj − f∞j ∥∥2l1 ≤ 2
∑
j

fj log

(
fj
f∞j

)
∆v

and ∥∥∥M
Ũ∞,Te

−M
Ũ∞,T∞

e

∥∥∥2
L1

≤ 2

∫
M

Ũ∞,Te
log

(
M

Ũ∞,Te

M
Ũ∞,T∞

e

)
dv.

Then ∥∥fj − f∞j ∥∥2l1 + Z ∥∥∥MŨ∞,Te
−M

Ũ∞,T∞
e

∥∥∥2
L1

≤ 2[H(f, Te)−H(f∞, T∞
e )]

by using Lemma A.1. Thus, if the system (2.20) has two solutions M
Ũ∞,1,T∞,1

e
and

M
Ũ∞,2,T∞,2

e
with

M
Ũ∞,k,T∞,l

e
(v, t) =

N√
2πT∞,l

e /m
exp

[
−m(v − Ũ∞,k)2

2T∞,l
e

]

(k, l ∈ {1, 2}), we have
H(f∞,2, T∞,2

e )−H(f∞,1, T∞,1
e ) ≥ 0 and H(f∞,1, T∞,1

e )−H(f∞,2, T∞,2
e ) ≥ 0,

which gives

H(f∞,2, T∞,2
e )−H(f∞,1, T∞,1

e ) = 0.

Then, we have∥∥∥f∞,2
j − f∞,1

j

∥∥∥2
l1
= 0 and

∥∥∥M
Ũ∞,k,T∞,l

e
−M

Ũ∞,k,T∞,k
e

∥∥∥2
L1

= 0.(A.7)

And the first part of (A.7) gives

∀j : f∞,2
j = f∞,1

j .(A.8)

The equality (A.8) shows that Ũ∞,2 = Ũ∞,1 which implies that M
Ũ∞,k,T∞,l

e
=

M
Ũ∞,l,T∞,l

e
. Then, using the second part of (A.7), we obtainM

Ũ∞,1,T∞,1
e

=M
Ũ∞,2,T∞,2

e

and then T∞,2
e = T∞,1

e which gives us the unicity of the solution of the system
(2.20).

A.3. Proof of Proposition 3.2. • As for the semidiscretized problem, we show
that

S(fn)j =
ΩnTn

e

m∆v2
(
kj+1/2 + kj−1/2

)
(A.9)

with

kj+1/2 = f̃
n
j+1/2

[
log(fnj+1/f

n
j )− log(M

Ũn,Tn
e ,j+1

/M
Ũn,Tn

e ,j
)
]
.
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If kj+1/2 and kj−1/2 are positive, fn+1
j will be positive. We restrict the study for the

more restrictive situation which corresponds to

kj+1/2 < 0 and kj−1/2 < 0,

which is equivalent to

fnj+1/f
n
j <MŨn,Tn

e ,j+1
/M

Ũn,Tn
e ,j

and fnj−1/f
n
j <MŨn,Tn

e ,j−1
/M

Ũn,Tn
e ,j
.

We now suppose that fnj+1 �= fnj . Then, we can write

kj+1/2 = f
n
j

[(
fnj+1/f

n
j − 1

)− (fnj+1/f
n
j − 1

)
log(fnj+1/f

n
j )

· log(M
Ũn,Tn

e ,j+1
/M

Ũn,Tn
e ,j

)

]
.

Since x �→ x−1
log x is continuous, positive, and increasing on R+ and since fnj+1/f

n
j <

M
Ũn,Tn

e j+1
/M

Ũn,Tn
e ,j

, we get

∣∣kj+1/2

∣∣ ≤ fnj [∣∣fnj+1/f
n
j − 1

∣∣+ ∣∣∣M
Ũn,Tn

e ,j+1
/M

Ũn,Tn
e ,j

− 1
∣∣∣]

≤ fnj
[
max

(
1, fnj+1/f

n
j

)
+max

(
1,M

Ũn,Tn
e ,j+1

/M
Ũn,Tn

e ,j

)]
≤ 2fnj max

(
1,M

Ũn,Tn
e ,j+1

/M
Ũn,Tn

e ,j

)
≤ 2fnj max

i

(
M

Ũn,Tn
e ,i±1

/M
Ũn,Tn

e ,i

)
.

This is still true when fnj+1 = f
n
j . Now, according to (A.9), we obtain that

fn+1
j > fnj

[
1− 4ΩnTn

e ∆t

m∆v2
max

i

(
M

Ũn,Tn
e ,i±1

/M
Ũn,Tn

e ,i

)]
.(A.10)

This is still true if kj+1/2 or kj−1/2 is positive. Therefore

∆t < ∆tn1 =⇒ ∀j, fn+1
j > 0.

• The positivity of Tn+1
e when ∆t < ∆tn2 is clear if we use the expression (3.3)

and the definition of ÑT
n
.

• To prove the H-theorem, we use the relation (A.9) which allows us to write∑
j

S(fn)j log(f/MŨ,Te
)nj =−ΩnTn

e

m∆v2

∑
j

f̃nj+1/2[log(f/MŨ,Te
)nj+1

− log(f/M
Ũ,Te

)nj ]
2 ≤ 0.(A.11)

• Let us now show the conservation of the equilibrium state. We suppose that

fn =
N

〈M
Ũ∞,T∞

e

〉MŨ∞,T∞
e

and Tn
e = T∞

e .

By construction, we have (see the system (2.20))

〈fn〉 = N0, 〈(v − U0)fn〉 = 0
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and 〈{[
1

2
m(v − U0)2 + Z

Tn
e

2

]
−
[
T 0

2
+ Z

T 0
e

2

]}
· fn
〉
= 0

since Tn
e = T∞

e . Using the boundary conditions f̃n1/2 = f̃njmax+1/2 ≡ 0, we can also

verify that Ũn = Ũ∞. Then,

∃C > 0/fn = C ·M
Ũn,Tn

e

.

And, according to (A.9), we get for all j : S(fn)j = 0; that is to say fn+1 = fn. For
the converse, if for all j : S(fn)j = 0, then, according to (A.11), we get

∀j : log(f/M
Ũ,Te

)nj+1 = log(f/M
Ũ,Te

)nj

since f̃nj+1/2 > 0 (for j ∈ {2, . . . , jmax − 1}) and ΩnTn
e > 0 by hypothesis. This shows

that

∃C > 0/fn = C ·M
Ũn,Tn

e

.

To conclude, we have to say only that the solution of the system (2.20) is unique (see
point (iii) of Proposition 2.7) and thatM

Ũn,Tn
e

is a solution of the system (2.20) since

the scheme is conservative.

A.4. Proof of Proposition 3.3.

A.4.1. Preliminary result: Lemma A.4. The proof of Proposition 3.3 uses
the following lemma.

Lemma A.4. When f̃nj+1/2 is the entropic average of f
n
j and of f

n
j+1, the inequal-

ity

∑
j

S(fn)2j
fnj

≤ −4ΩnTn
e

m∆v2
· Mnh

n
max

hmin

∑
j

S(fn)j log

(
fn

M
Ũn,Tn

e

)
j

is verified.
Proof of Lemma A.4. By applying Schwarz’s inequality, we obtain

S(fn)2j ≤ ΩnTn
e

m∆v2

(
f̃nj+1/2 + f̃

n
j−1/2

)
· Ω

nTn
e

m∆v2

{
f̃nj+1/2

[
log
(
hnj+1/h

n
j

)]2
+f̃nj−1/2

[
log
(
hnj−1/h

n
j

)]2}
,

where hnj = fnj /MŨn,Tn
e ,j

. Moreover, we can verify that

fnj±1

fnj
≤
M

Ũn,Tn
e ,j±1

M
Ũn,Tn

e ,j

· h
n
max

hnmin

≤ Mn · h
n
max

hnmin

.

Then

max
j

(
f̃nj+1/2 + f̃

n
j−1/2

fnj

)
≤ 2 (Mnhnmax/h

n
min − 1)

log (Mnhnmax/h
n
min)

(A.12)
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since x−1
log x is an increasing function when x > 0. Finally, we obtain

∑
j

S(fn)2j
fnj

≤ ΩnTn
e

m∆v2
· 2 (M

nhnmax/h
n
min − 1)

log (Mnhnmax/h
n
min)

· 2Ω
nTn

e

m∆v2

∑
j

f̃nj+1/2[log
(
hnj+1/h

n
j

)
]2.

On the other hand, due to the equalities (2.14) and (2.16), we know that∑
j

S(fn)j log(f
n/M

Ũn,Tn
e

)j = −ΩnTn
e

m∆v2

∑
j

f̃nj+1/2[log
(
hnj+1/h

n
j

)
]2,

which give us

∑
j

S(fn)2j
fnj

≤ −4ΩnTn
e

m∆v2
· Mnhnmax/h

n
min − 1

log (Mnhnmax/h
n
min)

∑
j

S(fn)j log

(
fn

M
Ũn,Tn

e

)
j

.

Then, if we remark that x−1
log x ≤ max (x, 1) when x > 0, we get the result.

A.4.2. Proof of Proposition 3.3. Using the inequality for all x : log(1+x) ≤ x,
we obtain∑

j

[
fn+1 log(fn+1)

]
j
≤
∑
j

[fn log(fn)]j +∆t
∑
j

[
S(fn) log(fn) + ∆t

S(fn)2

fn

]
j

;

that is,

Hn+1 ≤ 〈fn log(fn)〉+∆t

〈
S(fn) log(fn) + ∆t

S(fn)2

fn

〉
− ZN

n

2
log(Tn+1

e ).(A.13)

On the other side, we have

Tn+1
e = Tn

e

(
1− ∆t

ZNnTn
e

m〈v2jS(fn)〉
)
.(A.14)

Using (2.13), we verify that

〈S(fn) log(M
Ũn,Tn

e

)〉 = − m

2Tn
e

〈v2S(fn)〉,

which allows us to claim that

Tn+1
e = Tn

e

(
1 +

2∆t

ZNn

〈
S(fn) log

(
M

Ũn,Tn
e

)〉)
(A.15)

using (A.14). Then, by putting (A.15) in (A.13), we find

Hn+1 ≤Hn+∆t
〈
S(fn) log(fn) + ∆t

S(fn)2

fn

〉
− ZNn

2
log

1 + 2∆t

ZNn

∑
j

S(fnj ) log(MŨn,Tn
e

)j∆v

 .
We remark that

∆t < ∆tn2 =⇒ Tn+1
e > 0 =⇒ 2∆t

ZNn

∑
j

S(fnj ) log(MŨn,Tn
e

)j∆v > −1.
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We deduce that

2∆t < ∆tn2 =⇒ 2(2∆t)

ZNn

∑
j

S(fnj ) log(MŨn,Tn
e

)j∆v > −1;

that is,

∆t < ∆tn4 = ∆tn2/2 =⇒ Tn+1
e > 0 and

2∆t

ZNn

∑
j

S(fnj ) log(MŨn,Tn
e

)j∆v > −1

2
.

On the other side, we easily verify that

∀x > −1

2
: log

(
1

1 + x

)
< x(2x− 1).

And, by setting x = 2∆t
ZNn

∑
j S(f

n
j ) log(MŨn,Tn

e

)j∆v, we obtain that

Hn+1 ≤Hn+∆t
∑
j

S(fnj ) log

(
fnj

M
Ũn,Tn

e

)
j

∆v +∆t
S(fnj )

2

fnj
∆v

+
4∆t2

ZNn

∑
j

S(fnj ) log(MŨn,Tn
e

)j∆v

2

.

Using Schwarz’s inequality, we can also write

4∆t2

ZNn

∑
j

S(fnj ) log(MŨn,Tn
e

)j∆v

2

=
4∆t2

ZNn

∑
j

S(fnj )
m(vj − Ũn)2

2Tn
e

∆v

2

≤ 4∆t2

ZNn

∑
j

S(fnj )
2

fnj
∆v ·

∑
j

fnj
(vj − Ũn)4

4(Tn
e /m)2

∆v

≤ ∆t2
∑
j

S(fnj )
2

fnj
∆v · maxk(vk − Ũn)4

Z(Tn
e /m)2

.

Then

Hn+1 ≤ Hn +∆t
∑
j

S(fn) log( fn

M
Ũn,Tn

e

)
j

+∆t(1 + αn)
S(fnj )

2

fnj

∆v.
And, by applying Lemma A.4, we obtain

Hn+1 ≤ Hn+∆t

[
1− 4∆tΩnTn

e

m∆v2
· Mnh

n
max

hnmin

(1 + αn)

]
·
∑
j

S(fn)j log

(
fn

M
Ũn,Tn

e

)
j

∆v.

We conclude the proof by using the equality (2.14) and the inequality (2.16) which
allow us to write that when ∆t < ∆tn3 , we have Hn+1 ≤ Hn. To show that Hn ≥
H(f∞, T∞

e ), we use the first point of Proposition 2.7, which does not depend on the
time discretization.
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Abstract. The Lorentz operators are derived from either Boltzmann or Fokker–Planck collisions operators when considering
a mixture of species with disparate masses [8]. The Fokker–Planck operator is the so called “grazing collision limit” of the
Boltzmann operator as proved in [1,12,7]. In our simpler case, we improve the results by proving uniform in time convergence
and by controling the speed of the trend to equilibrium. The results are based on a spectral analysis of the operators which share
the same basis of eigenfunctions.

1. Introduction

The Fokker–Planck collision operator is usually considered as an approximation of the Boltzmann
collision operator when the collisions become grazing. This has been proved in a series of papers, start-
ing from Arsen’ev and Buryak who show in [1] this convergence result under restrictive assumptions
on the scaterring cross section and on the initial data. A mathematical framework has also been given
by Desvillettes for more physical situations, but which still exclude the Coulombian case; in [12], the
scaterring cross-section is smooth and depends upon a small parameterε which tends to zero. This pa-
rameter however does not have any precise physical meaning. A quite different asymptotics is used in [7]
to treat the Coulombian case: here, the scattering cross section has a non integrable singularity when the
relative velocity of the colliding particles tends to zero. Moreover, the small parameter involved in this
asymptotics has an actual physical meaning: it is clearly identified to the plasma parameter. Recently,
Villani [19] obtained a complete rigorous proof of this asymptotic problem in the space homogeneous
situation, and for potentials which are not “too soft”.

In this paper, we are concerned with a simplified collision operator which is known as the Boltzmann–
Lorentz model in plasma physics. It is used to describe the effects of collisions of electrons with neutral
particles. In first approximation, the electrons are assumed to diffuse with a stationary equilibrium distri-
bution of target particles. The simplified Boltzmann–Lorentz model is then derived from the Boltzmann
equation in the limit of small electron mass with respect to the mass of atoms; this asymptotics has
been completely justified from the theory of kinetic collisional operators in [8]. The Boltzmann–Lorentz
model can also be found in the framework of semi-conductors (see [4]). More sophisticated models of
the same form have also been recently studied in the context of wave-particle modelling [10], cometary
plasma [9], ionic plasma thurster. . .

0921-7134/01/$8.00 2001 – IOS Press. All rights reserved
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In the same way, we can define a simplified Fokker–Planck–Lorentz model which can be derived from
the Fokker–Planck–Landau equation in the limit of small electron mass with respect to the mass of ions
(see again [8]). Physical situations actually exist for which this operator appears as the leading order
collision term (see [14] for an example in the context of plasmas). From a probabilistic point of view,
the Fokker–Planck–Lorentz operator describes a random walk of the particles on any sphere of constant
energy.

In this paper, we are interested with the limit of the Boltzmann–Lorentz operator towards the Fokker–
Planck–Lorentz model in the so-called grazing collision limit. Two situations are considered: a first one,
denoted by “case 1” which corresponds to the asymptotics developed by Desvillettes in [12]; a second
one, called “case 2”, is the asymptotics introduced in [7] to treat the Coulombian case. In both cases, we
show the convergence of the operators, but also of the solutions of the Cauchy problems associated with
these operators: for the last, the convergence is uniform with respect to time, on any finite time interval.
But, thanks to a precise spectral analysis, we can go further. First, we can show a uniform convergence
result when time goes to infinity. Second, we have a precise knowledge of the convergence speed towards
equilibrium. This spectral analysis also presents a great interest as a numerical point of view: it gives in
particular exact solutions which allow the validation of numerical codes. Numerical experiments are the
object of a forthcoming paper [6].

Our paper is organized in the following way. In part 2, we present the operators under consideration.
We then introduce the grazing collision asymptotics and show that the Boltzmann–Lorentz operator
tends towards the Fokker–Planck–Lorentz operator, for very regular distribution functions. Less regular
situations are considered in part 3. A spectral analysis is then carried out. The key point relies on the fact
that the two operators have the same eigenfunctions. Convergence results are then established for the
eigenvalues associated with these eigenfunctions, either in case 1, or in the Coulombian case. The proofs
are detailed in the three dimensional case, which is the real physical case; main results are also valid
in two dimensions (see Remark 3.4). We show the convergence of the solutions of the Cauchy problem
associated with the Boltzmann–Lorentz operator towards the solutions of the Cauchy problem associated
with the Fokker–Planck–Lorentz operator. In part 4, we generalize this result in presence of an exterior
magnetic field. The dependance with respect to the energy variable is also restored.

2. The Lorentz models

2.1. Definition

The “Boltzmann–Lorentz” model is the elastic-collision operator which has the following expression
in d velocity-dimension [8]:

Q(f )(ω) =

∫
Sd−1

B
(
ω − ω′

) [
f
(
ω′
)
− f (ω)

]
dω′, (2.1)

whereSd−1 denotes the unit sphere inRd. The cross sectionB is a positive function which expression is
directly connected to the type of interacting potential between the particles. More precisely,B(ω − ω′)
only depends on‖ω − ω′‖.
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Physical cases are mainly in three dimensions; from now on, we suppose thatd = 3. Let us precise the
notations. We introduce the following local orthonormal basis (e1, e2,ω). Using spherical coordinates,
we can write

ω′ = sinθ(cosφe1 + sinφe2) + cosθω, (2.2)

whereφ ∈ [0, 2π] and θ ∈ [0,π]. As a physical point of view, the angleθ represents the so called
“scaterring angle”, i.e., the angle of deviation undergone during a collision by a particle havingω as
initial velocity andω′ as post-collisional velocity. The integrand dω′ denotes the elementary area ofS2;
with the above notations, we have dω′ = sinθ dθ dφ. Now, a simple computation shows that‖ω−ω′‖2 =
2(1− cos(θ)), so thatB(ω − ω′) only depends on the scaterring angleθ (and not onφ), or, equivalently,
on the scalar productω · ω′.

The Lorentz–Fokker–Planck operator is nothing but the classical Laplace–Beltrami operator on the
unit sphereS2. Still using spherical coordinates, it is defined by:

P (f ) = ∆ωf =
1

sinθ

[
∂

∂θ

(
sinθ

∂f

∂θ

)
+

1
sinθ

∂2f

∂φ2

]
. (2.3)

Let us recall that this operator in fact appears quite naturally, when considering for example collisions
of heavy charged particles against light ones. We write the velocitiesv in spherical coordinates (i.e.,
v = |v|ω). The leading order term of the Fokker–Planck–Landau collision operator is then precisely,
up to a multiplicative function of the modulus of the velocity, the operatorP (f ). We refer to [14] for a
precise description of this.

2.2. Cross sections for grazing collisions

In the grazing collision asymptotics, the cross sectionB in the Boltzmann–Lorentz operator (2.1) is
supposed to depend on a small parameterε; we denote it byBε. The associated Boltzmann–Lorentz
operator then writes

Qε(f )(ω) =

∫
Sd−1

Bε(ω − ω′)[f(ω′)− f (ω)
]
dω′. (2.4)

Let us now precise the definition of the cross sectionBε. As we have seen previously, the kernelBε

only depends on one angleθ ∈ [0,π], so that we can writeBε(ω−ω′) dω′ = B
ε
(θ) dθ dφ. Now for most

potentials,B
ε

is of the form [12]

B
ε
(θ) =

1
ε3 B

(
θ

ε

)
, (2.5)

with B(θ) = σ(θ) sin(θ)χ[0,π] (θ); we denote byχ[a,b] the characteristic function of the interval [a, b] and
σ is a positive function. We then have:

B
ε
(θ) =

1
ε3 σ

(
θ

ε

)
sin
(
θ

ε

)
χ[0,επ](θ). (2.6)
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Unfortunately, this asymptotics does not allow to treat the Coulombian case, which is the most relevant
physical case. In the last, the kernel writes

B
ε
(θ) = σ(θ)

1
Log(1/ sin ε

2)
sinθ

[sin θ
2]4

χ[ε,π](θ), (2.7)

where the positive functionσ is such thatσ(0) 6= 0, and the parameterε has a physical meaning: it is what
physicists call the “plasma parameter” [7]. The logarithm factor represents the so called “Coulombian
logarithm”.

From now on, we denote by “case 1” the non-Coulombian case which corresponds to cross-sections
of the form (2.6), and by “case 2” the Coulombian one; in the last, the cross sections are given by (2.7).

2.3. The grazing limit for smooth distribution functions

In this part, we present a formal justification of the so called grazing collision limit, which can be
justified in the context of regular distribution functions. In the next paragraph, we shall perform a spec-
tral analysis of the operatorsQε andP . This will allow to get a more precise result, for less regular
distribution functions; but it will also give a precise result concerning the trend to equilibrium.

Proposition 2.1. Letf ∈ C3(S2). We consider the Boltzmann–Lorentz operator(2.4)with cross sections
of the form(2.6), i.e., case1. We suppose moreover that the cross sectionσ is such that:

C =

∫ π

0
µ2σ(µ) sinµ dµ < +∞. (2.8)

Then, for allω ∈ S2, we have:

lim
ε→0

Qε(f )(ω) = C
π

2
∆ωf (ω).

Proof. The functionf , defined on the sphere, is first extended on the whole space in such a way that the
third derivative off remains bounded. For example, one can use the following extension off : f̃ (ω) =
f (ω/‖ω‖)Ψ (‖ω‖), whereω ∈ Rd andΨ is aC3 function which is equal to 1 in a neighborhood of 1. We
then use the following Taylor expansion

f (ω′) = f (ω) +
(
ω′ − ω)i∂if̃ (ω) +

(ω′ − ω)2
i,j

2
.∂2
i,j f̃ (ω) +R

(
ω,ω′

)
,

where the integral remainder is such that|R(ω,ω′)| 6 M‖ω − ω′‖3, due to the regularity assumptions
onf . Note that nowω are vectors inR3 and∂i denote the partial derivatives off in theith direction and
xi,j is the tensor productxixj. The indexi andj varie in {1, 2, 3} and we use the Einstein convention
(summation of repeated index).

We writeω′ in the basis (2.2) linked toω. Recall that in this basisω′−ω = sinθ(cosφe1 + sinφe2) +
(cosθ − 1)ω, sincee3 = ω. The first term in (2.4) corresponding to derivatives of order 1 vanishes using
the eveness of the kernel. It remains:

Qε(f )(ω) =
1
2
∂2
i,j f̃ (ω)

∫
S2
B
ε
(θ)
(
ω′ − ω

)
i,j dθ dφ+Rε(ω),
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where θ,φ are the spherical coordinate ofω′ in the basis (2.2), whileRε is defined by:Rε(ω) =∫
S2 B

ε
(θ)R(ω − ω′) dθ dφ. Let us now consider the first integral term, i.e., the matrix defined by:

Φεi,j(ω) def
=

∫
S2
B
ε
(θ)
(
ω′ − ω

)
i,j dθ dφ.

This matrix is diagonal since it vanishes for eachi 6= j by eveness. Then, fori = j = 3, we have,
integrating inφ and using (2.6)

Φε3,3(ω) = 2π
∫ π

0

(
cosθ − 1

)2
B
ε
(θ) dθ =

8π
ε2

∫ π

0
sin4 εµ

2
σ(µ) sinµ dµ→ 0, asε→ 0,

thanks to the assumption (2.8). By integrating overφ, we also have

Φε1,1(ω) = Φε2,2(ω) = π

∫ π

0
sin2(θ)B

ε
(θ) dθ =

π

ε2

∫ π

0
sin2(εµ)σ(µ) sinµ dµ→ πC, asε→ 0,

by using the assumption (2.8) and the definition ofC. Therefore,Φε → Φ, whenε → 0, whereΦ
is the projection matrix onto the plane perpendicular toω multiplied by πC, that is to sayΦ(ω) =
πC(Id− (ω×ω)/‖ω‖2). Moreover, we have:∂i,j f̃ (ω) ·Φi,j(ω) = ∇ · (Φ(ω)∇f̃ ) = ∆ω f̃ (ω), for ω ∈ S2.
Using the following upper bound‖ω′ − ω‖3 6 8 sin3(θ/2), we get an estimate for the remainder term

|Rε(ω)| 6 16πM
ε2

∫ π

0
sin3 εµ

2
σ(µ) sinµ dµ,

which shows that this term vanishes whenε→ 0. This end the proof. 2

Using the semigroup theory, we deduce from Proposition 2.1 thatT ε, the continuous semigroup as-
sociated withQε, converges towards the semigroupT associated with the Laplace–Beltrami operator.
Then, the Pazy theorem [16] allows to obtain for any arbitrary large timeT > 0 and any initial data
f0 ∈ Lp, the following estimate:

lim
ε→0

sup
t∈[0,T ]

∥∥T ε(t)(f0)− T (t)(f0)
∥∥
Lp(S2) = 0.

The convergence is thus uniform in time but on bounded intervals of the type [0,T ]. This also implies
convergence results in someL∞(0,∞,Lp(S2)) weak (like in the work of Desvillettes). We shall not detail
the proof of this result since it does not give us informations on the trend to equilibrium, i.e., on the large
time behaviour of the solution. It is however expected that, for large time, the solution homogeneizes,
i.e., tends towards a constant state (the average of the initial distribution function on the unit sphere).
But, it is not clear, using such techniques, if the convergence is uniform in time; the trend towards this
constant state can be as slow as the grazing collision parameterε tends to 0. In the next part, we shall
answer to this point using spectral analysis of the operator which gives more precise (explicit, uniform
in time) result on the existence of solution and on its grazing collision limit.
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3. Spectral analysis of the Boltzmann–Lorentz model

3.1. The spectral analysis

The spherical harmonicsYlm defined by [15]

Ylm(θ,φ) = (−1)mil
[
l + 1/2

2π
(l −m)!
(l +m)!

]1/2

eimφ(sinθ)m
(

d
dx

)m
Pl(cosθ),

wherePl denotes the Legendre polynomials, are eigenfunctions of the Laplace–Beltrami operator. More
precisely, we have, forl > 0 and−l 6 m 6 l [15]:

−∆ωYlm = νlYlm, with νl = l(l + 1).

These functions form an orthonormal basis of the spaceL2(S2). Moreover, they are also eigenfunctions
of the operatorQε [3,11], and we have:

−Qε(Ylm) = νεl Ylm, with νεl = 2π
∫ π

0

[
1− Pl

(
cosθ

)]
B
ε
(θ) dθ. (3.1)

These eigenvalues first satisfyνεl > 0, νε0 = 0, as a direct consequence of the fact that [13]:∀x ∈
[−1, 1], −1 6 Pl(x) 6 1,P0(x) = 1. In order to get a uniform bound, in terms ofε, of the eigenvalues,
we first show the following preparatory lemma:

Lemma 3.1. Let us suppose that:∫ π

0
σ(θ) sinθθ2 dθ < +∞, in case1, (3.2)

sup
θ∈[0,π]

σ(θ) < +∞, in case2. (3.3)

Then, we have:

∃C1(σ) > 0 such that ∀ε > 0,
∫ π

0
θ2B

ε
(θ) dθ 6 C1(σ). (3.4)

Moreover, there exists a positive constantC(σ), independent ofε, such that:

for all l > 0, νεl 6 C(σ)νl. (3.5)

Proof. We first prove (3.4). The first case results from a simple change of variables. In the Coulombian
case, we have:

∫ π

0
θ2B

ε
(θ) dθ =

2
Log(1/ sin ε

2)

∫ π

ε
θ2σ(θ)

cosθ2
[sin θ

2]3
dθ 6 16 sup

[0,1]

(
arcsinx
x

)2

sup
θ∈[0,π]

σ(θ),
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which gives the expected estimate. Let us now show (3.5). Since [13]Pl(1) = 1, supt∈[−1,1] |P ′l (t)| 6
l(l + 1)/2, we have:

∣∣1− Pl(1 + x)
∣∣ =

∣∣∣∣ ∫ x

0
P ′l (1 + t) dt

∣∣∣∣ 6 |x| l(l + 1)
2

.

Applying this tox = cos(θ)− 1, we get, since|x| 6 θ2/2:

νεl 6 π
l(l + 1)

2

∫ π

0
θ2B

ε
(θ) dθ,

which gives (3.5) forC(σ) = (π/2)C1(σ).

3.2. The Cauchy problem

We are interested with the following Cauchy problem

∂f ε

∂t
= Qε

(
f ε
)
, f ε(t = 0) = f0, (3.6)

wheref0 is a given function inL2(S2). We split this function in the orthonormal basis formed by the
spherical harmonics, i.e., we write:

f0 =
∑
l>0

m=l∑
m=−l

almYlm, with ‖f0‖2L2(S2) =
∑
l>0

m=l∑
m=−l

a2
lm < +∞. (3.7)

From the above spectral analysis, we easily get:

Proposition 3.2. The functionf ε defined by

f ε(t) =
∑
l>0

m=l∑
m=−l

alm exp
(
−νεl t

)
Ylm (3.8)

is a weak solution, in the spaceL∞((0,∞);L2(S2)), of (3.6). Moreover, if the initial data is such that

∑
l>0

m=l∑
m=−l

a2
lmνl < +∞, (3.9)

then the above solution is the unique one such thatf ε ∈ L∞(0,∞;H1(S2)) andQε(f ε) ∈ L∞(0,∞;
H−1(S2)).

Proof. The first point results from (3.1) and the non negativity of theνεl . Now condition (3.9) implies
thatQε(f ε) ∈ L∞((0,∞);H−1(S2)). In fact anyϕ ∈ H1(S2) writes

ϕ =
∑
l>0

m=l∑
m=−l

blmYlm, with
∑
l>0

m=l∑
m=−l

b2
lmνl < +∞,
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so that by Cauchy–Schwartz inequality, we have, for any fixedL > 0,∣∣∣∣∣
∫
S2

(∑
l6L

m=l∑
m=−l

almν
ε
l Ylm

)
ϕdω

∣∣∣∣∣ =

∣∣∣∣∣∑
l6L

m=l∑
m=−l

almblmν
ε
l

∣∣∣∣∣
6C(σ)

√√√√∑
l>0

m=l∑
m=−l

a2
lmνl

√√√√∑
l>0

m=l∑
m=−l

b2
lmνl,

thanks to the estimate (3.5). The Banach–Steinhaus theorem shows that
∑
l>0
∑m=l
m=−l almν

ε
l Ylm ∈

H−1(S2), so thatQε(f ε) ∈ L∞((0,∞);H−1(S2)). We also have, for allt > 0,

〈
Qε
(
f ε
)
(t),f ε(t)

〉
H−1,H1 = −

∑
l>0

m=l∑
m=−l

a2
lmν

ε
l exp

(
−2νεl t

)
6 0,

which gives∫
S2

(
f ε(t,ω)

)2
dω 6

∫
S2

(
f0(ω)

)2
dω,

and shows the uniqueness.2

In the same way, the functionf defined by

f (t) =
∑
l>0

m=l∑
m=−l

alm exp(−νlt)Ylm (3.10)

is a weak solution, in the spaceL∞((0,∞);L2(S2)) of the Cauchy problem:

∂f

∂t
= ∆ωf , f (t = 0) = f0. (3.11)

Moreover, if the initial condition satisfies (3.9), then the above solution is the unique one such that
f ∈ L∞((0,∞);H1(S2)) and∆ωf ∈ L∞((0,∞);H−1(S2)).

3.3. The grazing collision limit

Let us now examine the convergence of the eigenvalues whenε→ 0.

Lemma 3.3. Let us suppose that:∫ π

0
σθ sinθθ2 dθ =

2
π

, in case1, (3.12)

σ(0) =
1

2π
, in case2. (3.13)
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Letϕ = ϕ(θ) be any function of classC2 such thatϕ(0) = ϕ′(0) = 0. Then:∫
S2
Bε(ω)ϕ(θ) dω → 2ϕ” (0), whenε→ 0. (3.14)

Proof. In both cases, we use a change of variables followed by a Taylor expansion around point 0. We
get in the first case:

∫
S2
Bε(ω)ϕ(ω) dω → πϕ”(0)

(∫ π

0
σx sinxx2 dx

)
, whenε→ 0.

In the Coulombian case, we have:

∫
S2
Bε(ω)ϕ(ω) dω =

4π
Log(1/ sin ε

2)

∫ π

ε
(ϕσ)(θ)

cos(θ2)

[sin θ
2]3

dθ → 4πσ(0)ϕ”(0), whenε→ 0,

becauseϕ(0) = ϕ′(0) = 0.

We deduce from this the:

Proposition 3.4. Under the hypotheses of Lemma3.3, we have:

for all l > 0, νεl → νl = l(l + 1), whenε→ 0. (3.15)

For any finite time interval[0,T ], we have:

sup
[0,T ]
‖f ε(t)− f (t)‖L2(S2) → 0, whenε→ 0. (3.16)

Proof. We first apply (3.14) withϕ(θ) = 1− Pl(cosθ). The point (3.15) is then a simple consequence
of the fact that:ϕ”(0) = P ′l (1) = l(l + 1)/2. We deduce from (3.8) and (3.10) that

f ε(t)− f (t) =
∑
l>0

m=l∑
m=−l

almYlm
[
exp
(
−νεl t

)
− exp(−νlt)

]
, (3.17)

with
∑
l>0
∑m=l
m=−l a

2
lm < +∞, so that we can write, for anyt ∈ [0,T ]:

‖f ε(t)− f (t)‖2L2(S2) 6 2
∑
l>L

m=l∑
m=−l

a2
lm +

L−1∑
l=0

m=l∑
m=−l

a2
lm

∣∣νεl − νl∣∣T.
The first sum is the remainder of a convergent series, which can be arbitrary small for a sufficiently large
indexL. The second part is then a finite sum of terms which all vanish whenε→ 0, which shows (3.16)
and ends the proof.2
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3.4. The large time behaviour

We are now interested with the large time behaviour of the solutions (3.8) and (3.10). In order to do
this, we need a positive lower bound for the opposite of the eigenvaluesνεl andνl, which means we have
to “eliminate” the zero eigenvalue which corresponds to the equilibrium states. Since the kernels of the
Lorentz operators are formed of constant functions, we easily get following result (we state it here for
Qε, but this result also trivially holds forP ):

Lemma 3.5. Let f ε by given by(3.8). The functiongε defined bygε = f ε − I(f0), with I(f0) =
1

4π

∫
S2 f0 dω, is of zero mean value over the unit sphere and it satisfies the following Cauchy problem:

∂gε

∂t
= Qε

(
gε
)
, gε(t = 0) = g0, with g0 = f0− I(f0). (3.18)

Moreover, using the notation(3.7), we have:

g0 =
∑
l>0

m=l∑
m=−l

almYlm, gε(t) =
∑
l>0

m=l∑
m=−l

alm exp
(
−νεl t

)
Ylm. (3.19)

We now analyze the convergence towards equilibrium. First, sinceg = f − I(f0), with f given by
(3.10), is of zero mean value, we have the following ellipticity relation, whereλ1 denotes the first non
zero eigenvalue of the Laplace–Beltrami operator [2]:

‖∇ωg‖2L2(S2) >
1
λ1
‖g‖2L2(S2);

this gives
∫
S2 g2 dω 6 exp(− 1

λ1
t)
∫
S2 g2

0 dω, which shows thatg converges exponentially fast towards
zero, when time goes to infinity. Now, if there exists a positive constantC such that, for allε we have
Bε > C, then the same behaviour holds forgε. Our aim is to generalize this result for situations where
the above assumption on the kernel is not satisfied. In order to do so, we need a uniform lower bound for
theνεl .

Lemma 3.6. We suppose the assumption(3.2) fulfilled, with σ non identically equal to zero. In the
Coulombian case, we suppose that there exists positive constantsθ0 and σ0, θ0 < π/2, such that:
infθ∈[0,θ0] σ(θ) > σ0. Then, we have:

∃ε0 > 0, C2(σ) > 0 such that∀ε ∈ ]0,ε0[ ,
∫ π

2

0
θ2B

ε
(θ) dθ > C2(σ). (3.20)

Moreover, there exists positive constantsν0 andε0, such that:

for all l > 1 and allε ∈ [0,ε0], νεl > ν0. (3.21)
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Proof. We first prove (3.20). Like in Lemma 3.1, the first case results from a simple change of variables;
we findε0 = 1/2 andC2(σ) =

∫ π
0 σ(u) sinuu2 du. In the Coulombian case, we have, choosingε0 = θ0,

∫ π
2

0
θ2B

ε
(θ) dθ > 8

√
2

Log(1/ sin ε
2)
σ0 Log

(
θ0

ε

)
,

which gives the following estimate forε0 sufficently small:
∫ π2

0 θ2B
ε
(θ) dθ > 4

√
2σ0. Let us now get a

uniform lowerbound forνεl . We recall the Laplace formula [13] (i2 = −1)

Pl(x) =
1
π

∫ π

0

(
x+ i

√
1− x2 cosφ

)l
dφ, −16 x 6 1,

which gives:|Pl(x)| 6 1
π

∫ π
0 (x2 + (1 − x2) cos2φ)l/2 dφ. The quantity inside the integral being less

than 1, we deduce that, for anyl > 2, we have|Pl(x)| 6 1
π

∫ π
0 (x2 + (1 − x2) cos2φ) dφ, so that:

|Pl(x)| 6 (1 + x2)/2. Now this last relation is also valid forl = 1, sinceP1(x) = x, which finally gives:
1− Pl(x) > (1− x2)/2, for l > 1. Using the inequality sin(θ) > (2/π)θ, for θ ∈ [0,π/2], we deduce
the following lower bound, for anyl > 1:

νεl > π
∫ π

0
sin2 θB

ε
(θ) dθ > 4

π

∫ π
2

0
θ2B

ε
(θ) dθ,

which gives the expected result, once condition (3.20) is fulfilled.

We can now derive the asymptotic behaviour when time goes to infinity.

Theorem 3.7. There exists a positive constantε0 such that:

sup
ε∈[0,ε0]

‖f ε(t)− I(f0)‖L2(S2) → 0, whent→ +∞. (3.22)

More precisely, using the notations of Lemma3.6, we have:

sup
ε∈[0,ε0]

‖f ε(t)− I(f0)‖L2(R3×S2) 6 exp
(
−ν0t

)
‖f0‖L2(R3×S2). (3.23)

Proof. In order to prove the uniform convergence result (3.22), we in fact only need a weaker form of
the estimate given in Lemma 3.6. We here suppose that:

for all l > 1, ∃ν0
l > 0, ε0

l > 0 such that for allε ∈
[
0,ε0

l

]
νεl > ν0

l . (3.24)

Now by (3.19), we have, for allt > 0,

‖gε(t)‖2L2(S2) 6
∑

0<l6L−1

m=l∑
m=−l

a2
lm exp

(
−2νεl t

)
+
∑
l>L

m=l∑
m=−l

a2
lm,
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because theνεl are all non negative. Now, sinceg0 ∈ L2(S2), the series
∑
l>0
∑m=l
m=−l a

2
lm is convergent,

so that the second sum in the above expression (which is independent ofε) can be arbitrary small forL
large enough. On the other hand, the first term is a finite sum of terms that all converge exponentially fast
towards 0 when time goes to infinity, on account of the above assumptionνεl > ν0

l > 0. More precisely,
there exists a positive constantε0 such that, for allε ∈ [0,ε0], we have:

∑
0<l6L−1

m=l∑
m=−l

a2
lm exp

(
−2νεl t

)
6

∑
0<l6L−1

m=l∑
m=−l

a2
lm exp

(
−2ν0

l t
)
.

When t goes to infinity, this sum tends then to zero uniformaly with respect toε, which finally gives
(3.22).

In the three dimensional case (which is the case under consideration here), we have a more precise
result. In fact, thanks to the uniform lower bound (3.21), we get the estimate (3.23): the decrease, when
time goes to infinity, is thus exponential.

Remark 1. In the two dimensional case, we obtain the same uniform convergence result (3.22). In case
1, the decrease, when time goes to infinity, is exponential, because we can find for the opposite of the
eigenvalues a uniform lower bound with respect toε, such as in Lemma 3.6. But in the Coulombian case,
we could only manage to find the weaker estimate (3.24).2

4. Some complements

4.1. The dependence with respect to the modulus of the velocity variable

The distribution function in fact depends on the whole velocity variablev = ρω, ρ = |v|, although
the differential operator only acts on the variableω ∈ S2. If we recover the whole velocity variable, the
Cauchy problems (3.6) and (3.11) respectively write [14]

∂f ε

∂t
=Aε

(
f ε
)

= |v|γQε
(
f ε
)
, f ε(t = 0) = f0, (4.1)

∂f

∂t
=A(f ) = |v|γ∆ωf , f (t = 0) = f0. (4.2)

The powerγ is directly connected to the type of intercating potential between the particles. The case
γ > 0 corresponds to what is usually called “hard” potentials,γ < 0 to “soft” potentials, whileγ = 0 is
the particular case of Maxwellians molecules.

The unknown isf = f (t,ρ,ω), with ρ ∈ R+, ω ∈ S2. We denote byL2
W (0,∞) andX the following

weighted spaces

L2
W (0,∞) =

{
ψ = ψ(ρ),

∫ +∞

0
ψ(ρ)ρ2 dρ < +∞

}
,

X = L2
W

(
(0,∞);L2(S2)) =

{
ψ = ψ(ρ,ω),

∫
S2

∫ +∞

0
ψ2(ρ,ω)ρ2 dρdω < +∞

}
.
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We split the square integrable initial dataf0 = f0(ρ,ω) (ρ = |v|) in the following way

f0(ρ,ω) =
∑
l>0

m=l∑
m=−l

alm(ρ)Ylm(ω),

with ‖f0‖2X =
∫∞

0
∑
l>0
∑m=l
m=−l a

2
lm(ρ)ρ2 dρ < +∞. With a proof similar to that of Proposition 3.2, we

easily get:

Proposition 4.1. The functionf ε defined by

f ε(t,ρ,ω) =
∑
l>0

m=l∑
m=−l

alm(ρ) exp
(
−νεl ργt

)
Ylm(ω) (4.3)

is a weak solution, in the spaceL∞(0,∞;X), of (4.1). Moreover, if the initial data is such that

∫
R3

∑
l>0

m=l∑
m=−l

a2
lm(ρ)νlρ

2 dρ < +∞,

then the above solution is the unique one such that

f ε ∈ L∞
(
0,∞;L2

W

(
(0,∞);H1(S2))) and Qε

(
f ε
)
∈ L∞

(
0,∞;L2

W

(
(0,∞);H−1(S2))).

Concerning the large time behaviour, we will not obtain in general (i.e., for any type of potentials)
an exponential decrease when time goes to infinity. With the notations of Lemma 3.5, the functiongε

defined by

gε(t,x,ω) =
∑
l>0

m=l∑
m=−l

alm(ρ) exp
(
−νεl ργt

)
Ylm(ω)

satisfies the following Cauchy problem∂gε/∂t = Aε(gε),gε(t = 0) = f0−I(f0). Thanks to the estimate
(3.21), we have, forε small enough,

∥∥gε(t)‖2L2(R3×S2) 6
∫
R3

∑
l>0

m=l∑
m=−l

a2
lm(ρ) exp

(
−2ν0ργt

)
ρ2 dρ

so that this quantity tends to zero when time goes to infinity, but it tends exponentially fast towards zero
only in the caseγ = 0. Forγ > 0, this exponential decrease holds outside any ball centered at zero with
arbitrary small radius, while forγ < 0, it happens inside any ball centered at zero with arbitrary large
radius. Let us introduce theρ dependent function defined by:I(f0)(ρ) = 1

4π

∫
S2 f0(ρ,ω) dω. Gathering

all the cases, we have shown the following result:

Theorem 4.2. There exists a positive constantε0 such that:

sup
ε∈[0,ε0]

∥∥f ε(t)− I(f0)
∥∥
X → 0, whent→ +∞. (4.4)
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4.2. The presence of an external magnetic field

The action of a magnetic fieldB on the spherical harmonics is well known [11]. In particular, when we
take the direction of the vectorB as the axis of the spherical coordinates, one has the following identity,
for anyω ∈ S2: (ω ∧ B) · ∇ωYlm(ω) = −im‖B‖Ylm(ω). This allows an explicit computation of the
solution of the following Cauchy problem

∂f ε

∂t
+ (ω ∧B) · ∇ωf ε = Qε

(
f ε
)
, f ε(t = 0) = f0, (4.5)

with f0 in L2(S2). In fact, still using the expansion (3.7) off0, we have:

Proposition 4.3. Letνεl,m = νεl − im‖B‖. The functionf ε defined by

f ε(t) =
∑
l>0

m=l∑
m=−l

alm exp
(
−νεl,mt

)
Ylm (4.6)

is a weak solution, in the spaceL∞((0,∞);L2(S2)), of (4.5). Moreover, if the initial data is such that
(3.9)holds, then the above solution is the unique one such that

f ε ∈ L∞
(
(0,∞);H1(S2)) and Qε

(
f ε
)
∈ L∞

(
(0,∞);H−1(S2)).

In the same way, the functionf defined by

f (t) =
∑
l>0

m=l∑
m=−l

alm exp(−νl,mt)Ylm,

with νl,m = νl − im‖B‖ satisfies the Cauchy problem

∂f

∂t
+ (ω ∧B) · ∇ωf = ∆ωf , f (t = 0) = f0, (4.7)

with the same dataf0. Finally, we also keep the following exponential decay when time goes to infinity:

sup
ε∈[0,ε0]

∥∥f ε(t)− I(f0)
∥∥
L2(R3×S2) 6 exp

(
−ν0t

)
‖f0‖L2(R3×S2). (4.8)
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Université d’Orléans, B.P. 6759, 45072 Orléans, France
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The homogeneous Fokker–Planck–Landau equation is investigated for Coulombic
potential and isotropic distribution function, i.e., when the distribution function de-
pends only on time and on the modulus of the velocity. We derive a conservative
and entropy decaying semidiscretized Landau equation for which we prove the exis-
tence of global in-time positive solutions. This scheme is not based on the so-called
“Landau–Log” formulation of the operator and ensures the physically relevant long-
time behavior of the solution. c© 2002 Elsevier Science (USA)

Key Words: kinetic models; Fokker–Planck–Landau equation; system of ordinary
differential equations; Cauchy problem; plasma physics; numerical schemes.

INTRODUCTION

The Fokker–Planck–Landau equation (FPLE in the remainder) is commonly used in
plasma physics when kinetic effects between charged particles under Coulomb interaction
are studied.

The isotropic FPLE is generally used in the modeling of inertial controlled fusion. More
precisely, it is used to describe electronic energy transport phenomena in a plasma produced
by a laser. Under some conditions, it is well known that the fluid theory, for which the
hydrodynamics equations are closed using the law for the thermal fluxes proposed by
Spitzer–Harm [27], is not valid [14, 15]. A more accurate solution is to use a model based
on the expansion of the FPLE in spherical harmonics, by only retaining the first two terms and
the isotropic FPL operator is the leading order of the collision operator [14, 15]. Expansion
of such ideas to the relativistic case can be found in [26] and references therein. In this
paper, the author emphasize the care that must be taken in the numerical treatment of the
classical FPLE. There are other applications, for example, in astrophysics where the FPLE
is used for star cluster modeling [10, 11].
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A conservative and entropy scheme for the spherical and homogeneous FPLE was first
proposed in [3]. The authors give an upper bound for the time step to ensure the decay
of the mathematical entropy without a complete proof of their assertion. Entropy decay is
very important since it is physically relevant and seems to prevent oscillations, as shown
in numerical examples in [6] and proved for the linear case in [5]. At the continuous level
and for obvious physical reasons, the solution remains positive at any time, as proved by
Desvillettes and Villani in the general 3D case [13]. Thus, the discretization must preserve
this property and this does not appear clearly in [3]. See [5] for an example of a conservative
discretization which does not preserve positivity for all positive initial data. Such schemes
have been studied in [5] and references therein and these schemes rely on the so-called
“Landau–Log” formulation of the operator, to be defined in the next section. In 1987,
Berezin et al. announced that, in the isotropic case, the main properties can be achieved
on the “nonlog form” of the FPLE [3]. One aim of this paper is to provide a proof of this
assertion and to obtain some insight into the long-time behavior of the solutions for the
semidiscretized FPLE.

Indeed, it has been proved recently in [6] that the existence of a unique, conservative,
entropy decaying and global in-time solution holds for the semidiscretized FPLE. However,
some questions were still open such as the long-time behavior of the semidiscretized or time
discretized solution for which it is expected that the distribution function converges toward
the discretized Maxwellian. We shall prove this property. Let us point out that this is the first
result to our knowledge of the long-time behavior of the solution of the discretized FPLE.

This paper is organized as follows: in the first part, we recall briefly the continuous FPLE
in the homogeneous and isotropic case, and we refer to [6] for more details. Then, we
present the non-log discretization and we prove the properties of conservation, H-theorem,
and trend to equilibrium. In the third section, we prove the existence of a global positive
solution using a classical upper bound of the loss term as usual for the Boltzmann equation
and that this solution tends to the Maxwellian. The last section is devoted to the time
discretization approximation of the FPLE. For the time explicit discretization we prove
that under a time step restriction involving the L∞ of f or ε f the scheme is positive and
entropic. We prove also that second-order time discretization defines a positive scheme.
The derivation of an implicit scheme is also considered.

The isotropic FPLE could also be used to produce reference solutions to study numerical
schemes proposed in the 3D velocity space [5, 7] or in the 2D axisymmetric case [16, 22]
since no analytical solutions are known in the Coulombic case. The extension of this non-log
form for the full tridimensional case, which is of physical interest for plasma physics, is
not straightforward. Indeed, the simplest way to discretize the non-log form is not entropy
decaying and provides a negative distribution function after arbitrary short time as shown
in [5]. The study of the convergence of the constructed solutions when the mesh size �ε

goes to 0 is beyond the scope of this paper.

1. THE HOMOGENEOUS AND ISOTROPIC FPLE

We present the homogeneous nonlinear FPLE in the isotropic case where the distribution
function f (�x, �v, t) depends only on the modulus of the velocity v = ‖�v‖ and on the time t ;
i.e., f (�x, �v, t) = f (v, t). We shall consider f as a function of ε = v2, which is the energy
variable. For isotropic distribution functions, the FPLE for Coulombic potentials can be
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written (see [3, 6] for more details), on a bounded domain ε ∈ [0, ε0], in the form

∂ f

∂t
= 1√

ε

∂

∂ε

∫ ε0

0
f f ′
(

∂

∂ε
ln f − ∂

∂ε′ ln f ′
)

k(ε, ε′) dε′, (1.1)

where we define k = k(ε, ε′) = inf(ε3/2, (ε′)3/2) and f (resp. f ′) denotes f (ε, t) (resp.
f (ε′, t)) to simplify the notations.

This operator can be equivalently written in the following weak form (let φ(ε) be any
function time independent test (smooth and decaying)) by integrating (1.1) by parts,

∫ ε0

0

∂ f

∂t
φ
√

ε dε = −1

2

∫ ε0

0

∫ ε0

0
f f ′
(

∂

∂ε
φ − ∂

∂ε′ φ
′
)(

∂

∂ε
ln f − ∂

∂ε′ ln f ′
)

k dε′ dε,

(1.2)

where we assume that ∂
∂ε

φ(ε0) = 0 and also that k(0, ε) = 0 to get rid of the boundary
terms in the integration by parts. Let us recall that FPLE satisfies the conservation of mass
(resp. energy) (by choosing φ = 1 (resp. φ = ε) in (1.2))

ρ =
∫ ε0

0
f (ε)

√
ε dε, ρE =

∫ ε0

0
f (ε)ε3/2 dε. (1.3)

The mathematical (or negative) entropy H , defined by

H =
∫ ε0

0
f (ε) ln( f (ε)) dε, (1.4)

is decreasing in time, by letting φ = ln( f ) in the weak formulation of FPLE and using the
mass conservation, and satisfies the H-theorem ∂t H = 0 ⇔ f = exp(−Aε + B). Note that
the FPLE can be equivalently written in the so-called non-log weak form

∫ ε0

0

∂ f

∂t
φ
√

ε dε = −1

2

∫ ε0

0

∫ ε0

0

(
∂

∂ε
φ − ∂

∂ε′ φ
′
)(

f ′ ∂

∂ε
f − f

∂

∂ε′ f ′
)

k dε′ dε. (1.5)

In previous works [12], the discretization was performed on the log form (1.2) of the FPLE
to prove the decay of entropy. In this paper, we prove that this property can be achieved
on a discretization on the non-log form (1.5). Note that, at the continuous level, the two
formulations are equivalent but this is not the case after the discretizations we shall now
present.

2. THE SEMIDISCRETIZED PROBLEM

The discretization of the FPLE follows exactly the same lines as the discretization de-
scribed in [6]. We briefly recall the notations which are used in the remainder of the paper.

2.1. Discretization in Velocity Space

Let us introduce the uniform discretization fi = f (εi ), where (εi )i=1...N = (i − 1)�ε

such that εN = ε0. The ε-derivatives are approximated according to the simplest choice of
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finite difference operator; namely, we define for any discretized function (φi )i=1...N Dφi =
(φi+1 − φi )/�ε, i = 1 . . . N − 1. We note εi+1/2 = (εi+1 + εi )/2 and vi+1/2 as the mean
value of the velocity on [εi , εi+1]; i.e., vi+1/2 = 1

�ε

∫ εi+1

εi

√
ε dε = 2

3�ε
(ε

3/2
i+1 − ε

3/2
i ). Let

us consider first the discretization of the expression
∫ ε0

0 φ(ε)
√

ε dε for any function φ. By
using the trapezoidal quadrature formula with respect to the measure

√
ε dε, we approximate

it by

∫ ε0

0
φ(ε)

√
ε dε =

N−1∑
i=1

∫ εi+1

εi

φ(ε)
√

ε dε �
N−1∑
i=1

1

2
(φi + φi+1)vi+1/2�ε

def=
N∑

i=1

ciφi , (2.1)

with ci defined by the above formula such that c1 = v3/2�ε = 1
3ε

3/2
2 , ci = 1

2 (vi+1/2�ε +
vi−1/2�ε) = 1

3 (ε
3/2
i+1 − ε

3/2
i−1), for i = 2 . . . N − 1, and cN = vN−1/2�ε = 1

3 (ε
3/2
N −ε

3/2
N−1).

Once applied to the left-hand side of (1.5) with ∂ f
∂t φ, we obtain the discretization of

∫ ε0

0

∂ f

∂t
φ
√

ε dε as
N∑

i=1

ci
∂ fi

∂t
φi .

We now turn to the discretization of the right-hand side of (1.5),

(r.h.s.) = −1

2

N−1∑
i=1

N−1∑
j=1

∫ εi+1

εi

∫ ε j+1

ε j

f f ′
(

∂

∂ε
φ − ∂

∂ε′ φ
′
)(

∂

∂ε
ln f − ∂

∂ε′ ln f ′
)

k dε′ dε.

(2.2)

Using for each integral in (2.2) a midpoint quadrature formula, we approximate (2.2) by

−1

2

N−1∑
i=1

N−1∑
j=1

gi, j ki, j�ε�ε(Dφi − Dφ j )(D(ln f )i − D(ln f ) j ), (2.3)

with ki, j = k(ε
3/2
i+1/2, ε

3/2
j+1/2) and the terms gi, j standing for an approximation of the distri-

bution function product fi f j at the center of the interval [εi , εi+1] × [ε j , ε j+1], which are
now to be defined.

2.2. Choice of the Functions gi, j

In [3], the terms gi, j are of the form gi g j , where the gi are taken as an arithmetic mean of
fi and fi+1. This yields a discrete model for which it cannot be proved that the distribution
function remains positive, as it must be. In [6], we consider the harmonic average; that is,
(2 fi fi+1)/( fi + fi+1). This approximation was already used in [5], for the linear and 3D
nonlinear cases of the Fokker–Planck–Landau equation and the resulting discrete model
for which the existence of a global positive solution can be proved using the estimate
gi ≤ 2 min( fi , fi+1). In this paper, we consider the expression for gi, j

gi, j
def= fi D f j − f j D fi

D(ln f ) j − D(ln f )i
, if D(ln f ) j �= D(ln f )i , (2.4)
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and gi, j = fi f j when D(ln f ) j = D(ln f )i but the corresponding contribution in the sum
vanishes. Indeed, for a uniform grid and only in this case the above expression can be
simplified into

gi, j = fi f j+1 − f j fi+1

ln( f j+1 fi ) − ln( fi+1 f j )
.

Using the mean value theorem for the ln function, we have

min( fi f j+1, f j fi+1) ≤ gi, j ≤ max( fi f j+1, f j fi+1).

Note that this approximation is of second order, for a uniform grid. Using this expression
of gi, j , (2.3) becomes

−1

2

N−1∑
i=1

N−1∑
j=1

ki, j�ε�ε(Dφi − Dφ j )( f j D fi − fi D f j ). (2.5)

One recovers the scheme proposed in [3], which can be obtained directly from the non-
log form (1.5) of the FPLE. We prefer to derive it from the log form because this helps
to check easily the main properties of the operator, conservation, H-theorem, which were
given without any proof in [3].

Note that Dφi is also a second-order approximation of the derivative at the center of the
cell [εi , εi+1]. Thus, if there exists a smooth solution of FPLE, the discretization error will
be of second order. This is some kind of consistency result for the scheme.

Note that such average (2.4), in the case the uniform grid and for the linear Fokker–Planck
equation, has already been used in [8] and is called the entropic average.

2.3. The System of ODE Associated to the Semidiscretized FLPE

From (2.1) and (2.5), the weak semidiscretized formulation of FPLE reads

N∑
i=1

ci
∂ fi

∂t
φi = −1

2

N−1∑
i=1

N−1∑
j=1

gi, j ki, j�ε�ε(Dφi − Dφ j )(D(ln f )i − D(ln f ) j ), (2.6)

or equivalently, using the definition of gi, j ,

N∑
i=1

ci
∂ fi

∂t
φi = −1

2

N−1∑
i=1

N−1∑
j=1

ki, j�ε�ε(Dφi − Dφ j )( f j D fi − fi D f j ).

By factorizing the terms φi in (2.6) as explained in [6], we obtain a system of ordinary
differential equations of the form

d fi

dt
= FPi , i = 1 . . . N , (2.7)

with FP1 = p1/c1, FPi = (pi − pi−1)/ci , for i = 2 . . . N − 1, and FPN = −pN−1/cN−1,
and for all i = 1 . . . N − 1,

pi
def=

N−1∑
j=1

gi, j ki, j Di, j�ε, (2.8)
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where Di, j stands for (D(ln f )i − D(ln f ) j ). One can also write the equivalent non-log
form using the definition of gi, j (2.4).

pi =
N−1∑
j=1

ki, j ( f j fi+1 − fi f j+1),

and system (2.7) becomes, for i = 2 . . . N − 1,

d fi

dt
= 1

ci

(
n−1∑
j=1

ki, j f j fi+1 +
n−1∑
j=1

ki−1, j f j+1 fi−1 −
(

n−1∑
j=1

ki, j f j+1 + ki−1, j f j

)
fi

)

and can be written in the form of gain and loss as usual for the Boltzmann type operator,

d fi

dt
= Ki ( f ) − Li ( f ) fi .

Note the three-diagonal structure of this nonlinear system of ordinary differential equations.
Let us end the description of the discrete FPLE by a useful result for the following sections:

LEMMA 2.1. If we set L1 = supi (�ε
√

εi+1/2)/ci and L2 = supi (�ε
√

εi+1/2)/ci+1 and
if N is sufficiently large then L1 and L2 are uniformly bounded in N ; that is,

L1 ≤ 3√
2

and L2 ≤ 3√
2
.

The basic proof relies on the explicit definition of the sequences εi+1/2 and ci .

2.4. Properties of the Semidiscretized FPLE

One can now check the conservation of mass and energy (1.3) at the discretized level,

ρ =
N∑

j=1

c j f j (mass), ρE =
N∑

j=1

c j f jε j (energy),

where the sequence ci defined by (2.1) corresponds to the measure associated with the
choice of εi . Let us assume for the moment that there exists a (vector) solution f (t) of
system (2.7) that is global, strictly positive, and smooth in time. The two quantities defined
above for this solution f are conserved through the evolution of the system by taking φi = 1
and φi = εi in (2.6). Moreover, the discretized entropy defined by

H = H( f )
def=

N∑
j=1

c j f j ln( f j ), (2.9)

decays in time. This can be easily checked using the weak discretized formulation (2.6)
with test function φi = ln( fi ),

d H

dt
=

N∑
i=1

ci
d fi

dt
ln( fi ) +

N∑
i=1

ci
d ln( fi )

dt
fi = −1

2

N−1∑
i=1

N−1∑
j=1

gi, j ki, j�ε�εD2
i, j ≤ 0,
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since the second sum vanishes using mass conservation. Note that the property can also be
verified directly on the non-log form using the (x − y)(ln x − ln y) ≥ 0 property (as usual
for the Boltzmann equation). Indeed, one has

d H

dt
= −1

2

N−1∑
i=1

N−1∑
j=1

ki, j ( fi+1 f j − f j+1 fi )(ln( fi+1 f j ) − ln( fi+1 f j )). (2.10)

We shall prove that d H
dt = 0 is equivalent to fi = Mi , where Mi is the discrete Maxwellian

Mi = n0 exp(αεi ), (2.11)

where n0 and α are such that mass and energy are the same as for the initial data,

ρ = n0

N∑
j=1

c j exp(αε j ), ρE = n0

N∑
j=1

c jε j exp(αε j ).

This system of two equations (ρ, E being the data, α, n0 the unknowns) can be reduced to
the following equation for the parameter α

E =
∑N

j=1 c jε j exp(αε j )∑N
j=1 c j exp(αε j )

.

It is proved that this defines a unique α, which is negative when ε0 is large enough. The
existence of such an equilibrium state is discussed in Appendix A.

The converse implication ( f = M ⇒ d H/dt = 0) is obvious, since all the terms in the
sum vanish. We can prove the direct implication easily, which is usually not easy to prove
for other collision operators. Indeed, the term in the sum (2.6) vanishes for any discrete test
function if and only if

f j+1 fi = fi+1 f j , ∀(i, j) ∈ [1, N − 1]2.

Therefore, the ratio fi+1/ fi is constant and thus the sequence fi is geometric, i.e., equal to
Mi given by (2.11).

2.5. Existence of a Global Solution for the Semidiscretized FPLE

The existence of a positive global-in-time solution for this system is based on the upper
bound of the loss term like in the proof for the Boltzmann equation [17]. We have the
following upper bound for the loss term Ki ( f ).

LEMMA 2.2.

sup
i

Ki ( f ) ≤ 9ρ( f )

(�ε)2

√
3T + �ε

2
. (2.12)
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Proof. Let us first examine the situation for the interior points, that is, for i = 2, . . . ,

N − 1. In this case, let us recall that the gain terms are

Ki ( f ) = 1

�εci

(
N∑

j=2

ki, j−1 f j�ε +
N−1∑
j=1

ki−1, j f j�ε

)

and we recall that ki j = min(ε
3/2
i+1/2, ε

3/2
j+1/2). Using the inequality min(a3/2, b3/2) ≤√

a min(a, b), the fact that ki j is an increasing sequence in i and j , Lemma 2.1, and the
Cauchy–Schwartz inequality, we have

Ki ( f ) ≤ 2

�εci

N∑
j=1

ki, j f j�ε ≤ 2
√

εi+1/2

�εci

N∑
j=1

ε j+1/2 f j�ε

≤ 2
√

εi+1/2

�εci

N∑
j=1

√
ε j+1/2 f j c j

�ε
√

ε j+1/2

c j
≤ 6

√
2ρ( f )

(�ε)2

√
3T + �ε

2
.

Let us examine now the situation at the boundary. For i = 1 we have

K1( f ) = 1

�εc1

N∑
j=2

k1, j−1 f j�ε ≤
√

ε3/2

�εc1

N∑
j=1

ε j+1/2 f j�ε ≤ 9

2(�ε)2
ρ( f )

√
E( f ) + �ε

2
.

The case i = N gives the same upper bound. �

We define

τ = (�ε)2

9ρ( f )

√
E( f ) + �ε

2

. (2.13)

PROPOSITION 2.3. The Cauchy problem for the differential equation (2.7) with strictly
positive initial data admits a unique positive entropic global in-time solution.

Proof. The existence and uniqueness of the solution for short times are obtained using
the classical Cauchy–Lipschitz theorem. If we prove that the solution remains positive for
any time, then mass conservation gives an upper bound for the weights. Therefore, the
solutions cannot blow up in finite time and we have a positive solution for arbitrary long
times. We shall use the upper bound of the loss terms Ki of Lemma 2.2.

Equation (2.12) implies that for all i , we have

d fi

dt
≥ − 1

τ
fi ⇒ fi (t) ≥ fi (t = 0) exp(−t/τ).

Such inequality implies that the weights fi cannot vanish in finite time. �

Note that using an explicit time discretization, this estimate provides a time step limitation
for positivity,

f t+�t
i = f t

i + �t F Pt
i ≥ f t

i (1 − �t/τ) > 0,

if the time step is such that �t < τ . We prove the following result concerning the long-time
behavior.
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LEMMA 2.4. For all strictly positive initial conditions, the solution of (2.7) verifies

∀i, lim
t→∞ fi = Mi .

Proof. We first prove that

H( f ) ≥ H(M),

where M is the Maxwellian with the same moment as f . This is sometimes called the Gibbs
lemma and the proof relies on the Jensen inequality. At the discrete level, we have

H( f ‖ M) = H( f ) − H(M) =
N∑

i=1

ci fi ln( fi ) −
N∑

i=1

ci Mi ln(Mi )

=
N∑

i=1

ci fi ln( fi/Mi ) +
N∑

i=1

ci ( fi − Mi ) ln(Mi );

the second sum vanishes using conservation laws and the first sum is positive using the
convexity of the function x �→ x ln(x) and the Jensen inequality. Thus, H( f ‖ M)(t) is
decreasing in time and positive. It converges to some value H∞.

We have shown that H∞ = 0 necessarily by contradiction. Else, there exists an increasing
sequence tk such that tk → ∞ when k → ∞ and

fi (tk) → f ∞
i ,

d H( f | M)(tk)

dt
→ 0;

indeed the weights lie in a compact set and are in finite number. It has to be proved that
d H( f ‖ M)

dt is continuous in time. This is clear since this is a functional defined using smooth
functions from the weights fi which are at least C1 functions of the time and we have shown
that d H

dt = 0 ⇒ f = M .
Thus, f ∞

i = Mi . Using the monotonicity of H , one has the convergence of H( f ‖ M)

when t → ∞ (not only for a sequence of increasing time). Then, we use the Czizar–Kullback
inequality (see [18])

‖ f − M‖2
L1 ≤ 2H( f ‖ M);

i.e.,

(
N∑

i=1

ci‖ fi − Mi‖
)2

≤ 2
N∑

i=1

ci fi ln( fi/Mi ).

This latter inequality proves that fi → Mi . �

This also provides a uniform in-time, strictly positive lower bound for the fi . Indeed,
there exists t∗ such that ∀t > t∗, H( f ‖ M) ≤ mini M2

i /4. Moreover, fi is strictly positive
on the interval [0, t∗], and thus, there exists a minimum f min for the finite number of fi on
[0, t∗]. The obtained lower bound is not explicit.
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3. TIME DISCRETIZATION

In this section, we shall investigate different methods for discretizing in time the system
of ordinary differential equations (2.7)–(2.8). First, we shall consider explicit schemes and
afterward implicit schemes. In both cases we discuss the properties and the cost of the
scheme.

3.1. First-Order Explicit Scheme

Let us now consider explicit schemes.
First, note that the system (2.7) that determines the evolution of the distribution function

f can be written as a sum of four-velocities, a so-called Broadwell system (see [17]).
Moreover, the entropy function x ln(x) is convex and decays provided it decays for each
Broadwell system. We shall take advantage of this particular structure to describe the first
scheme.

More precisely, system (2.7) can be written in the form

d f

dt
=
∑
i, j

Bi, j ( f ) +
∑
i, j

B̃i, j ( f ),

with (Bi, j ( f ))k = 0 if k �∈ {i, i + 1, j, j + 1}. The sum B̃ will have exactly the same struc-
ture for the index {i − 1, i, j, j − 1}. Thus, each term Bi, j only modifies four components
of f . We denote f1, f2, f3, and f4 (or for the coefficients ck) for fi , fi+1, f j , and f j+1,
respectively. The evolution of these functions due to the term Bi, j is given by

d f1

dt
= C

c1
( f2 f3 − f1 f4),

d f2

dt
= −C

c2
( f2 f3 − f1 f4),

(3.1)
d f3

dt
= −C

c3
( f2 f3 − f1 f4),

d f4

dt
= C

c4
( f2 f3 − f1 f4),

if i �= j + 1 or

d f1

dt
= 2C

c1
( f2 f3 − f1 f1),

d f2

dt
= −C

c2
( f2 f3 − f1 f1), (3.2)

d f3

dt
= −C

c3
( f2 f3 − f1 f1),

if i = j + 1 and with C = ki, j (or C = ki−1, j for the term B̃i, j ). Note that the evolution
of one particular index i0 involves N generalized Broadwell systems. Note that for the
special case j + 1 = i , system (3.2) is of the form (3.1) with c4 = c1 and f1(0) = f4(0).
The exact solution for the Cauchy problem associated to such a Broadwell system (3.1) can
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be computed explicitly as

f1(t) = f 0
1 + F(t)/c1, f2(t) = f 0

2 − F(t)/c2,
(3.3)

f3(t) = f 0
3 − F(t)/c3, f4(t) = f 0

4 + F(t)/c4,

where F is given by

F(t) = D − D exp(−C
√

�t)

1 + D̃(1 − exp(−C
√

�t))
,

with

A = f 0
1

c4
+ f 0

4

c1
+ f 0

3

c2
+ f 0

2

c3
, B =

(
1

c2c3
− 1

c1c4

)(
f 0
2 f 0

3 − f 0
1 f 0

4

)

� = A2 − 4B, D = 2
(

f 0
2 f 0

3 − f 0
1 f 0

4

)
A + √

�
, D̃ =

(
1

c2c3
− 1

c1c4

)
D/�.

The (partial) entropy
∑4

k=1 ck ln( fk(t)) fk(t) decays in time. The solution remains always
positive.

Let us now consider the full coupled system as a linear system, which is obviously not
the case, and take a superposition of the solution of the elementary Broadwell system. More
precisely, let us define fi, j as the exact solution, defined previously, of the Cauchy problem
for the system

d fi, j

dt
= 2N 2 Bi, j , fi, j (t = 0) = f 0,

and f̃ i, j as the solution for the terms B̃i, j with the same initial data. Then

f = 1

2N 2

∑
i, j

fi, j + f̃ i, j

is a first-order approximation of the solution of (2.7) which preserves positivity, decays
the entropy, since it decays the entropy for any Broadwell system, and conserves mass and
energy for all time. The cost of this method is O(N 2) for one time step.

The second method is based on a complete explicit scheme,

f n+1 = f n + �t F P( f n).

First, let us exhibit a condition such that the scheme remains positive. As explained in the
proof of Theorem 1, this property holds provided that �t < τ , where τ is defined by (2.13)
and depends only on ρE, ρ, and c1 = mini ci .

The main advantage of this method is that the cost is linear. Indeed, due to the definition
of ki, j = min(ε

3/2
i , ε

3/2
j ), the evaluation of the coefficients of the matrix D defined before

can be performed in O(N ) operations as explained in [6].
For the entropy, we shall use the same ideas as those in [5]. We have

( f + � f ) ln( f + � f ) ≤ f ln( f ) + � f ln f + � f + (� f )2,
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with f = f n
i and � f = �t F P( f n)i = �t F Pn

i = �t 1
ci
(pn

i − pn
i−1). Adding these inequa-

lities, and using the conservation of mass and definition of the discretized entropy, we obtain

H n+1 ≤ H n + �t
∑

i

F Pn
i ln

(
f n
i

)+ (�t)2
∑

i

(
F Pn

i

)2/
f n
i .

We take

�t = min

(
τ,

−∑i F Pn
i ln
(

f n
i

)
∑

i

(
F Pn

i

)2/
f n
i

)
.

Another estimate can be obtained from the fact that the system is a sum of generalized Broad-
well systems (3.1). In fact, we can split the sum over all the O(N 2) possible quadruplets in
Ñ subsets such that each integer appears at most once in a given subset. See Appendix B
for such a partition. Then the system reads

d f

dt
=

Ñ∑
p=1

∑
(i, j)∈�p

Bi, j ( f ),

where �p corresponds to one subset (see Appendix B) and Bi, j is one of the generalized
Broadwell systems. We use the same splitting ideas as before, with the exact solution
replaced by the explicit scheme. Then the explicit scheme can be written

f n+1 − f n = �t
Ñ∑

p=1

∑
(i, j)∈�p

Bi, j ( f n).

Define

f p = f n + �t Ñ
∑

(i, j)∈�p

Bi, j ( f n).

We have f n+1 = 1
Ñ

∑Ñ
p=1 f p. Since the entropy is convex, we have

H n+1 ≤ 1

Ñ

Ñ∑
p=1

∑
i

ci f p
i ln

(
f p
i

)
.

For any fixed p, the generalized Broadwell systems involved in �p are distinct. Thus, the
entropy decays provided that it decays for any system in �p where C is multiplied by Ñ .
It remains to compute the time step �t such that the explicit scheme for such a generalized
Broadwell system decays the entropy.

LEMMA 3.1. There exists a constant C such that for each Broadwell model the time
explicit scheme with time step t is positive and entropic under the time step restriction
t ≤ C(�ε)2

supi (εi fi )
.



FOKKER–PLANCK–LANDAU EQUATION 55

Proof. We consider two indices i and j such that i, i + 1, j, j + 1 ∈ {1, . . . , N } are
distinct and the Broadwell model associated with these points coming from the splitting of
the full system in Ñ operators of an independent Broadwell model is

d fi

dt
= −Ci j

ci
Q,

d f j+1

dt
= − Ci j

c j+1
Q,

d fi+1

dt
= Ci j

ci+1
Q,

d f j

dt
= Ci j

ci
Q,

with Q = f j+1 fi − fi+1 f j and Ci j = Ñ min(ε
3/2
i+1/2, ε

3/2
j+1/2). A time explicit discretization

of such a differential equation reads

fi (t) = gi − t
Ci j

ci
Q, f j+1(t) = g j+1 − t

Ci j

c j+1
Q,

fi+1(t) = gi+1 + t
Ci j

ci+1
Q, f j (t) = g j + t

Ci j

ci
Q,

where gi , g j , gi+1, g j+1 are the initial conditions and indeed Q = gi+1g j − g j+1gi . Using
Lemma 2.1 and the bound for Ñ (see Appendix B) such a scheme is positive provided that
t ≤ τ1 =

√
2�ε2

3CN ε0 supk=i,i+1, j, j+1(εk+1/2gk )
.

The numerical entropy associated with this scheme is

H(t) = ci fi (t) log( fi (t)) + ci+1 fi+1(t) log( fi+1(t))

+ c j f j (t) log( f j (t)) + c j+1 f j+1(t) log( f j+1(t)).

We want to choose t such that H(t) ≤ H(0). Now for the sake of simplicity we set C = Ci j .
One can easily verify that

H ′(t) = C Q log

(
g j + Ct

c j
Qgi + 1 + Ct

ci + 1
Q

gi + Ct
ci

Qg j + 1 + Ct
c j + 1

Q

)
.

By construction, we have H ′(0) ≤ 0. We exclude the case H ′(0) = 0, which corresponds
to Q = 0 and for which indeed for all time H(t) ≤ H(0), so that we assume Q �= 0. H(t)
is a C1 function of the time, and decreasing in the neighborhood of the origin. By defining
τ as the first time for which H ′(τ ) = 0, for all t ∈ [0, τ ] we will have H(t) ≤ H(0). Let us
now find an upper bound for τ . First we must have τ ≤ τ1. Since we have supposed Q �= 0,
one can easily verify that H ′(t) = 0 reads

C2 Q

(
1

ci+1c j
− 1

c j+1ci

)
t2 + C

(
g j

ci+1

gi+1

c j
− gi

c j+1

g j+1

ci

)
t − 1 = 0.

τ is the solution of the second-order equation At2 + Bt − 1 = 0 with

A = C2 Q

(
1

ci+1c j
− 1

c j+1ci

)
and B = C

(
g j

ci+1

gi+1

c j
− gi

c j+1

g j+1

ci

)
.

If the discriminant is negative, then the entropy still decreases on [0, τ1] or else there are two
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real roots (−B ∓ √
B2 + 4A)/2A. Now in all the cases τ is given by τ = (−B+√

B2 + 4A)/

2A = 2/(B + √
B2 + 4A). Thus an upper bound for τ is given by τ2 = 1/(|B| + √|A|). It

is easy to find an upper bound for
√|A| and |B|. We have using Lemma 2.1

|B| ≤ Ñ

(
max

∣∣∣∣Cgi+1

c j
+ Cg j

ci+1

∣∣∣∣,
∣∣∣∣Cg j+1

ci
+ Cgi

c j+1

∣∣∣∣
)

≤ 2Ñ sup
k=i,i+1, j, j+1

(
εk+1/2gk

)
max

k=i,i+1, j, j+1

∣∣∣∣
√

εk+1/2

ck

∣∣∣∣
≤ 1

�ε
3
√

2Ñ sup
k=i,i+1, j, j+1

(
εk+1/2gk

)

and for
√|A|

|A| ≤ Ñ
∣∣εi+1/2 fiε j+1/2 f j+1 − ε j+1/2 f jεi+1/2 fi+1

∣∣∣∣∣∣
√

εi+1/2ε j+1/2

ci+1c j
−

√
εi+1/2ε j+1/2

c j+1ci

∣∣∣∣
≤ 9

2
Ñ 2 sup

k=i,i+1, j, j+1

(
εk+1/2gk

)
so that an upper bound for τ2 is given by

τ2 ≥ �ε2

9√
2
CN ε0 supk=i,i+1, j, j+1

(
εk+1/2gk

) = τ3.

We must now consider the special case j + 1 = i . The Broadwell model is now

d fi

dt
= −2

Ci

ci
Q,

d fi−1

dt
= Ci

ci−1
Q,

d fi+1

dt
= Ci

ci+1
Q,

with Q = fi+1 fi−1 − f 2
i and now Ci = Ci,i−1 = Ñ min(ε

3/2
i+1/2, ε

3/2
i−1/2). The time explicit

discretization of such a differential equation reads

fi (t) = gi − 2t
Ci

ci
Q, fi+1(t) = gi+1 + t

Ci

ci+1
Q, fi−1(t) = gi−1 + t

Ci

ci−1
Q,

where gi , gi−1, gi+1 is the initial condition and indeed Q = gi+1gi−1 − g2
i .

The numerical entropy associated with this scheme is

H(t) = ci fi (t) log( fi (t)) + ci−1 fi−1(t) log( fi−1(t)) + ci+1 fi+1(t) log( fi+1(t)).

We could do the same analysis as for the Broadwell model for four distinct velocities and one
finds that under the time step restriction t ≤ 1

2τ3 the explicit scheme for such a Broadwell
model is positive and entropic. �

As a consequence if the time step for the explicit scheme for the FPLE equation satisfies

�t ≤ �ε2

18√
2
CN ε0 supN−1

i=1

(
εi+1/2 sup( fi , fi+1)

) = �te, (3.4)

then the scheme is positive and entropic. Let us now analyze the dependence of �te through
supi (εi+1/2 sup( fi , fi+1)). We can first remark that we can replace supi (εi+1/2 sup( fi , fi+1))
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by ε0 supi ( fi ) using the definition of εi+1/2. The second remark is that supi (εi+1/2 sup
( fi , fi+1)) ≤ 3

2 supi (εi fi ). The third remark is that �te could never vanish thanks to the
conservation of the mass and the temperature. It would be interesting to have also an
estimate of these norms for the continuous problem and at equilibrium, that is, when f =

ρ

(2πkT )3/2 exp−ε/2kT , where ρ is the density and T is the real temperature. In this case

‖ε f ‖∞ = ρ

(π)3/2(2kT )1/2
exp(1)−1 and ‖ f ‖∞ = ρ

(2πkT )3/2
.

To our knowledge there is no result about the L∞ norm of f or ε f for the continuous FPLE.
The only known result is for the Boltzmann equation and it has been obtained by Arkeryd
[1]. We notice at this point that for discrete velocity methods [4] for the Boltzmann equation,
it is possible to use the above method to find a time step restriction to ensure the decay of
the entropy using a time explicit discretization.

Numerical examples show that during the time evolution these norms remain bounded
by the corresponding norms for the initial condition and the equilibrium state.

3.2. Second-Order Explicit Scheme

Let us now consider second-order time discretization. We have made the choice of the
Runge–Kutta of order 2. Let

f n+1/2 = f n + �t F P( f n).

The scheme is defined by

f n+1 = f n + �t

2

(
F P( f n) + F P

(
f n+1/2

))
. (3.5)

We can notice that this scheme is indeed conservative in mass and energy and preserves the
equilibrium state.

Let us now define g0, g1, g2, g3 by

g0 = f n, g1 = g0 + 1

µ
F P(g0),

g2 = 1

2

(
g0 + g1 + 1

µ
(F P(g0, g1) + F P(g1, g0))

)
, g3 = g1 + 1

µ
F P(g1),

where µ is a positive parameter and F P( f, g) + F P(g, f ) is the polar form associated to
the quadratic operator F P( f ).

If we set now x = µ�t , (3.5) can be rewritten as

f n+1 = (1 − x + x2/2)g0 + x

2
(2 − 3x + x2)g1 + (x2 − x3)g2 + x3

2
g3. (3.6)

The implementation of such a scheme is made in the form (3.5) so that the cost is double
the cost of the first-order scheme. But to analyze the positivity and the entropic properties
of this scheme, the form (3.6) is more suitable. Let us remark that f n+1 is a positive linear
convex combination of g0, g1, g2, and g3 if and only if x ≤ 1; that is, t ≤ 1/µ.
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Let us analyze the positivity of such a scheme. It suffices to choose µ such that all the
gi ’s are positive. Using the analysis made for the first-order explicit scheme it is clear that
if µ verifies the CFL condition 1

µ
≤ τ , where τ is defined by (2.13), then g0, g1, and g3 are

positive. It is also true for g2 since

g2 = 1

2

(
g0

(
1 − 1

µ
K (g1)

)
+ g1

(
1 − 1

µ
K (g0)

)
+ 1

µ
(G(g0, g1) + G(g1, g0))

)
,

where G( f, g) + G(g, f ) is the polar form associated to the positive and quadratic operator
G( f ) and then it is also a positive operator. Since g0 and g1 have the same mass and energy
it is clear using Lemma 2.2 that if 1

µ
≤ τ then g2 is positive. The same holds for g3.

Let us study the decay of the entropy. We want that

H( f n+1) ≤ H( f n).

Using the convexity of the function y → y log(y), it is sufficient to find x = µ�t such that

H(g1) ≤ H(g0), H(g2) ≤ H(g0), H(g3) ≤ H(g0).

Using the result obtained for the first-order scheme, it is not possible to find a time step
restriction of the form �t ≤ C(�ε)2, since the constant C depends on the L∞ norm of f
or ε f for which we have no results concerning their evolution and since gi depends on the
gk’s for k = 1, . . . , i − 1.

3.3. Implicit Schemes

The full implicit scheme for the FPLE can be written as

f = g + t F P( f ), (3.7)

where f, g denote N -dimensional vectors and the collision operator F P corresponds to
system (2.7).

The existence of a solution for the implicit scheme is ensured by the Brouwer fixed point
theorem. We set ρ as the mass of g and C > 0 such that Cρ f + F P( f ) is a positive operator
for all positive f and the mass of f is less than or equal to ρ. Then (3.7) can be rewritten as

f (1 + ρCt) = g + ρCt

(
f + F P( f )

ρC

)
. (3.8)

The mapping

T ( f ) = 1

1 + ρCt
g + ρCt

1 + ρCt

(
f + F P( f )

ρC

)
(3.9)

is continuous from the convex compact set

E = { f > 0 such that mass of f is less or equal to ρ}

into itself. Thus the Brouwer fixed point theorem ensures the existence of an element f ∗ of
E such that f ∗ = T ( f ∗) and f ∗ necessarily has the same mass and energy as those of g.
The main problem of this result is that this is not a constructive procedure.
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Let us recall that the implicit scheme is automatically entropic. Indeed, we have

H( f ) − H(g) =
∫

g ln( f/g) + �t
∫

F P( f ) ln( f ).

Using the classical inequality x ln(y/x) ≤ y − x , the mass conservation and
∫

F P( f )

ln( f ) ≤ 0 we have the desired result. Note that this classical result holds, the sum being
discrete or not.

In practice, one should find an iterative method to solve (3.7) such that the sequence of the
approximated solutions to (3.7) converges toward a fixed point for sufficiently small time
step. Generally, such methods never compute exactly the solution of the implicit scheme
(since the iterative procedure is stopped at some point) and this could introduce a large error
in energy (see [14]) if the iterative procedure did not conserve this quantity. Moreover, such
a method could be very expensive.

The difficulty of defining an iterative method to solve (3.7) comes from the fact that
F P( f ) can be written as D( f ) · f + C( f ) · f , where D( f ) and C( f ) are tridiagonal
matrices (D( f ) is a M-matrix, D( f ) · f represents the diffusive part of the operator, and
C( f ) · f is the convective part), but D( f ) and C( f ) highly depend on f and do not conserve
the energy separately. Moreover C( f ) · f does not correspond to an upwind discretization
of the convective part.

An interesting constructive procedure to find f ∗ is the one based on the proof of the
existence of a solution for the Boltzmann equation in the homogeneous case due to Arkeryd
[2]. The aim of the method is to choose C sufficiently large such that Cρ( f ) f + F P( f ),
with ρ( f ) the mass of f , is a positive and monotone operator. This is always possible in our
case since it is a quadratic operator building a monotone sequence of approximation which
then converges toward a limiting value in the same space. Equation (3.7) can be rewritten
as

f (1 + ρCt) = g + ρ( f )Ct

(
f + F P( f )

ρ( f )C

)
.

By setting

T ( f ) = 1

1 + ρCt
g + ρ( f )Ct

1 + ρCt

(
f + F P( f )

ρ( f )C

)
,

the iterate procedure is defined by

f p+1 = T ( f p)

starting from f0 = 0. One can easily verify that such a procedure defines an increasing
sequence of f p which converges toward a limiting value f ∗ for each t such that each of the
f p have the same energy as g.

But one can also easily verify that f ∗ is such that ρ( f ∗) = min(ρ, 1/Ct); that is, f ∗ is
a solution of (3.7) if and only if the time step verifies ρCt <= 1, which is an explicit time
step restriction. Thus such a method is not suitable for an implicit scheme. Moreover the
convergence is very slow.

A more efficient solution to obtain an implicit scheme for the FPLE has been proposed
by Epperlein in [14] and it is based on the linearization of the collision operator. More
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precisely, he writes (see Eq. (16) in [14])

F P( f n+1) = F P( f n) + ∂ F P( f n)

∂ f
( f n+1 − f n) + O(t2).

In our case, we have

∂ F P( f n)

∂ f
f n = 2F P( f n),

since F P is a quadratic form in f . Retaining only the linearized operator, the implicit
scheme reduces to the system

(
Id − �t

∂ F P( f n)

∂ f

)
f n+1 =

(
Id − �t

2

∂ F P( f n)

∂ f

)
f n.

Thus, the solution can be obtained directly (without an iterative procedure). But, one needs
to solve a full linear system and the cost is O(N 3) as for the explicit scheme (a linear cost of
one evaluation of the collision term and time step restriction is �t ≤ C(�ε)2) for simulating
the same time interval. This method is conservative and preserves the Maxwellian state but
it is not proved at least to our knowledge that the solution remains positive and that the
entropy decays for any time step. Moreover the equilibrium state cannot be achieved in one
step; subcycling is needed. We refer to [14] for more details on this method.

In conclusion, it seems impossible to find an iterative procedure to compute the implicit
solution which is conservative in mass and energy and entropic at each step for a cost lower
than the cost of the explicit scheme, which is O(N 3).

To treat high densities or equivalently small mean free path zones, we suggest using a
subcycling method until one has attained a time simulation not too large compared with
the time collision. Afterward we suggest continuing the simulation in one step by using the
method based on Wild sums proposed by Pareschi et al. in [24] (the aim of this method
consists of replacing the kinetic equation by the BGK equation near the equilibrium) or re-
placing the FPLE equation by the linear Fokker–Planck equation near the equilibrium state,
since for the linear Fokker–Planck equation it is possible to have a low-cost implicit scheme.

4. EXTENSIONS

In this last section, we review some possible extensions. One of the main advantages of
this method is its natural generalization to a multispecies case preserving all the properties
(conservation, entropy, etc.).

4.1. Nonuniform Grid

It would be useful to extend this non-log discretization of the FPLE on nonuniform
meshes, like a uniform mesh in velocity that has been considered in [6]. Unfortunately this
is not straightforward on the non-log form of the FPLE if we want to preserve all of the
properties of (2.7). A direct discretization of the non-log form (1.2) of the FPLE as in [3]
gives a conservative scheme but does not preserve the positivity and the equilibrium state
unless the grid is uniform as shown before. Using the Chang and Cooper formulae (see
[9, 14]) permits us to preserve the equilibrium state but nothing can be said about the decay
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of the entropy and the positivity of the scheme. A way to achieve this goal could be to
discretize the log form as in [6] and to use the same kind of average of the product gi, j as
in Section 2.2 to recover a scheme not involving a log term.

4.2. Multispecies

First, let us write the isotropic collision operator with interspecies collision (denote by a
and b the two species)

∂t fa = µ2
ab

ma

1√
εa

∂

∂εa

∫ εa

0
fa(εa) fb(εb)

(
1

ma

∂

∂εa
ln fa(εa) − 1

mb

∂

∂εb
ln fb(εb)

)
× k(εa, εb) dεb

∂t fb = µ2
ab

mb

1√
ε

∂

∂εb

∫ εa

0
fa(εa) fb(εb)

(
1

mb

∂

∂εb
ln fb(εb) − 1

ma

∂

∂εa
ln fa(εa)

)
× k(εa, εb) dεa,

where µab = mamb
ma + mb

is the reduced mass and as for the one species operator k(x, y) =
min(x3/2, y3/2).

Using the change of variables Ea = εama and Eb = +εbmb the system leads to

∂t fa =
√

maµ
2
ab

mb

1√
Ea

∂

∂ Ea

∫ Ea

0
fa(Ea) fb(Eb)

(
∂

∂ Ea
ln fa(Ea) − ∂

∂ Eb
ln fb(Eb)

)
× k(Ea, Eb) d Eb

∂t fb =
√

mbµ
2
ab

mb

1√
Eb

∂

∂ Eb

∫ Ea

0
fa(Ea) fb(Eb)

(
∂

∂ Eb
ln fb(Eb) − ∂

∂ Ea
ln fa(Ea)

)
× k(Ea, Eb) d Ea .

It is straightforward to extend the discretization (2.7) for the multispecies FPLE, using a
uniform grid for the two species with �Ea = �Eb. We refer to [8] for such an analysis for
a mixture of electrons and ions.

5. NUMERICAL RESULTS

The classical Rosenbluth test. The numerical test presented now is inspired from the
work of Rosenbluth et al. [25] and has been used by Larroche [19] and Frenod and Lucquin-
Desreux [16] to test numerical methods for the Fokker–Planck–Landau equation. The initial
data are given by

f 0(ε) = 0.01 exp(−10[
√

ε − 0.3/0.3]2). (5.1)

We take a uniform grid of 50 meshes and ε0 = 2. All the quantities are normalized. We will
show the entropy and the distribution function at time t = 0, 9, 36, 81, 144, 225, 324, 441,

576, 729, and 900 for the first-order scheme (Fig. 1). The same tests have been performed
with the second-order scheme and give similar results (the errors are compared below).
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FIG. 1. Rosenbluth test, first-order scheme.

Second test: Dirac initial distribution. We choose a Dirac measure in energy that is a
spherical shell in the tridimensional velocity space. This typical test cannot be performed
with the log scheme. We use the same grid as that for the Rosenbluth test. We will show
the entropy and the distribution function at different times between t = 0 and 100 collision
times for the first-order scheme (Fig. 2). Once again, the same tests have been performed
with the second-order scheme and give similar results.

Time discretization error. We show the error due to the time discretization using the first-
and second-order scheme on one time step starting from the Rosenbluth initial condition or
from a δ function. We show the error in L∞ norm (Fig. 3) and also in L1 norm (Fig. 4).

L∞ norm for f and ε f . For the two test cases presented here we show also the time
evolution of the L∞ norm for f and ε f in Fig. 5. For the two examples the L∞ norm of ε f

FIG. 2. δ function test, first-order scheme.
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FIG. 3. Error for the L∞ norm.

FIG. 4. Error for the L1 norm.

FIG. 5. Time evolution of L∞ norm for f amd ε f .
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is much smaller than for f . We can also remark that these two norms remain bounded in
time and seem to depend only on the initial condition and the equilibrium state. The errors
are shown using log display for the axis.

6. CONCLUSION

Numerical methods for the FPLE not involving the use of the log of the distribution
function have practical interest since one can use them for distribution functions that are
null in some portion of the numerical velocity space (e.g., a Dirac initial distribution). The
scheme based on the non-log form of the Landau equation in the isotropic case has a very
simple structure like the discrete model of the Boltzmann equation. We have shown that
this scheme can be rendered entropic under time CFL criteria involving the L∞ norm of the
solution. In this explicit form, this scheme has a cost comparable to the existing implicit
schemes for this equation and has all the properties of the continuous model. But implicit
time discretization of this scheme is not straightforward as claimed in [3]. Moreover, this
scheme has good properties only for uniform meshes in energy.

APPENDIX A

Existence and Uniqueness of an Equilibrium Steady State

We shall now prove the existence and uniqueness of a steady-state equilibrium function
for a discretized one-dimensional distribution function.

The uniqueness is needed to prove the reverse implication in the H-theorem. Indeed, for
some sequence, we have

dt H( fi (tk)) → 0, fi (tk) → f ∞
i .

This implies that dt H( f ∞
i ) = 0 by continuity but we need to prove that Mi is the unique

solution for this system of equations.
More precisely, for any discretized positive distribution function f 0

i , there exists a unique
MT 0 such that

ρ( f 0) = ρ(MT 0), E( f 0) = E(MT 0),

where the discretized density and energy are defined by

ρ(g) =
∑
i∈I

ci gi , E(g) =
∑
i∈I

ciεi gi ,

and the equilibrium function is of the form

MT 0(i) = n0 exp(−εi/T 0).

Moreover, the temperature is positive if and only if

E( f 0)/ρ( f 0) < E∞
def=
∑

i∈I ciεi∑
i∈I ci

.
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Let us recall that ci are defined by (2.1) that can be simplified for a uniform grid in

ci = 1

2

(
vi+1/2 + vi−1/2

)
�ε;

i.e., ci ≈ √
εi�ε.

One can assume that ρ( f 0) =∑i∈I ci f 0
i = 1 by choosing the density n0 in the definition

of MT 0 .
Then, we have to determine T such that

E(T )
def=
∑

i∈I ciεi exp(−εi/T )∑
i∈I ci exp(−εi/T )

= E0,

with E0 =∑i∈I ciεi f 0
i . Let us first consider the case T > 0. The function E(T ) is smooth

and continuous on ]0, ∞[. Straightforward calculations give

lim
T →+∞

E(T ) =
∑

i∈I ciεi∑
i∈I ci

and

lim
T →0+

E(T ) = ε0 = 0.

The derivative of E(T ) with respect to T is given by

d E

dT
= 1

T 2

(∑
i∈I ci exp(−εi/T )

)(∑
i∈I ciε

2
i exp(−εi/T )

)− (∑i∈I ciεi exp(−εi/T )
)2(∑

i∈I ci exp(−εi/T )
)2 .

Then, the Cauchy–Schwartz inequality ensures that E is decreasing with T . Therefore,
when E0 ∈ ]0, E∞[, there exists a unique T > 0 such that E(T ) = E0.

Let us now turn to the (unphysical) case of negative temperature. The function E(T ) is
again continuous (in fact, the only point of discontinuity is 0). We have

lim
T →−∞

E(T ) = εN

and

lim
T →0−

E(T ) = E∞

and the function is decreasing. Therefore, there exists a unique negative T if and only if f 0

is such that E( f 0) ∈ ]E∞, εN [.
In the case of negative temperature, this means that that the initial distribution is not well

represented on the grid and the maximal energy εN should be increased.

APPENDIX B

Partitions into O(N) Independent Subsets

The evolution of fi is governed by a system which is the sum of a four-velocities system
involving integers in the set

� = {(i, i + 1, j, j + 1), s.t. i > j, i = 1, . . . , N − 1}.

We shall construct a partition of � into O(N ) subsets involving only distinct integers.
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First, note that each quadruplet in � is determined by the couple (i, j). Let us split
� into subsets according to the value of k = i − j . The case k = 1 is particular since
the corresponding subset can be split into three classes according to the value of imod3
since (i, i + 1 = j, j + 1) are consecutive integers in this case. For any k > 1 fixed, the
quadruplets are characterized by the value of i (which are either odd or even). If k is even, then
the subset is divided in two parts: the integers such that imod2k ∈ [0, k[ and the others (such
that imod2k ∈ [k, 2k − 1[. In the case where k is odd, the subsets are separated into three
parts according to the value of imod2k being ln[0, k − 1], in [k + 1, 2k − 1[, or in [k, k + 1].

Let us introduce the notation � = ∪i=1,...Ñ �i . It is easy to see that the partition described
above is such that one integer is at most in one of the quadruplet of a given subset. Moreover,
there are O(N ) subsets. In fact, the number of subsets Ñ in the partition is bounded by
CN N , where CN is close to 5 (four subsets for each k even and six for each odd k) and is
bounded by 6.
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In this paper, we present a multi-fluid ionization model. We prove that this stationary, mono-
dimensional model has a maximal solution which is not global at variance with the mono-species case
and we present a numerical method for solving this highly singular system of ordinary differential
equations. Numerical results are compared with those obtained for other models.

Keywords: Singular system of ordinary differential equations, Cauchy problem, Fluid models, Nu-
merical schemes, Ionization.

1. Introduction

In many problems encountered in plasma physics, ionization processes play an essential
role. This is the case when considering the extraction of an ion beam from a neutral plasma.

In a reaction chamber, electrons ionize a gas through fairly complicated ionization pro-
cesses: the ion beam is extracted from the generated plasma through a small aperture facing
an electrode carried to an electric potential which is strongly negative with respect to the
plasma potential. Indeed, simple ionization models are able to predict the density and the
current density of the ion beam at the extraction. Moreover, these quantities, which can
be computed analytically, are independent of the ionization process which implies that one
does not need to model the plasma from which the ion beam is extracted. For these results,
we refer for instance to 10.

These simple models suppose that only a single species of ions exists in the plasma.
This hypothesis is not realistic in the applications : a real plasma contains several species
of ions. The purpose of this paper is to study a multispecies ionization fluid model and to
determine the densities and current densities at the extraction of the beam. Although an
analytic approach is no longer available in the multispecies case, we will be able to give
precise qualitative answers: the densities and the current densities of each ion species at the
extraction now depend on the ionization process but we indicate a simple way of computing
them numerically.

The paper is organized as follows. In Section 1, we introduce a multispecies one-
dimensional stationary fluid model that can be viewed as a singular perturbation problem
for a multifluid Euler-Poisson type system. The paper is devoted to the study of the formal
limit problem called plasma approximation which models the neutral plasma from which
the ion beam is extracted. In Section 2, we show that solving this limit model amounts to
solve a highly singular Cauchy problem for a nonlinear differential system. We state an

1



2 Multifluid ionization models

existence result and describe qualitative properties of the solution of this Cauchy problem.
In particular, the solution is shown to exist on a maximal interval [0, x0): x0 characterizes
the limit of the neutral plasma at which the ion beam is extracted. In Section 3, we establish
a priori bounds for the solution of the model. Using these estimates, we give in Section 4
the proof of the result of Section 2. In Section 5, we present a numerical method of solution
of the plasma approximation and we compare the results obtained for this model with those
obtained for a multispecies kinetic model and for a one velocity model.

2. The model.

We consider a simple device (cf. 10): an unmagnetizedplasma is generated between two
parallel plane absorbing electrodes at the same potential. The device is thus symmetric with
respect to the planeX = 0, the electrodes being located atX = ±a. Moreover, we can use
a one-dimensional plane modeling. We suppose that the plasma consists of electrons with
charge - e and of p species of ions, indexed by α = 1, · · · , p, with mass mα and charge
qα = Zαe. We assume that the electrons behave as an isothermal fluid with temperature
Te. Then by neglecting the inertia of electrons in the electron momentum conservation
equation, we obtain that the electron densityNe is related to the electric potential Φ by the
Maxwell - Boltzmann relation

Ne = C exp

(
eΦ

kTe

)
whereC is a constant. Denoting byN0 the electron density and setting Φ = 0 at the plasma
centerX = 0 we obtain

Ne = N0 exp

(
eΦ

kTe

)
. (2.1)

On the other hand, we assume that the ions of the species α are formed at rest with an
ionization rate Gα = Gα(Ne) which depends only on the electron density. Typically, we
have

Gα(Ne) = ναN0

(
Ne

N0

)γα
where να is a collision frequency and γα ≥ 0 is a constant which characterizes the ion-
ization process (γα = 0, 1, 2 in practice). In addition, we suppose that the ions are non
collisional and that we can neglect the temperature of each species. Assuming stationarity,
we obtain that the density Nα and the velocity Uα of the ions of the species α satisfy the
equations

d

dX
(NαUα) = Gα(Ne), (2.2)

mα
d

dX
(NαU

2
α) = −ZαeNα

dΦ

dX
. (2.3)

Finally, the electric potential Φ satisfies the Poisson equation

−
d2Φ

dX2
=
e

ε0
(

p∑
α=1

ZαNα −Ne). (2.4)

We supplement the above equations (2.1)-(2.4) with the following boundary conditions
which reflect the symmetry of the device

Uα(0) = 0 , 1 ≤ α ≤ p, (2.5)

Φ(0) =
dΦ

dX
(0) = 0. (2.6)
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The problem (2.1)-(2.6) has indeed to be viewed as a singular perturbation problem. This
becomes clear when performing a scaling of the above equations. We introduce character-
istic quantities:

• a length L =
1

ν

√
kTe

m
where ν is a typical ionization frequency andm a typical ion

mass,

• an electric potential Φ̄ = −
kTe

e
,

• an electron density N̄e = N0,

and for each ion’s species α

• a density N̄α =
N0

Zα

• a velocity Ūα =

√
ZαkTe

mα
,

• an ionization rate Ḡα =
1

L

√
kTe

Zαmα
N̄e = ν

√
Zαm

mα
N̄e.

If we define the dimensionless quantities x, ϕ, nα, ne, uα by

X = Lx,Φ = Φ̄ϕ , Ne = N̄ene , Nα = N̄αnα , Uα = Ūαuα

and we set

gα(ne) =
1

Ḡα
Gα(N̄ene),

the equations (2.1)-(2.4) become respectively

ne = exp(−ϕ), (2.7)
d

dx
(nαuα) = gα(ne) , 1 ≤ α ≤ p, (2.8)

d

dx
(nαu

2
α) = nα

dϕ

dx
, 1 ≤ α ≤ p, (2.9)

ε2
d2ϕ

dx2
=

p∑
α=1

nα − ne (2.10)

where

ε =
ν

ωp
=
λD

L
, λD =

√
ε0kTe

N0e2
, ω2p =

N0e
2

ε0m
,

while the boundary conditions (2.5),(2.6) give

uα(0) = 0 , 1 ≤ α ≤ p, (2.11)

ϕ(0) =
dϕ

dx
(0) = 0. (2.12)
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For the physical validity of the model, we refer to 14,10 in which the case of a single ion
species is considered. This model is in fact the basis for the numerical simulation of ion
extraction (cf 15,16)

In most of the physical situations the Debye length λD is far smaller than the ionization
characteristic length L so that ε > 0 is a small parameter and the initial value problem
(2.7)-(2.12) is indeed a singular perturbation problem. In fact, this problem involves two
essential mathematical difficulties(see for example 5,9):

(i) It presents a singularity at the origin and the authors are not aware of any existence
result of a solution at least in the multispecies case p ≥ 2 although extensive numerical
computations have shown that for any ε > 0 such a solution exists and is uniquely defined
on the whole half line x ≥ 0. Note however that an existence result has been proved in the
case p = 1 (cf. 1, 12);

(ii) As we shall see it in Section 2, the formal limit problem corresponding to ε = 0
has a solution which is defined only on a finite interval [0, x0). As a consequence, the
asymptotic analysis of the problem (2.7)-(2.12) appears to be far from being standard and
seems to need new ideas and techniques.

This paper is devoted to the study of this formal limit problem or plasma approximation
in the physicists’terminology. It may be considered as a first step towards the mathematical
analysis of the singular perturbation problem (2.7)-(2.12). This formal limit consists in
setting ε = 0 in (2.10); we obtain the condition

ne =

p∑
α=1

nα (2.13)

which expresses that the plasma is locally electrically neutral. For deriving the limit model,
we eliminate the electric potential: using (2.7), we obtain

dϕ

dx
= −

1

ne

dne

dx
,

and

ϕ(0) = 0 ⇐⇒ ne(0) = 1.

Hence the plasma approximation amounts to find {(nα, uα); 1 ≤ α ≤ p}, solutions of the
differential equations

d

dx
(nαuα) = gα(ne) , 1 ≤ α ≤ p, (2.14)

d

dx
(nαu

2
α) +

nα

ne

dne

dx
= 0 , 1 ≤ α ≤ p, (2.15)

with the initial conditions

ne(0) = 1, (2.16)

uα(0) = 0 , 1 ≤ α ≤ p, (2.17)

and the neutrality condition (2.13).

3. The plasma approximation.
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Before establishing the existence of a solution of the limit model (2.13)-(2.17) and studying
its properties, we need to put this problem in a more convenient form. We set

jα = nαuα, kα = nαu
2
α (3.1)

where jα and kα represent respectively the scaled current and kinetic energy of the α
species, so that the equations (2.14), (2.15) are respectively written

djα

dx
= gα(ne), (3.2)

dkα

dx
+
nα

ne

dne

dx
= 0. (3.3)

By replacing kα by
j2α
nα

and using (2.13) and (3.2), Eq.(3.3) becomes

−u2α
dnα

dx
+
nα

ne

p∑
β=1

dnβ

dx
= −2uαgα(ne).

Next, we introduce the vectors of dimension 2p

U =




n1
...
np
j1
...
jp




, G (U ) =




−2u1 g1(ne)
...

−2up gp(ne)
g1(ne)

...
gp(ne)




and the 2p× 2p matrix

A(U) =

(
B(U) 0
0 I

)

whereB(U ) is the p× p matrix

B (U) =




n1

ne
− u21

n1

ne
. . .

n1

nen2

ne

n2

ne
− u22 . . .

n2

ne
...

...
...

np

ne

np

ne
. . .

np

ne
− u2p




so that differential system (2.14), (2.15) may be equivalently written

A(U )
dU

dx
= G(U) (3.4)
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with again the neutrality condition (2.13). The initial conditions (2.16) and (2.17) give the
following p+ 1 constraints 


ne(0) = 1

jα(0) = 0 , 1 ≤ α ≤ p
(3.5)

and do not specify the whole initial conditionU(0) in the multispecies case p ≥ 2. On the
other hand, the matrixA(U) may be singular. The following result shows in particular that
this is indeed the case at x = 0.
Lemma 1. We have

det(A(U)) =
(−1)p−1

ne

( p∏
α=1

u2α

) ( p∑
α=1

nα

u2α
− ne

)
. (3.6)

Proof. We have obviously

det(A(U)) = det(B(U )).

Let us prove by induction that det(B(U)) is given by the right hand side of (3.6). The
result is clearly true for p = 1. Assume that it holds for p− 1. By developing det(B(U))
along its first line, we find

det(B(U)) =

(
n1

ne
− u21

) ∣∣∣∣∣∣∣∣∣

n2

ne
− u22 . . .

n2

ne
...

...
np

ne
. . .

np

ne
− u2p

∣∣∣∣∣∣∣∣∣
−

−
n1

ne

∣∣∣∣∣∣∣∣∣∣∣∣

n2

ne

n2

ne
. . .

n2

nen3

ne

n3

ne
− u23 . . .

n3

ne
...

...
...

np

ne

np

ne
. . .

np

ne
− u2p

∣∣∣∣∣∣∣∣∣∣∣∣

+ . . .+ (−1)p−1
n1

ne

∣∣∣∣∣∣∣∣∣∣∣∣

n2

ne

n2

ne
− u22 . . .

n2

ne
...

...
...

np−1

ne

np−1

ne
. . .

np−1

ne
− u2p−1

np

ne

np

ne
. . .

np

ne

∣∣∣∣∣∣∣∣∣∣∣∣
.

Now, we use the induction hypothesis for evaluating the first determinant and we compute
the remaining determinants by substracting the first column for the others. We obtain

det(B(U)) = (−1)p−2
(
n1

ne
− u21

)
1

ne

( p∏
α=2

u2α

) ( p∑
α=2

nα

u2α
− ne

)
+

+ (−1)p−1
{
n1n2

n2e
u23 · · ·u

2
p + · · ·+

n1np

n2e
u22 · · ·u

2
p−1

}
=

=
(−1)p−1

n2e

( p∏
α=1

u2α

) {(
−
n1

u21
+ ne

) ( p∑
α=2

nα

u2α
− ne

)
+
n1

u21

( p∑
α=2

nα

u2α

)}
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and (3.6) follows.

As a consequence of (3.6), we obtain that the matrix A(U) is singular if and only if
one of the two following situations holds:

(i) p ≥ 2 and uα = 0 for at least two indices α;
(ii) we have

p∑
α=1

nα

u2α
= ne. (3.7)

In particular, in the multispecies case p ≥ 2, the initial conditions (2.17) imply that the
matrix A(U (0)) is singular whatever the nα(0)′s may be. In fact, since B(U(0)) is a
matrix of rank 1, we find that 0 is an eigenvalue of A(U(0)) of multiplicity p − 1 with a
corresponding eigenspace of dimension 1.

In all the sequel, we will call (physically admissible) solution of the initial value prob-
lem (2.13)-(2.17) or (3.4), (3.5) any C 1 function U from an interval I = [0, x1] into IR2p

which satisfies the equations (3.4), (3.5) and the physical constraints

nα(x) > 0 , α ≤ 1 ≤ p. (3.8)

We will also assume the following hypothesis.{
each (nondimensional) ionizate rate gα : IR+ − IR+ is an increasing

C1 function which satisfies gα(ne) > 0 ∀ne > 0 (∗).
(3.9)

We set

g(ne) =

p∑
α=1

gα(ne). (3.10)

Then, we can state the main result of this paper:

Theorem 2. Assume the hypothesis (3.9). The plasma approximation model (2.13)-(2.17)
has a (physically admissible) solution defined in a maximal interval [0, x0) with x0 < +∞,
which possesses the following properties:

(i) ne ∈ C2([0, x0)) is a strictly decreasing function;
(ii) we have at x = 0

nα(0) =
gα(1)

g(1)
,
dnα

dx
(0) = 0, 1 ≤ α ≤ p, (3.11)

dne

dx
(0) = 0 ,

d2ne

dx2
(0) = −2g(1)2; (3.12)

(iii) U(x0) = lim
x→x0

U(x) exists;

(iv) the matrixA(U (x0)) is singular and we have at x = x0


p∑
α=1

nα

u2α
= ne

p∑
α=1

nαu
2
α = 1− ne

(3.13)

∗This hypothesis, which is physically realistic, can be slightly weakened mathematically.
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and

ne(x0) ≤
1

2
; (3.14)

(v) we have

lim
x→x0

dnα

dx
(x) = −∞ , lim

x→x0

duα

dx
(x) = +∞ , 1 ≤ α ≤ p. (3.15)

We conjecture that this solution is unique (cf. Remark 3). Let us illustrate the above result
by considering two simple but useful examples.

Example 1. The case of a single ion species. If p = 1, the system (2.13)-(2.17) reduces to

d
dx(nu) = g(n),
d
dx
(nu2 + n) = 0,

n(0) = 1, u(0) = 0,

(3.16)

where n denotes the density of both electrons and ions and u is the ion velocity. This
system (3.16) can be easily solved. Indeed, using the second equation (3.16) and the initial
conditions, we obtain

nu2 + n = 1

and therefore

u2 =
1− n

n

which yields n ≤ 1. On the other hand, the first equation (3.16) together with the initial
conditions yield

(nu)(x) =

∫ x

0

g(n(y))dy ≥ 0.

Hence u is ≥ 0 and we have

u =

√
1− n

n
.

By replacing u by its value in the first equation (3.16), we find

d

dx

√
n(1− n) = g(n)

so that (3.16) amounts to solve the equation

∫ n(x)

1

(1− 2m)dm

2g(m)
√
m(1−m)

= x. (3.17)
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Next, we notice that the function

f(n) =

∫ n

1

(1− 2m)dm

2g(m)
√
m(1−m)

has in the interval [0, 1] a unique maximum x0 = f
(
1
2

)
at n = 1

2 and is increasing in
[
0, 12

]
then decreasing in

[
1
2 , 1

]
. Therefore the equation (3.17) has a solution only for x ≤ x 0.

Since n(0) = 1, we obtain that the function x→ n(x) decreases from 1 to 1
2 as x increases

from 0 to x0. Moreover, we have clearly

lim
x→x0

dn

dx
(x) = −∞.

We thus get conclusions of the Theorem 2 with n(x0) = 1
2 . Moreover we have

u(x0) = 1 , j(x0) = (nu)(x0) =
1

2
. (3.18)

Note that for a constant ionization rate g = g0, the exact solution is given by

n(x) =
1 +

√
1− 4g20x

2

2
.

Example 2. A particular case of multispecies ionization. We next consider the case -which
will be useful in the proof of the Theorem- where the ionization rates are proportional, i.e.,

gα(ne) = aαg(ne) , 1 ≤ α ≤ p, (3.19)

for some constants aα > 0, 1 ≤ α ≤ p, with
p∑
α=1

aα = 1. Then, denoting by (n, u) the

solution of (3.16), it is an obvious matter to check that

nα = aαn , uα = u , 1 ≤ α ≤ p, (3.20)

is solution of the system (2.13)-(2.17). Let us prove that this is the only solution. When
(3.19) holds, (2.14) is written:

d

dx
(nαuα) = aαg(ne),

which yields

nαuα = aαj , j(x) =

∫ x

0

g(ne(y))dy.

Replacing in (2.15) nα by
aαj

uα
gives

d

dx
(juα) +

1

uα

1

ne

dne

dx
= 0,
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and therefore

d

dx
(juα)

2 = −
2j

ne

dne

dx
.

Since (juα)(0) = 0, we obtain that uα is independent of α. Hence we have for some
function u

uα = u , nα = aαn , n =
j

u
.

Moreover the pair (n, u) is easily seen to be the solution of (3.16) which proves our
assertion.

Let us conclude this section by giving a physical picture of the results of Theorem 1.
Going back to the device considered in Section 1, we obtain that the plasma approximation
is valid in a slab of maximal width 2Lx0. Then two cases are to be considered.
(i) If a ≤ X0 = Lx0, the plasma is quasineutral in the whole interelectrode domain at
the exception of thin layers located at each electrode X = ± a. We refer to 4, 3, 13 for
an analysis of the corresponding boundary layer problem in the absence of the ionization
source terms.

(ii) If a > X0, the plasma is quasi neutral in the slab |X | ≤ X0. At X0, the electric
neutrality breaks down: ions are extracted from the plasma while the electrons remains
confined in the neutral plasma zone. We refer to 11,10 for a physical description of ion
extraction from a plasma an to 2,13 for a mathematical discussion of a related but simpler
situation.

In the case of one single ion species, the velocity U(X0) and the current density
J(X0) = Ze(NU)(X0) of the ions leaving the neutral plasma at X0 are independent
of the ionization rate:

U(X0) =

√
kTe

m
, J(X0) =

N0Ze

2

√
kTe

m
.

These expressions have been indeed obtained by the physicists (see 10) and are known
respectively as the ion acoustic velocity and the Bohm current.

The picture is not so simple in the multispecies case: the velocity Uα(X0) and the
current density Jα(X0) = Zαe(NαUα)(X0) of the ions of the species α leaving the plasma
atX0 depend now on the ionization rates. However as we will see it in Section 5, extensive
numerical simulations indicate that we have in any case

uα(x0) � 1,

and therefore by (3.13)

j(x0) �
1

2
.

This yields

Uα(X0) �

√
ZαkTe

mα
,

p∑
α=1

Jα(X0)√
ZαkTe
mα

�
eN0

2
,

where Jα = ZαeNαUα. However, we have no further a priori information on the partial
current densities Jα which are of practical importance for the physicists.
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4. A priori estimates.

As a preliminary step for proving Theorem 2, we first derive a priori bounds for any solution
of the problem (2.13)-(2.17) (or (3.4),(3.5)). Using (3.2) and (2.17), we have

jα(x) =

∫ x

0

gα(ne(y))dy. (4.1)

Then it follows from the hypothesis (3.9) that

jα(x) > 0 for all x > 0 , 1 ≤ α ≤ p. (4.2)

Since

kα =
j2α
nα

we find by (3.8)

kα(x) > 0 for all x > 0 , 1 ≤ α ≤ p. (4.3)

The following result will play an essential role in all the sequel.

Lemma 3. Any solution of the system (2.13)-(2.17) satisfies the inequality

dne

dx
(x) < 0 (4.4)

at all point x > 0 where this solution exists.

Proof. By multiplying (3.3) by kα, we obtain

1

2

d

dx
k2α = −

nαkα

ne

dne

dx
= −

j2α
ne

dne

dx

and since kα(0) = 0

k2α(x) = −2

∫ x
0

(
j2α
ne

dne

dx

)
(y)dy. (4.5)

Then it follows from (4.3) that∫ x

0

j2α
ne

dne

dx
(y)dy < 0 for all x < 0.

Together with (4.2), this implies that (4.4) holds for x > 0 small enough. In order to prove

(4.4) for any x > 0, it is enough to check that
dne

dx
cannot vanish. Indeed, using (2.13), we

can write

dne

dx
=
d

dx

( p∑
α=1

nα

)
=
d

dx

( p∑
α=1

j2α
kα

)
=

p∑
α=1

(
2
jα

kα

djα

dx
−
j2α
k2α

dkα

dx

)
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so that by (3.2),(3.3)

dne

dx
=

p∑
α=1

(
2
jα

kα
gα(ne) +

j2α
k2α

nα

ne

dne

dx

)
.

Hence we obtain (
1−

p∑
α=1

j2α
k2α

nα

ne

)
dne

dx
= 2

p∑
α=1

jα

kα
gα(ne). (4.6)

Since by (3.9), (4.2), (4.3), we have

jα

kα
gα(ne) > 0 for all x > 0,

we find (
1−

p∑
α=1

j2α
k2α

nα

ne

)
dne

dx
> 0 for all x > 0 (4.7)

which proves our assertion.

Remark 3. The inequality (4.6) can be also written

(
ne −

p∑
α=1

nα

u2α

)
dne

dx
> 0 for all x > 0. (4.8)

Then it follows from (3.6) that the matrixA(U(x)) is never singular at a point x > 0 where
the solutionU of (3.4), (3.5) is defined. Hence, at such a point x > 0, (3.4) becomes

dU

dx
= F (U) , F (U) = A(U)−1G(U)

and F is a C1 function. Therefore the uniqueness of the solution of (2.13)-(2.17) holds as
soon as one can prove the uniqueness of the solution in a neighborhood of x = 0.

Lemma 4. We have:

na ≤ ne ≤ 1 , 1 ≤ α ≤ p (4.9)

and

j =

p∑
α=1

jα ≤
1

2
(4.10)

Proof. The bounds (4.9) follow at once from Lemma 3 and the initial condition (2.16).
Let us check (4.10). By summing (3.3) with respect to α and using (2.13), we obtain the
conservation law

d

dx

( p∑
α=1

kα + ne

)
= 0
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and by integration from 0 to x

p∑
α=1

kα = 1− ne. (4.11)

On the other hand, the neutrality condition (2.13) can be equivalently written

p∑
α=1

j2α
kα

= ne. (4.12)

Then summing (4.11) and (4.12) gives

p∑
α=1

jα

(
jα

kα
+
kα

jα

)
= 1.

Since by (4.2) and (4.3)

jα

kα
> 0 for x > 0

and

a+
1

a
≥ 2 for all a > 0,

this implies the bound (4.10).

Next, we want to make more precise the behavior of n e in a neighborhood of x = 0. In
all the sequel the following function

h(x) = −2

∫ x
0

y2
(

1

ne

dne

dx

)
(y)dy (4.13)

will be frequently used. We can then state

Lemma 5. For all x ≥ 0 such that ne(x) ≥ 1
2 , we have

1− 4g(1)2x2 ≤ ne(x) ≤ 1− g
(1
2

) {
max
1≤α≤p

gα(
1
2 )
2

gα(1)

}
x2 (4.14)

and

gα

(1
2

) {
max
1≤β≤p

gβ(
1
2 )
2

gβ(1)

}
x2 ≤ kα(x) ≤ 4gα(1)g(1)x

2. (4.15)

Proof. Since gα is an increasing function, we have for ne ∈
[
1
2 , 1

]
gα

(1
2

)
≤ gα(ne) ≤ gα(1)
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and by (4.1)

gα
(
1
2

)
x ≤ jα(x) ≤ gα(1)x. (4.16)

Then, using the bounds (4.4) and (4.16) together with (4.13), (4.5) yields

gα
(
1
2

)√
h ≤ kα ≤ gα(1)

√
h (4.17)

so that we obtain by (4.11)

1− g(1)
√
h ≤ ne ≤ 1− g

(
1
2

)√
h. (4.18)

It remains to derive upper and lower bounds for h. We begin with the upper bound.
Assuming ne(x) ≥ 1

2 , we have

h(x) ≤ −4

∫ x
0

y2
dne

dx
(y)dy

and therefore,

h(x) ≤ 4(1− ne(x))x
2. (4.19)

Together with the first inequality (4.18), this implies the first inequality (4.14) and therefore

h(x) ≤ 16 g(1)2x4. (4.20)

For obtaining a lover bound for h, we start from

ne =

p∑
α=1

j2α
kα
≤ 1

which yields

kα ≥ j
2
α , 1 ≤ α ≤ p.

Using again (4.5) and the estimates (4.16), (4.17), we obtain

gα(1)
2h ≥ k2α ≥ j

4
α ≥ gα

(
1
2

)4
x4 , 1 ≤ α ≤ p

which yields

h(x) ≥

{
max
1≤α≤p

gα(
1
2 )
4

gα(1)2

}
x4. (4.21)

Now the second bound (4.14) and the bounds (4.15) follow from (4.17),(4.18),(4.20) and
(4.21).

Let us next estimate the first and second derivatives of ne in a neighborhood of x = 0.
Lemma 6. There exists a constant C > 0 depending only on gα(12 ), gα(1), 1 ≤ α ≤ p,
such that we have for x ≥ 0 small enough

−
dne

dx
(x) ≤ Cx (4.22)
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Proof. Observe that (4.6) may be equivalently written

−
dne

dx
=
A

B
(4.23)

with

A = 2ne

p∑
α=1

jα

kα
gα(ne), (4.24)

B =

p∑
α=1

j4α
kα
− ne. (4.25)

Denoting by Ci > 0 , i = 1, 2, · · · , various constants depending only on gα(12 ), gα(1),
1 ≤ α ≤ p, and using the bounds (4.9),(4.15) and (4.16) we obtain on one hand

A ≤
C1

x
. (4.26)

On the other hand, we find

p∑
α=1

j4α
k3α
≥
C2

x2
,

and for x small enough

B ≥
C3

x2
. (4.27)

The estimate (4.22) follows.

Note that all the previous bounds hold if the g ′αs are C0 functions. In order to obtain an

estimate for
d2ne

dx2
, we need to assume more regularity on the functions gα: we thus suppose

as in (3.9) that each gα is aC1 function but it would be enough to assume gα ∈W 1,∞(0, 1).

Lemma 7. We have for x ≥ 0 small enough∣∣∣∣d2nedx2
(x)

∣∣∣∣ ≤ C (4.28)

where C > 0 is a constant which depends only on gα
(
1
2

)
, gα(1) and ||g′α||L∞( 12 ,1),

1 ≤ α ≤ p.

Proof. We proceed as in the previous lemma. Differentiating (4.23) gives

−
d2ne

dx2
=

1

B

dA

dx
−
A

B2
dB

dx
. (4.29)
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Hence we need only to estimate

∣∣∣∣dAdx
∣∣∣∣ and

∣∣∣∣dBdx
∣∣∣∣. We have

dA

dx
= 2

dne

dx

p∑
α=1

jαgα

kα
+ 2ne

p∑
α=1

{
gα

kα

djα

dx
+
jα

kα
g′α
dne

dx
−
jαgα

k2α

dkα

dx

}

= 2
dne

dx

p∑
α=1

jαgα

kα
+ 2ne

p∑
α=1

{
g2α
kα

+
jα

kα
g′α
dne

dx
+
j3αgα

k3α

1

ne

dne

dx

}

which yields ∣∣∣∣dAdx
∣∣∣∣ ≤ C1x2 . (4.30)

Similarly, we can write

dB

dx
=

p∑
α=1

{
4j3α
k3α

djα

dx
−

3j4α
k4α

dkα

dx

}
−
dne

dx
=

=

p∑
α=1

{
4j3αgα
k3α

+
3j6α
k5α

1

ne

dne

dx

}
−
dne

dx

which yields ∣∣∣∣dBdx
∣∣∣∣ ≤ C2x3 . (4.31)

The desired bound (4.28) follows from (4.29) and the inequalities (4.26), (4.27) and (4.30),
(4.31).

5. Proof of Theorem 2.

We begin by characterizing ne as the solution of a nonlinear integro-differential equation.
Using (4.5), we have

kα =

√
−2

∫ x
0

(
j2α
ne

dne

dx

)
(y)dy. (5.1)

Hence, writing the neutrality condition (2.13) as

ne =

p∑
α=1

j2α
kα
,

we obtain that ne is solution of the equation

ne =

p∑
α=1

j2α√
−2

∫ x
0
(
j2α
ne

dne
dx

)(y)dy
(5.2)

where jα is given in terms of ne by (4.1).
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Now, the proof of Theorem 1 consists of two main steps. In the first step, we show
that the conclusions of the theorem hold as soon as one knows a (physically admissible)
solution of the problem defined in a neighborhood of x = 0. The second step is essentially
devoted to the existence of such a local solution.

Let us thus assume that there exists a solution of (2.13)-(2.17) in a neighborhood of
x = 0. Denote by [0, x0) the maximal interval of existence of the solution and let us check
that we have x0 < +∞. We proceed by contradiction. Assume in the contrary x0 = +∞.
We observe that, by (3.2) and (3.9), each function jα is strictly increasing. Moreover using
in addition (4.4), we have

d2jα

dx
= g′α(ne)

dne

dx
≤ 0

so that jα is also concave. Then, (4.10) yields

lim
x→∞

j(x) ≤
1

2
.

Let us next show that this is indeed impossible. We first consider the case where g(0) > 0.
We obtain

j(x) =

∫ x

0

g(ne(y))dy ≥ g(0)x

so that j(x) ≥ 1
2 for x large enough which is excluded. We pass to the case where g(0) = 0.

The function j being strictly increasing and concave, we have necessarily

lim
x→∞

dj

dx
(x) = 0,

and therefore

lim
x→∞

g(ne(x)) = 0.

Using the hypothesis (3.9), we obtain

lim
x→∞

ne(x) = 0.

On the other hand, since jα is increasing and bounded above, we have

lim
x→∞

jα(x) = jα(∞) > 0.

Similarly, each function kα is a strictly increasing function since by (3.3),(3.8) and (4.4)

dkα

dx
(x) > 0 for all x > 0.

Moreover, it follows from (4.11) that kα is bounded above so that

lim
x→∞

kα(x) = kα(∞) > 0.

Hence we obtain

lim
x→∞

ne(x) =

p∑
α=1

j2α(∞)

kα(∞)
> 0
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which leads again to a contradiction. Thus, we have necessarily x0 < +∞.
Let us next check that

U(x0) = lim
x→x0

U(x)

exists. Using again the fact that jα and kα are increasing functions which are bounded
above, we have

lim
x→x0

jα(x) = jα(x0) > 0 , lim
x→x0

kα(x) = kα(x0) > 0

and therefore

lim
x→x0

nα(x) = nα(x0) =
j2α(x0)

kα(x0)
> 0

which proves our assertion.
The matrix A(U(x0)) is necessarily singular. Otherwise, from the initial condition

U(x0) at x0, one could extend the solution of (3.4) beyond x 0, which is excluded since
[0, x0) is the maximal interval of existence of the solution. Then it follows from (3.6) that

p∑
α=1

nα

u2α
(x0) = ne(x0). (5.3)

On the other hand, we find by passing to the limit in (4.11)

p∑
α=1

kα(x0) =

p∑
α=1

(nαu
2
α)(x0) = 1− ne(x0).

This proves (3.13). As a consequence we have at x0
p∑
α=1

nα(u
2
α +

1

u2α
) = 1

which yields the inequality (3.14).
Let us then prove (3.15). By passing to the limit in (4.8) and using (4.4) together with

(5.3), we first obtain

lim
x→x0

dne

dx
(x) = −∞

and by (3.3)

lim
x→x0

dkα

dx
(x) = −

nα

ne
(x0) lim

x→x0

dne

dx
(x) = +∞.

Since by (3.2)

dkα

dx
=
d

dx
(uαjα) = uα

djα

dx
+ jα

duα

dx
= uαgα(ne) + jα

duα

dx

we get

lim
x→x0

duα

dx
(x) =

1

jα(x0)

{
lim
x→x0

dkα

dx
− uα(x0)gα(ne(x0))

}
= +∞.
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On the other hand, since

djα

dx
= uα

dnα

dx
+ nα

duα

dx
= gα(ne),

we have

lim
x→x0

dnα

dx
(x) =

1

uα(x0)

{
gα(ne(x0))− nα(x0) lim

x→x0

duα

dx
(x)

}
= −∞.

We thus have proved the properties (iii)-(v) of the theorem.

We pass to the second step of the proof. It remains to show the existence of a (physically
admissible) solution in a neighborhood of x = 0 which satisfies the properties (i) and (ii) of
the theorem. This is far from being obvious since the differential system (3.4) is singular at
x = 0. We begin by constructing an approximate solution of (2.13)-(2.17) in the following
way. For any η > 0 arbitrarily small and for 1 ≤ α ≤ p, we introduce an approximation
gηα of gα satisfying the properties

gηα(ne) = gα(1) , 1− η ≤ ne ≤ 1, (5.4)

gηα is bounded inW 1,∞(0, 1), (5.5)

gηα → gα in C0([0, 1)) as η → 0. (5.6)

This is indeed possible since we have assumed gα ∈ C1([0, 1]). We then solve the problem
(2.13)-(2.17) with gα replaced by gηα. We know from Example 2 that such a problem has a
unique solution as long as the corresponding electron density n ηe satisfies nηe ≥ 1 − η. At
the point aη such that

nηe(a
η) = 1− η,

the first part of the proof ensures that we can extend the solution up to a point x η0 with.

nηe(x
η
0) ≤

1

2
.

Let Uη be the solution thus obtained; we want to prove that U η , or at least a subsequence,
converges towards a solution of (3.4),(3.5), or (2.13)-(2.17), as η tends to zero.

First, we show that U η is defined in a fixed interval [0, x1] independent of η. Indeed,
using the first inequality (4.14), we have

nηe(x) ≥ 1− 4gη(1)2x2 = 1− 4g(1)2x2.

Hence for

1− 4g(1)2x2 ≥
1

2
,

i.e., for

x ≤
1

2
√
2g(1)

,
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we have

nηe(x) ≥
1

2
.

The approximate solution U η is thus defined in an interval containing

[
0,

1

2
√
2g(1)

]
and

we can choose for x1 any number less than
1

2
√
2g(1)

.

Let us next show that one can extract from (nηe) a subsequence which converges towards
a solution of (5.2). Choosing x1 small enough, we deduce from Lemmas 4, 6 and 7 that
nηe remains in a bounded set of W 2,∞(0, x1) as η tends to zero. Hence we can extract a
subsequence still denoted by (nηe) such that

nηe −→ ne in C1([0, x1]).

By passing to the limit, we obtain that ne is a decreasing function solution of (5.2) which
satisfies

ne(0) = 1,
1

2
≤ ne(x) ≤ 1 for all x ∈ [0, x1]

together with the estimates (4.14) and (4.22). In addition, jα defined from ne by (4.1)
satisfies the estimates (4.16) while kα defined fromne by (5.1) satisfies the estimates (4.15).
Setting

nα =
j2α
kα

=
j2α√

−2
∫ x
0 (
j2α
ne
dne
dx )(y)dy

.

we find easily that U is a solution of the problem (3.4), (3.5) in [0, x 1] or equivalently
{(nα, uα); 1 ≤ α ≤ p} is a solution of the equations (2.13)-(2.17).

Let us then check that U is a physically admissible solution. Since gα is assumed to be
a C1 function, jα a C2 function. Moreover we have

jα(x) > 0 for all x > 0.

Next it follows from (5.1) and (4.15) that kα is a C1 function which satisfies

kα(0) =

dkα

dx
(0) = 0,

kα(x) > 0 for all x > 0.

Then nα is clearly a C1 function for x > 0 and

nα(x) > 0 for all x > 0.

It remains to analyze the behavior of nα at x = 0. We have by (5.5)

|gα(ne)− gα(1)| ≤ C1|ne − 1| ≤ C2x
2
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and therefore

jα(x) = gα(1)x+O(x
3).

Next, using (5.1), we have

k2α(x) = −2

∫ x
0

{gα(1)
2y2 +O(y4)}

(
1

ne

dne

dx

)
(y)dy =

= gα(1)
2h(x) +O(x6).

which gives since h(x) = O(x4)

kα = gα(1)
√
h+O(x4).

We thus obtain

nα =
j2α
kα

=
gα(1)

2x2 +O(x4)

gα(1)
√
h+O(x4)

= gα(1)
x2
√
h
+O(x2)

and

ne =

p∑
α=1

nα = g(1)
x2
√
h
+O(x2) = 1 +O(x2).

This yields
√
h = g(1)x2 +O(x4) (5.7)

and

nα =
gα(1)

g(1)
+O(x2).

Hence nα is continuously differentiable at x = 0 and we have (3.11).
It remains only to prove that ne is a C2 function. We use (4.23)-(4.25). Since A and B

are C1 functions for x > 0 and

B =

p∑
α=1

j4α
k3α
− ne =

p∑
α=1

nα

u2α
− ne

is positive in [0, x1] by Lemma 1, we obtain that
dne

dx
is a C1 function for x > 0. On the

other hand, using (4.11) and (5.7) we have

1− ne =
p∑
α=1

gα(1)
√
h+O(x4) = g(1)2x2 +O(x4).

Hence ne is twice continuously differentiable at x = 0 and we have (3.12). This concludes
the proof of Theorem 2.
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6. Numerical Results

We present in this section numerical simulations corresponding to various ionization rates
and various numbers of ion species. We also compare the results provided by a one-velocity
fluid model and a kinetic model.

We first describe the numerical method of solution of the plasma approximation equa-
tions (2.14)-(2.17). It consists in solving the plasma equation (5.2). Since n e(x) is a strictly
decreasing function on [0, x0[, we can look equivalently for the inverse function x(n e) for
ne ≤ 1. We write

ne =

p∑
α=1

j2α(ne)

kα(ne)
. (6.1)

As ne(0) = 1, we have by (4.1)

jα(ne) = −

∫ 1
ne

gα(n)
dx(n)

dne
dn, (6.2)

and by (5.1)

kα(ne) =

√
2

∫ 1
ne

j2α(n)

n
dn. (6.3)

Note also that the Theorem 2 yields the following behaviors for n e, jα and kα as x→ 0:

ne(x) ≈ 1− g(1)2x2, jα(x) ≈ gα(1)x, kα(x) ≈ gα(1)g(1)x
2.

Hence, we obtain as ne → 1

x(ne) ≈
1

g(1)

√
1− ne, jα(ne) ≈

gα(1)

g(1)

√
1− ne, kα(ne) ≈ g(1)gα(1)(1 − ne). (6.4)

In order to solve the equations (6.1)-(6.3), we introduce a mesh in the variable n e

n0e = 1 > n1e > n
2
e > . . . > n

i
e > n

i+1
e > . . .

and we set
∆ni = nie − n

i+1
e .

We denote by xi, jiα and kiα the approximate values of x(nie), jα(n
i
e) and kα(nie) respec-

tively. These sequences are initialized by

n0 = 1, x0 = 0, j0α = 0, k0α = 0.

and for the first index i = 1, using the expansion (6.4) of the solution near the origin, we
take

x1 =
1

g(1)

√
∆n0, j1α =

gα(1)

g(1)

√
∆n0, kα(x) = gα(1)g(1)∆n

0. (6.5)
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For i ≥ 1, we compute xi+1, ji+1α and ki+1α from xi, jiα and kiα by

xi+1 = xi +∆nizi,

ji+1α = jiα −∆nigα(n
i
e)z
i

ki+1α =
√
(kiα)

2 + 2∆ni

nie
(jiα)

2

(6.6)

where zi � x′(nie) is solution of the equation

ni+1e =

p∑
α=1

(ji+1α )2

ki+1α
(6.7)

Eq. (6.7) is indeed an equation of the second degree in z i. Let us now analyze its solvabil-
ity. For the sake of simplicity, we drop the indices i and we put a tilde on the quantities
corresponding to the index i + 1. Then, taking into account the 2nd equation (6.6), we
obtain that z satisfies

(∆n)2
p∑
α=1

g2α(ne)

k̃α
z2 − 2∆n

p∑
α=1

jαgα(ne)

k̃α
z +

p∑
α=1

j2α

k̃α
− ne +∆n = 0 (6.8)

Since x′(ne) < 0, we look for the negative root (if it exists) of (6.8). The sum of the roots
being positive, such a negative root exists if and only if

p∑
α=1

j2α

k̃α
− ne +∆n < 0.

Since

ne =

p∑
α=1

j2α
kα
,

the above condition reads

∆n < H(∆n) (6.9)

where

H(ξ) =

p∑
α=1

j2α
kα

(1− (1 + 2
j2αξ

nek2α
)−1/2). (6.10)

Note that H(0) = 0 and H ′ is a strictly decreasing function on IR+ while H ′′ is a strictly
increasing one. Hence,

∆nH ′(0) +
(∆n)2

2
H ′′(0) ≤ H(∆n) ≤ ∆nH ′(0). (6.11)

First, using the 2nd inequality of (6.11), we obtain that

H ′(0) ≥ 1,
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is a necessary condition for (6.9) to hold. This condition reads

1

ne

p∑
α=1

j4α
k3α
≥ 1,

or equivalently
p∑
α=1

nα

u2α
≥ ne.

This means that x(ne) belongs indeed to the interval of existence [0, x0] of the plasma
approximation. Next, using the first inequality of (6.11), we find that

∆n ≤ ∆nH ′(0) +
(∆n)2

2
H ′′(0),

is a sufficient condition for (6.9) to hold. It reads

∆n ≤
2ne
3

∑p
α=1

j4α
k3α
− ne∑p

α=1
j6α
k5α

(6.12)

and provides an upper bound for ∆n at each step of the computation. The discriminant of
the second order equation 6.8 reads

∆ = 4(∆n)2



(
p∑
α=1

jαgα√
k̃α

)2
−

(
p∑
α=1

g2α√
k̃α

)(
p∑
α=1

j2α√
k̃α
− ne +∆n

)


and it is obviously positive according to (6.12). The other physical quantities (partial den-
sity and velocity for the α-th species) are then obtained easily by

niα = (jiα)
2/kiα, u

i
α = kiα/j

i
α. (6.13)

Let us first present numerical results corresponding to a hydrogen-helium plasma, in
equal part, with two ion species H+2 and H+e . We assume that the ionization process
is driven by primary electrons of high energy (1keV ) and by secondary electrons of low
energy (16eV ) which have been produced through the ionization of neutrals by primary
electrons and then heated. The case γ = 0 corresponds to ionization by primary elec-
trons while the case γ = 1 corresponds to ionization by the secondary electrons as in the
definition of the ionization rates g. The ionization coefficients taken from 7 are given by

H+2 : 3.85 10−8cm3s−1(primary), 1.66 10−8cm3s−1(secondary)

H+e : 2.4 10−8cm3s−1(primary), 3.6 10−9cm3s−1(secondary)

and are related to the cross section σ and the velocity V of the electrons (defined from their
energy 1keV or 16eV ) by

S = σV.

Since the densities na of the target particle in the ionization process (hydrogen and helium)
are supposed constants and equal, the collision frequencies ν in the definition of g are
proportionnal to the above ionization coefficients S

ν = naS.
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Thus, the scaledionization rates are of the form:
case 1: p = 2, g1(ne) = 2.4 + 0.36ne, g2(ne) = 3.85 + 1.66ne.

We have plotted the following quantities: ion densities nα and electron density ne (Fig.
1), ion velocities uα (Fig. 2) and current densities jα and j (Fig. 3).

In fact, we are interested more specifically by the values of the physical quantities at
the point x0 (characterized in Theorem 2) since these values are to be taken as injection
parameters for an ion beam extracted from the neutral plasma. We obtain

n1 = 0.1695, j1 = 0.1690, u1 = 0.9974,

n2 = 0.3304, j2 = 0.3309, u2 = 1.0013,

ne = 0.499996, j = 0.4999987.

Observe that the nondimensional velocity uα of each species is close to 1 and moreover

ne(x0) ≈
1

2
, j(x0) ≈

1

2
. (6.14)

Hence, the total extracted current density is approximatively given by Bohm’s criterion as
in the single ion species case considered in Example 1. Somewhat surprisingly, this seems
to be a general feature of this model, i.e., (6.14) holds true. For illustrating this unexplained
property, we have considered three cases (which have not necessarily a physical meaning)
corresponding to highly different numbers of species or ionization rates:

(i) case 2: p = 2, g1(n) = 1, g2(n) = n.

(ii) case 3: p = 2, g1(n) = 1, g2(n) = 106 n2,

(iii) case 4: p = 10, gα(n) = Cαnα, α = 1, · · · , 10, with the following arbitrary values
for the Cα:

1, 1, 0.5, 3, 1, 0.25, 8, 0.5, 3, 100.

We give the values of the (scaled) electronic density and of the extracted current at x 0

Case x0 ne j j1 j2
u1 u2 n1 n2

2 2.6514 10−01 4.998 10−01 4.9995 10−01 2.6514 10−01 2.3481 10−01

9.8766 10−01 1.01490 10+00 2.6845 10−01 2.31363 10−01

3 6.7611 10−07 4.9002 10−01 4.9002 10−01 6.7611 10−07 4.90021 10−01

9.3237 10−01 1.0000 10+00 7.2515 10−07 4.9002 10−01

4 1.9419 10−02 4.9086 10−01 4.9803 10−01 1.9419 10−02 1.44308 10−03

7.6288 10−01 8.0728 10−01 2.5455 10−02 1.7875 10−02

In the case 4, we give below the partial currents, velocities and densities for the ten species
jα (1.9420 10−02, 1.4430 10−02, 5.5456 10−03, 2.640 10−02, 7.1979 10−03,

1.5110 10−03,4.1559 10−02, 2.2775 10−03, 1.2187 10−02, 3.6749 10−01),

uα (7.6288 10−01, 8.0728 10−01, 8.5101 10−01, 8.9260 10−01, 9.3089 10−01,
9.6513 10−01,9.9504 10−01, 1.0207 10+00, 1.0424 10+00, 1.0607 10+00)

nα (2.5455 10−02, 1.7875 10−02, 6.5165 10−03, 2.9587 10−02, 7.7322 10−03 ,
1.5656 10−03, 4.1766 10−02, 2.2313 10−03, 1.1691 10−02, 3.4644 10−01).

Let us now compare the results obtained by using this fluid model with those obtained
using two other fluid and kinetic related models. As a reference case, we will choose the
case 2 considered above.
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a) A one-velocity fluid model.We have already observed that the scaledvelocities u α are
approximatively equal †Hence, it makes sense to consider the following one-velocity plane
model under the same physical hypotheses (stationarity, cold ions)


d(nαu)
dx

= gα(ne),
d(nαu

2)
dx

+ nα
ne

dne
dx

= 0,

ne(0) = 1, u(0) = 1.

(6.15)

We note that the pair (ne, u) is indeed the solution of the model (2.16) considered in Ex-
ample 1. Thus, we have:

ne(x0) = 1/2, j(x0) = 1/2.

In the case 2, i.e., p = 2, g1 = 1 and g2 = n, the function x(n) can be determined explicitly

x(n) =
π

2
− sin−1(2n− 1) +

3
√
2

4

(
sin−1

(
3n− 1

n+ 1

)
−
π

2

)

which gives the following values{
n1 = j1 =

∫ x0
0 g1(n(y))dy = x0 = x(1/2) =

π
2 +

3
√
2
4

(
sin−1(13 )−

π
2

)
≈ 0.265..,

n2 = j2 = j − j1 ≈ 0.235.

which are very close to those provided by the multifluid model.

†Note however that the physical velocities Uα =

√
ZαkBTe

mα
uα are all distinct.
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b) A multi-species kinetic model.Let us now compare the above results with the nu-
merical values given by a kinetic model. In the multispecies kinetic model introduced in 6,
the fluid equations (1.8)-(1.9) are replaced by the Vlasov equation with ionization source
term

v
∂fα

∂x
+
dϕ

dx

∂fα

∂v
= gα(ne)δ(v) , x > 0 , v ∈ IR (6.16)

where fα is the distribution function of the ion species α and the boundary conditions
(1.11) by

fα(0, v) = 0 , v > 0. (6.17)

Then, we look for functions fα, 1 ≤ α ≤ p and ϕ solutions of (1.7)-(6.16)-(1.10) with the
boundary conditions (6.17) and (1.12) where in the Poisson equation (1.10) we have

nα =

∫ ∞

−∞
fαdv.

Now, it is a simple matter to generalize the results of 1 which consider the case of a single
ion species to the case of several ion species as explained in 6. Assuming that the function
ϕ is monotone increasing, we obtain

nα(x) =

∫ x

0

g(exp(−ϕ(y)))dy√
2 (ϕ(x)− ϕ(y))

,

so that the plasma approximation
∑p
α=1 nα = ne = exp(−ϕ) amounts to find ϕ solution

of ∫ x

0

g(exp(ϕ(y))√
2(ϕ(x)− ϕ(y))

dy = exp(−ϕ(x)), ϕ(0) = 0. (6.18)

Again, the plasma equation (6.18) has a solution ϕ defined in a maximal interval [0, x 0)
with x0 < +∞ and we find

ϕ(x0) ≈ 0.854, n(x0) ≈ 0.426, j(x0) ≈ 0.486.

independently of the ionization rates gα. Moreover, in the plasma approximation, choosing
(ϕ, v) instead of (x, v) as the set of independent variables, we obtain

fα(ϕ, v) =




√
2
π

gα(exp(
v2

2 −ϕ))

g exp(( v
2

2 −ϕ)

[
1√
ϕ− v

2

2

− 2F (
√
ϕ− v

2

2 )

]
, 0 < v <

√
2ϕ

0 otherwise.

(6.19)

where F is given by F (x) = exp(−x2)
∫ x
0
exp(t2)dt. In addition, the function x(ϕ) can

be computed by integrating the following ordinary differential equation

x′(ϕ) =
2
√
2

πg(exp(−ϕ))

d

dϕ
F (
√
ϕ).
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In the case 2 where g1 = 1, g2 = n, we find that the partial extracted currents are

j1 = x0 = 0.261116, j2 = j∞ − j1 = 0.225995.

Note also that the scaled temperature is equal to 0.046. This small value of the temperature
of the solution of the kinetic model is a justification of the hypothesis of cold ions used in
the other models.

Let us summarize the density and current at the end of the plasma sheath for each
model:

Model n(x0) j(x0) j1 = x0 j2 = j(x0)− j1
1: multifluid (2.13)-(2.17) 0.499 0.499 0.265 0.235
2: fluid , one velocity (6.15) 0.5� 0.5� 0.265 0.235
3: kinetic () 0.426� 0.486� 0.261 0.226

The quantities with < are independent of the ionization rates. Note that the results are
similar. In particular, the ratio j1/j2 is close to 1.1 in all the models.

7. Extensions to more complex models

Let us mention some possible extensions of the present analysis. First, it is possible to take
into account additional source or friction terms (section 6.1). It should be also interesting
to perform a asymptotic analysis of the quasineutral system (ε → 0) i.e. to justify from
the mathematical point of view the convergence of solutions of system (1.7)-(1.10) toward
solutions of system (1.14)-(1.17) we have constructed. Finally, let us point out that the
hyperbolicity of the associated evolution problem imposes that the ion velocities remains
equal (section 6.2).

7.1. Friction terms

We can include friction terms in our quasineutral model without changing the conclusions
of Theorem 3. Consider for simplicity the case of a single ion species studied in Example
2. If we replace the second equation (2.16) by

d

dx
(nu2 + n) = −f(n, u),

where f(n, u) stands for a friction term which satisfies:

f(n, u) ≥ 0, ∀n ≥ 0, ∀u ∈ IR,

we obtain again that the modified system has a unique solution defined on a maximal inter-
val [0, x0), x0 < +∞, and moreover, we have

u(x0) = 1, n(x0) ≤ 1/2.

The proof goes along the same lines, but in that simple case in a much simpler way than
the proof of Theorem 2.

7.2. Evolution problems.

Consider the nonstationary problem associated with the quasineutral model (1.13)−(1.15).
It can be written in the form{

dnα
dt

+ d(nαuα)
dx

= gα(ne), ne =
∑p
α=1 nα, 1 ≤ α ≤ p,

duα
dt + uα

duα
dx + Te

ne
dne
dx = −gα(ne)uα/nα, 1 ≤ α ≤ p.

(7.1)
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This first order nonlinear system is clearly hyperbolic for p = 1. In the case p = 2,
extending the results of 8, one can show that the system is hyperbolic if and only if u 1 = u2.
This suggests to pay attention to the one-velocity fluid model (6.15). 8. Conclusions

As we have seen, despite the fact that the model from the physical point of view is very
rough, it is complicated from the mathematical point of view. From the physical point of
view, the main approximation in this model is the Maxwell-Boltzmann assumption for the
electrons and the mathematical validity of this assumption is an open problem.
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1. Introduction

In this article, we study the numerical schemes for a kinetic equation in the diffusive regime:

ε∂tf + cos θ∂xf =
1
ε
L(f). (1.1)

The problem is one-dimensional in the space variable x and bi-dimensional in the velocity variable v =
(cos θ, sin θ). The unknown distribution function f = f(x, θ, t) is a function of position x (x ∈ R: in this
article we shall not consider boundary conditions), of the velocity angle θ ∈ [−π, π] and of time t > 0. The
operator L(f) is a linear collision operator of Lorentz type. Lorentz operators appear for example when consid-
ering elastic collisions of heavy particles (e.g. ions) against light ones (e.g. electrons); it is the first order term
of the inter-species collision operator representing the collisions of the heavy particles on the light ones, when
doing an asymptotic expansion in terms of the small mass ratio (see [8,35]). This operator does not depend on
the energy variable, i.e. on the modulus of the velocity. It is defined in the Boltzmann case by (for simplicity,
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we drop the dependence with respect to x and t, since the collision operator only acts on θ):

L(f)(θ) =
∫

S1
K(θ′ − θ)[f(θ′) − f(θ)] dθ′ (1.2)

and in the Fokker-Planck case by:

L(f)(θ) = ∂2
θθf. (1.3)

We recall that the Boltzmann–Lorentz operator (1.2) converges (up to multiplication by the second order
moment of the scattering cross-section K) to the Fokker–Planck–Lorentz one (1.3) when the cross-section
concentrates, i.e. when the scattering angle during a collision, θ′ − θ, is very small. This is the so-called
“grazing collision limit” [3, 6, 36], which is also valid in the non-linear case [7, 9].

It is well known in literature, that for ε � 1 the solution of (1.1) converges to the solution of a diffusion
problem, with respect to the space variable. The diffusion coefficient of this last equation may be computed by
means of a Hilbert expansion method (see Sect. 2). Our goal is to derive a numerical scheme that is relevant for
any value of ε. For simplicity, we will consider the Fokker–Planck–Lorentz collision operator defined by (1.3).
Nevertheless, we remark that our results can be extended to the Boltzmann–Lorentz collision operator defined
by (1.2).

This paper is inspired by a series of articles written by Jin and Levermore about diffusive limit of the isotropic
Boltzmann–Lorentz operator, where the cross-section is constant with respect to the velocity variable. This fact
does not allow to pass to the grazing collision limit, excluding thus the Fokker-Planck case. The authors consider
discrete ordinate methods in the velocity variable, or equivalently in the cosine of the angle (the distribution
function being isotropic in the others directions). More precisely, they determine the quadrature points in the
integral with respect to velocity such that, in the diffusion limit, one recovers a heat equation with the correct
diffusion coefficient. A first paper, see [22], is devoted to the discretization in velocities, the distribution function
depending continuously of the space and time variables. The authors construct quadrature sets corresponding
to a small number of discrete velocities such that the diffusion coefficient and also the boundary conditions are
compatible with the diffusive limit. In a second paper, see [23], they investigate the fully discrete case (both on
the velocity and the space variables), the problem being stationary. This can be seen as the problem for one
time step iteration using an implicit scheme. In another paper with Golse, see [13], they study the convergence
of theses schemes.

Our aim is to extend this analysis to other elastic collision operators with an arbitrary cross-section (i.e.
not necessarily constant) and for example in the case of the grazing collision limit, i.e. for the Fokker-Planck
Lorentz operator (1.3).

There is a huge literature on related topics taking different names. We claim that the following keywords are
used to qualify very close problematic although the goal and the methods used are different.

• Diffusive (a = 1) or hydrodynamic (a = 0) limit

εa∂tf + cos θ∂xf =
1
ε
L(f).

The aim is to derive numerical schemes which can be used either in rarefied (where ε is of order 1) or
in dense regions (ε � 1). Depending on the collision operator L, one expects the solution to converge
towards an equilibrium state (typically a Maxwellian distribution) and that the conserved quantities are
solution of the Euler equations (for a = 0) or Navier-Stokes equations (for a = 1), see [26, 29, 43, 44].

A lot of works have been devoted to the coupling of rarefied and hydro-dynamical domains. For this
purpose, numerical schemes compatible with the fluid limit, called Asymptotic preserving schemes, are an
alternative to the matching of boundary conditions, these last being sometimes hard to design. In fact,
these schemes can work uniformly with respect to the relaxation parameter (see [27] and its introduction
for more details).
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• Stiff source term for hyperbolic systems
A widely studied topic deals with hyperbolic systems of conservation laws (e.g. Euler equations) with

stiff source terms (see [4, 5, 28]) due, for example, to the modeling of rapid chemical reactions. These
systems read:

∂tU + ∂xF (U) =
1
ε
S(f)

and are related to the so called relaxation methods (see [24,28,40,41]) that consists in replacing a nonlinear
problem of the above form by a relaxed linear system of the following form:

∂tU + ∂xV = 0, ∂tV + a∂xU =
−1
ε

(V − F (U))

where ε is called relaxation rate and a is an arbitrary velocity (with −√
a < F ′(U) <

√
a).

We remark that there is another area in the hyperbolic systems field that is related to such asymptotic
namely the kinetic schemes: in this direction, one replaces the hyperbolic system of interest (e.g. the
Euler equation) by a kinetic formulation in the hydro-dynamical limit (e.g. a B.G.K type equation),
see [34, 42]. Then, one derives a scheme on the kinetic formulation and takes its hydro-dynamical limit.
These methods have stability, accuracy and efficiency advantages. Some results on convergence are also
available, see [2].

Let us also mention another recently way to design Asymptotic Preserving Schemes, the Well Balanced
schemes, see [14, 16, 17, 33], designed to capture stationary fluxes for hyperbolic systems with source
terms. In [14–16] such a scheme is used for Goldstein–Taylor type models (two characteristic speeds). A
Chapman-Enskog expansion shows that the asymptotic limit of the scheme is the good one for Goldstein–
Taylor type models, but on systems that have more than two characteristic speeds the asymptotic seems
hard to generalize.

There is a large number of applications based on transport equations having a diffusive asymptotic. Let us
mention, for instance, neutron transport, radiative transfer in the “optically thick limit” (see [1, 31, 32, 38, 39]
and the references therein) and semiconductor modeling (see [25, 29, 37]). However, many of the previous
works deal with the so-called telegrapher equation, or equivalently Goldstein–Taylor equation which is a kinetic
equation where the distribution function is localized on two opposite velocities (see [4, 20, 21, 26, 27, 40]). On
the other hand, in this paper, we shall not separate the particle density function with respect to the sign of the
velocity, usually called parity method or even-odd decomposition. We refer more precisely to the introduction of
Section 4.4 for a detailed explanation of this fact and a comparison with previous works. Let us finally mention
that the space discretization scheme we propose could be also apply to the Boltzmann–Lorentz operator with
an arbitrary cross-section.

This work is divided as follows. In Section 2, we briefly recall the Hilbert expansion method at the continuous
level in order to derive the diffusion model. Then, we consider successively the discretization with respect to
the velocity angle θ, to the space variable x, and finally to the time t.

In Section 3, following Jin-Levermore (see [22,23], for what regards the isotropic Boltzmann–Lorentz collision
operator), we consider the problem discretized only with respect to the velocity variable. We look for a choice
of velocity discretization points such that the diffusion coefficient tends towards the value obtained in the
continuous case. Our goal is also to use a small number (denoted by Nθ) of discretization points with respect
to velocity angle, in order to avoid too much expensive computations. We prove that if we consider a uniform
grid, we obtain the right diffusion coefficient only in the limit Nθ → ∞ (with an accuracy of order 2). In order
to use a kinetic description with a small number of discretization points and to preserve the right asymptotic
when ε → 0, it is thus necessary to consider a non-uniform (but symmetric) grid. In particular, we treat the
case of a grid with 4 or 8 discretization points.

In Section 4, we consider the space discretization (the velocity discretization is assumed to be known). More
precisely, we study the discretization of the transport term v∂xf . The boundary layer problem is not taken
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into account, and will be studied in futures works. The first approach consists of discretizing this term by
means of an upwind scheme, but this method leads to a parasite solvability condition, i.e. we get an infinite
diffusion coefficient. On the contrary, the centered scheme converges to a discretization of the Laplacian (with
respect to x), but the discretization acts on a double mesh, the even points of the mesh being decoupled
from the odd points, yielding to some spurious modes (which gives numerical oscillations in the computations).
We then consider a θ-scheme (ε part for the upwind scheme and (1 − ε) for the centered one): the first part
effectively re-couples the discretization points, but it introduces an error of order ∆x in the value of the diffusion
coefficient. Finally, we take into account the modified Jin-Levermore scheme which is obtained following the
strategy proposed by Jin and Levermore (see [24,28]). It consists in writing a finite volume type scheme and in
computing the fluxes at the interfaces using the leading order term (or equivalently, the steady state equation) in
the upwind scheme for the half mesh. We can also give an interpretation of this scheme as a finite discontinuous
elements P 1 scheme (see [45]).

Section 5 deals with the time discretization. First, we remark that the usual methods of splitting transport
and collisions are not suitable in the limit ε → 0. In fact, both the collision and the transport parts yield to
projecting onto the constant states (with respect to velocity or position), and in only two time iterations one
may get a constant function. Moreover, to avoid the CFL condition, which would lead to a very small time step
when ε → 0, we must use implicit schemes. Numerical results are given in Section 6. Some final results and
comments are then presented as a conclusion in Section 7.

2. The diffusion limit at the continuous level

Let us first recall the derivation of the diffusion equation from the kinetic one by means of the Hilbert
expansion method. As explained in the introduction, we consider the following kinetic equation of unknown
f = f(x, θ, t) in one space variable x ∈ R, the angular velocity being θ ∈ (0, 2π) with periodic condition on θ,
at the diffusion scale (t/ε2, x/ε):

ε∂tf + cos θ ∂xf =
1
ε

∂2f

∂θ2
, (2.1)

where the collision term is the Fokker–Planck–Lorentz operator and ε � 1 denotes the Knudsen number. We
now use a classical Hilbert method by expanding f in terms of ε:

f = f0 + εf1 + ε2f2 + ...,

and identifying terms of equal powers in (2.1). We successively obtain:

∂2f0

∂θ2
= 0, (2.2)

cos θ ∂xf0 =
∂2f1

∂θ2
, (2.3)

∂tf
0 + cos θ ∂xf1 =

∂2f2

∂θ2
· (2.4)

From the first equation (2.2) and periodicity, we deduce that f0 is independent of the velocity angle θ. The
solvability condition for the second equation writes:

∫ 2π

0

cos θ ∂xf0dθ = 0, (2.5)



DIFFUSION LIMIT OF THE LORENTZ MODEL: ASYMPTOTIC PRESERVING SCHEMES 635

and this condition is actually satisfied, because f0 does not depend on θ and
∫ 2π

0 cos θ dθ = 0. Moreover, we
have (up to the addition of a function which only depends on the space variable):

f1 = − cos θ ∂xf0. (2.6)

Finally, the solvability condition for equation (2.4) writes: 2π∂tf
0 +

∫ 2π

0 cos θ ∂xf1dθ = 0, which, on account
of (2.6) and the fact that

∫ 2π

0
cos2 θdθ = π gives:

∂tf
0 − 1

2
∂2

xxf0 = 0. (2.7)

This is the limit diffusion equation we obtain at the continuous level with the diffusion coefficient ν = 1/2.

3. The velocity discretization

In this part, we consider the discretization with respect to the velocity variable, the time and space variables
remaining continuous. This is the so-called discrete ordinate method. We shall perform the same analysis as
in the continuous case (see Sect. 2). Our goal is to choose a small number of discretization points such that we
obtain a discrete version of the diffusion equation (2.7) with still the right diffusion coefficient, i.e. ν = 1/2.
Let us first consider a uniform grid.

3.1. Uniform grid

Let us define the uniform discretization of S1 as the angle θj = j∆θ with ∆θ = 2π/Nθ and j = 0...Nθ − 1,
where the indices j are denoted modulo Nθ: i.e. j = Nθ corresponds to the same velocity as j = 0. The
discretized version of (2.1) is a finite system of transport equations coupled by the collision term:

ε∂tfj + cos θj ∂xfj =
1
ε
(Lf)j (3.1)

where fj(x, t) = f(x, θj , t) is the value of the discretized distribution function f at time t, position x and
velocity (cos θj , sin θj). The operator L (with entries Lij) in the right hand side of equation (3.1) stands for
the discretized version of the Laplacian operator with respect to the variable θ. Using standard finite difference
techniques and taking into account periodic boundary conditions, we obtain:

Lij =
1

∆θ2

{
−2 if i = j

1 if |i − j| ≡ 1[N ].

Let us recall some useful spectral properties of the matrix L:
• The kernel of the matrix L is generated by the vector 1 = (1, 1, 1, ..., 1).
• The vector (cos θj)j=0...Nθ−1 is an eigenvector of matrix L; the associated eigenvalue is −λ where λ is the

positive number given by:

λ = 2
1 − cos(∆θ)

(∆θ)2
· (3.2)

Performing the Hilbert expansion on the discretized problem (3.1), i.e.: fj = f0
j +εf1

j +ε2f2
j + ... and identifying

terms of equal powers of ε, we get:

(Lf0)j = 0, (3.3)

cos θj∂xf0 = (Lf1)j , (3.4)

∂tf
0 + cos θj ∂xf1 = (Lf2)j . (3.5)
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At the order ε−1, we obtain that f0
j does not depend on θj , since the kernel of L consists of constant vectors;

we simply set: f0
j = f0. Now, the solvability condition for equation (3.4) reads:

∑Nθ−1
j=0 cos θj ∂xf0 = 0, which,

because f0 is independent of θj , leads to:

Nθ−1∑
j=0

cos θj = 0. (3.6)

We can interpret relation (3.6) as a symmetry condition. This condition is satisfied by our choice of discretization
points (with Nθ even), but it does not hold if we translate the discretization points into θ0 +2πj/Nθ with θ0 6= 0
for example. We look for a solution f1 of (3.4) orthogonal to the kernel of L (Ker(L)⊥ = {f : < f,1 >= 0}),
i.e. such that:

Nθ−1∑
j=0

f1
j = 0. (3.7)

Then, as f0 is independent of θj and (θj) satisfies (3.6), the unique solution of (3.4) reads:

f1
j = −cos θj

λ
∂xf0. (3.8)

Finally, considering (3.8), equation (3.5) becomes: ∂tf
0 − cos2 θj

λ ∂2
xxf0 = (Lf2)j . The solvability condition for

this equation (
∑

j(Lf2)j = 0) writes:

∂tf
0 − 1

2λ
∂xxf0 = 0, (3.9)

because we have: (1/Nθ)
∑

j cos2 θj = 1/2. We then get a diffusion equation for f0, but with a diffusion
coefficient ν = 1

2λ : in fact, this coefficient is never equal to the expected value 1/2 (since λ 6= 1, see (3.2)), but
it converges towards it when Nθ tends to ∞ (with an accuracy of order (∆θ)2). Nevertheless, if we want to
deal with small number of points in θ, for lowering the computational cost, we have to investigate non-uniform
grids. When using a large number of points, one can use an uniform discretization.

3.2. Non-uniform grid

First, let us briefly recall the discretization of the second derivative with respect to the angle using non-
uniform grids, in order to introduce the notations. Given a discretization of S1, θj for j = 0...Nθ − 1, let us
denote ∆+

j = (θj+1 − θj) and ∆−
j = (θj − θj−1). Applying a Taylor expansion with respect to the point θj we

obtain:

f(θj + ∆+
j ) = fj + ∆+

j f ′
j +

∆+
j

2

2
f ′′

j + o(∆+
j

2
),

f(θj − ∆−
j ) = fj − ∆−

j f ′
j +

∆−
j

2

2
f ′′

j + o(∆−
j

2
).

By combining these Taylor expansions, we get the following approximation of the second derivative at θj :

f ′′
j ' 2

f(θj + ∆+
j )

∆+
j (∆+

j + ∆−
j )

+ 2
f(θj − ∆−

j )

∆−
j (∆+

j + ∆−
j )

− 2
fj

∆+
j ∆−

j

· (3.10)
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We shall discretize the Laplace operator using this formula when Nθ = 4 or 8. We remark that in the general
case the vector with components cos θj is no more an eigenvector of L, as it is easily seen replacing fj by cos θj

in (3.10).
Let us perform the same discretized Hilbert expansion as presented in the uniform grid case (Sect. 3.1). At

first order, f0
j = f0 is independent on θj . Let us define Y ∈ R

Nθ as the unique solution of

(LY )j = cos θj , for all j ∈ {0, ..., Nθ − 1}, (3.11)

such that
∑Nθ−1

j=0 Yj = 0. Then, the unique solution f1 of equation (3.4) satisfying (3.7) is given by:

f1 = Y ∂xf0.

Equation (3.9) now reads: ∂tf
0 + cos θjYj ∂2

xxf0 = (Lf2)j , and the solvability condition for this equation of
unknown f2 still gives a diffusion equation for f0 where the diffusion coefficient ν is now given by:

ν = − 1
Nθ

Nθ−1∑
j=0

Yj cos θj = − 1
Nθ

LY · Y. (3.12)

We shall now show that for Nθ = 4 or Nθ = 8, one can construct symmetric sets of discretization points that give
the good diffusion coefficient. This can be related to the analysis presented in [22,23] for the Boltzmann–Lorentz
operator.

4 points of discretization

Let us first consider the case Nθ = 4, i.e. 4 points of discretization in velocity: θ0, θ1, θ2, θ3. We still consider a
symmetric discretization, i.e. such that (3.6) holds.

θ θ

θθ1 0

2 3

Figure 1. 4 discretization points in velocity.

More precisely, we choose θ0, θ1 = π − θ0, θ2 = π + θ0, θ3 = 2π − θ0 i.e. cos θ0 = − cos θ1 = − cos θ2 = cos θ3

(see Fig. 1). The goal is to determine θ0 in such a way that the associated diffusion coefficient ν is exactly equal
to 1/2.
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The discrete Laplacian matrix corresponding to this nonuniform grid reads:

L = 2




−1
∆0∆3

1
∆0(∆0 + ∆3)

0
1

∆3(∆0 + ∆3)
1

∆0(∆0 + ∆1)
−1

∆0∆1

1
∆1(∆0 + ∆1)

0

0
1

∆1(∆1 + ∆2)
−1

∆1∆2

1
∆2(∆1 + ∆2)

1
∆3(∆2 + ∆3)

0
1

∆2(∆2 + ∆3)
−1

∆2∆3




where we denote by ∆0 = θ1 − θ0, ∆1 = θ2 − θ1, ∆2 = θ3 − θ2, ∆3 = θ0 − θ3 the discretization steps.

Proposition 3.1. Given Nθ = 4, there exists an unique value of θ0 such that we have the right diffusion
coefficient , i.e. ν = 1/2.

Proof. We have to find Y = (Y0, Y1, Y2, Y3) ∈ R
4 such that: LY = (cos θ) with

∑3
j=0 Yj = 0, where the notation

(cos θ) denotes the vector with components (α,−α,−α, α), with α = cos θ0. After some easy computations, we
find

Y = −B(cos θ), with B = π(π − 2θ)/4,

and the diffusion coefficient is given by ν(θ0) = − 1
4Y · (cos θ) = Bα2. In order to find the right diffusion

coefficient, we now have to look for a value θ0 ∈ [0, π/2] such that ν(θ0) = 1/2, where

ν(θ) =
π

4
(π − 2θ) cos2 θ.

We have ν(0) = π2/4 > 1/2, ν(π/2) = 0 < 1/2 and ν′(θ0) < 0. Thus, there exists a unique θ0 ∈]0, π/2[ such
that ν(θ0) = 1/2.

Surprisingly, for the non uniform (but symmetric) discrete point, the vector with components cos θj is an
eigenvector, associated with the eigenvalue −B−1, for the matrix L. An approximated value of θ0, namely
θ0 = 0.8462 has been computed using Mapler. This value differs from π/4, which is the case of uniform grid,
but it is close to it.

8 points of discretization

We now consider the case Nθ = 8, i.e. 8 points of discretization in velocity. Let us denote by θj with j = 0, . . . , 7
a general 8-points discretization of S1.

We choose a symmetric discretization, i.e. such that condition (3.6) holds, as follows: θ0 and θ1 belonging
to [0, π/2] (the others angles being induced by this choice (see Fig. 2)). We now have two angles (θ0 and θ1)
that we shall determine in such a way that first the diffusion coefficient is the right one, and secondly that Y
is an eigenvector (this second condition is arbitrary; we add it in order to determine the two angles in a unique
way and by analogy with previous cases). The discretization step, which we recall is not fixed, is given by:

∆0 = θ1 − θ0, ∆1 = θ2 − θ1 = π − 2θ2, ∆2 = θ3 − θ2 = θ1 − θ0,

∆3 = θ4 − θ3 = 2θ0, ∆4 = θ5 − θ4 = θ1 − θ0, ∆5 = θ6 − θ5 = π − 2θ1,

∆6 = θ7 − θ6 = θ1 − θ0, ∆7 = θ0 − θ7 = 2θ0.
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θ θ

θθ3 0

4 7

θ

θ θ

θ12

5 6

Figure 2. 8 discretization points in velocity.

We also impose that θ1 = mθ0 for 0 < θ0 < π/2 and 1 < m < π
2θ0

. With the same method applied in the case
of 4 velocities, we can derive the discretized version of the Laplacian L:

L = 2




−1
∆0∆7

1
∆0(∆0 + ∆7)

0 . . . 0
1

∆7(∆0 + ∆7)
1

∆0(∆0 + ∆1)
−1

∆0∆1

1
∆1(∆0 + ∆1)

0
. . . 0

0
. . .

. . .
. . .

. . .
...

...
. . . . . . . . . . . .

...

0 . . . 0
1

∆5(∆5 + ∆6)
−1

∆5∆6

1
∆6(∆5 + ∆6)

1
∆7(∆6 + ∆7)

0 . . . 0
1

∆6(∆6 + ∆7)
−1

∆6∆7




= 2




B B1 0 0 0 0 0 B2

A1 A A2 0 0 0 0 0
0 A2 A A1 0 0 0 0
0 0 B1 B B2 0 0 0
0 0 0 B2 B B1 0 0
0 0 0 0 A1 A A2 0
0 0 0 0 0 A2 A A1

B2 0 0 0 0 0 B1 B




where we have set

A = −1/αγ, A1 = 1/γ(γ + α), A2 = 1/α(γ + α),

B = −1/βγ, B1 = 1/γ(γ + β), B2 = 1/β(γ + β),

with: α = π − 2mθ0, β = 2θ0 and γ = θ0(m − 1). We still look for a vector Y ∈ R
8 solution of (3.11) and such

that it is an eigenvector for the matrix L, i.e.:

LY = (cos θ) = −λY. (3.13)
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We remark that now the vector (cos θ) is given by (cos θ) = (α, β,−β,−α,−α,−β, β, α), where α = cos θ0 and
β = cos θ1 = cos(mθ0). From system (3.13) we get the following system:

2B1(β − α) = −λα, (3.14)

−2A1(−α + β) − 4βA2 = −λβ.

We recall that α, β and γ depend on (m, θ0) so that A, A1, A2, B, B1 and B2 also depend (m, θ0). Thus,
equation (3.14) yields to

(π − 2mθ)(π − mθ − θ)(cos(mθ) − cos(θ)) cos(mθ) = (mθ + θ) cos(θ)[(π − 2mθ) cos(θ) − (π − 2θ) cos(mθ)].
(3.15)

It remains to determine θ0 and m such that the diffusion coefficient ν is equal to (1/2) i.e. such that:

−2(cos(mθ0) − cos θ0)) = (m2 − 1)θ2
0(cos2 θ0 + cos2(mθ0)) cos θ0. (3.16)

Solving (3.15, 3.16) using Maple, we get : θ0 = 0.4318 and m = 2.764.

4. The space discretization

We use a finite difference discretization (see [11]) in order to approximate the transport problem (2.1). We
recall that the aim is to derive a discrete model which at the limit ε → 0 gives a good approximation of the
diffusion equation (2.7). The velocity discretization is done using the finite difference scheme described in
Section 3 (in particular, we shall set Nθ = 4 in the simulations), and we recall that L is the discrete operator
approximating the Laplacian ∂2

∂θ2 .
We now describe different schemes for the convective part and study the asymptotic properties of the global

space-velocity scheme. In all the sequel, we denote by fi,j an approximation of f(xi, θj , .), where xi = i∆x
are the points of discretization in space variable (for simplicity we set h = ∆x), and vj = (cos θj , sin(θj)),
j ∈ {0, ..., Nθ−1} are those with respect to the velocity variable. We recall in particular that these points θj are
symmetric in the sense that they satisfy the symmetry condition (3.6), which is also the discrete analogous of the
continuous solvability condition (2.5). We also recall that these points are not necessarily equi-distributed, and
in particular that for Nθ small (Nθ = 4 for example ) we have shown that, in order to recover the good diffusion
coefficient, these points are necessarily distributed in a non uniform way (we still refer to Sect. 3). Furthermore,
denoting by Y the vector in R

Nθ such that (LY )j = cos θj , for all j ∈ {0, ..., Nθ −1} with
∑

Yj = 0, the discrete
diffusion coefficient is then given by (3.12) and at least in the simple cases Nθ = 4 or 8 there exists a unique
choice of such discrete points θj such that ν is the good diffusion coefficient, i.e. such that:

ν =
1

Nθ

∑
j

Yj cos θj =
1
2
·

In what follows, the space-velocity discretized kinetic equation reads, for all i, j:

ε∂tfi,j + cos θj (Df)i,j =
1
ε
(Lfi,.)j , (4.1)

where D denotes a finite difference operator approximating the first derivative with respect to the space variable.
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4.1. The upwind scheme

The more natural way to discretize the first derivative ∂xf is the upwind scheme Du, which is defined by:

Dufi,j =




fi,j − fi−1,j

h
, if cos θj > 0,

fi+1,j − fi,j

h
, if cos θj < 0.

We consider the discrete equation (4.1) with D = Du and use an Hilbert expansion, for all i, j

fi,j = f0
i,j + εf1

i,j + ε2f2
i,j + ... . (4.2)

Identifying terms of equal powers, we get, for all i, j:

(Lf0
i,.)j = 0, (4.3)

cos θj (Duf0)i,j = (Lf1
i,.)j , (4.4)

∂tf
0
i,j + cos θj (Duf1)i,j = (Lf2

i,.)j . (4.5)

Equation (4.3) shows that f0 does not depend on j. Now, equation (4.4) is solvable only if the following
solvability condition is fulfilled:

Nθ−1∑
j=0

cos θj (Duf0)i,j = 0.

But, on account of condition (3.6), we deduce that this is equivalent to:

f0
i+1 − 2f0

i + f0
i−1 = 0,

which is the discrete approximation of a stationary diffusion equation. This is not the good diffusion limit we
expected, since it gives an infinite diffusion coefficient ν = ∞. Hence, this scheme is not asymptotic preserving,
since it gives a wrong diffusion equation at the limit ε → 0.

4.2. The centered scheme

Let us now examine the centered scheme which we shall denote by Dc:

Dcfi,j =
fi+1,j − fi−1,j

2h
·

The discrete problem is then (4.1) with D = Dc. Identifying again the terms of equal powers in the Hilbert
expansion (4.2) we get, for all i, j:

(Lf0
i,.)j = 0, (4.6)

cos θj (Dcf0
.,j)i = (Lf1

i,.)j , (4.7)

∂tf
0
i,j + cos(θ)j (Dcf1

.,j)i = (Lf2
i,.)j . (4.8)

Equation (4.6) shows that f0 still does not depend on j. The solvability condition of equation (4.7) is then
automatically satisfied, on account of the symmetry property (3.6). Moreover, we have:

f1
i,j = Yj

(
Dcf0

)
i
, (4.9)
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where Y is given by (3.11). The solvability condition for equation (4.8) writes:

Nθ∂tf
0
i +

Nθ−1∑
j=0

cos θj

(
Dcf1

.,j

)
i

= 0,

which gives, on account of (4.9) and of the definition of ν, the following discrete diffusion equation:

∂tf
0
i − ν

(
∆2hf0

)
i

= 0, (4.10)

where we have used the notation:

(∆2hφ)i =
φi+2 − 2φi + φi−2

(2h)2
·

In the same way, we shall denote by ∆h the classical “three points scheme”:

(∆hφ)i =
φi+1 − 2φi + φi−1

h2
·

Although the discrete equation (4.10) is a consistent approximation of the continuous diffusion equation (2.7),
we remark that this scheme will generate numerical oscillations, due to spurious modes: the discrete points
corresponding to an even index i do not influence those corresponding to an odd one. We have actually
observed this phenomena, by doing numerical experiments with an initial data of Dirac type (see Fig. 3). Since
this scheme generates numerical oscillations, we drop it.

4.3. The ε scheme D"

An interesting idea however is to combine this scheme to the upwind one (since the last scheme gives a
diffusion operator of type ∆h instead of ∆2h), in order to avoid this phenomena. But we have seen that the
upwind scheme does not give the right diffusion equation, on account of the solvability condition obtained when
identifying constant terms. So a good compromise consist in studying the following convex combination:

Dε = (1 − ε)Dc + εDu;

we shall denote it by “ε- scheme”.
The discrete problem is here (4.1) with D = Dε and the Hilbert expansion method gives, for all i, j:

(
Lf0

i,.

)
j

= 0, (4.11)

cos θj

(
Dcf0

)
i,j

=
(
Lf1

i,.

)
j
, (4.12)

∂tf
0
i,j + cos θj

[ (
Dcf1

.,j

)
i
− (

Dcf0
.,j

)
i
+

(
Duf0

)
i,j

]
=

(
Lf2

i,.

)
j
. (4.13)

From equation (4.11), we still have that f0 independent of j, and the solvability condition for equation (4.12)
is fulfilled, on account of (3.6). Moreover, as (4.12) coincide with (4.7), we have (4.9). The solvability condition
for equation (4.13) is then:

Nθ∂tf
0
i +

Nθ−1∑
j=0

cos θj

(
Dcf1

.,j

)
i

+
Nθ−1∑
j=0

cos θj

(
Duf0

)
i,j

= 0,
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which gives, on account of expression (4.9), of the definition of ν and of the condition (3.6), the following discrete
diffusion equation:

∂tf
0
i − ν

(
∆2hf0

)
i
− ν′ (∆hf0

)
i
= 0,

where we have set:

ν′ =
h

2Nθ

Nθ−1∑
j=0

| cos θj |.

This equation is still a consistent approximation of the diffusion equation (2.7) and it links the points with
even index to those with an odd one. Thus, we can expect this scheme to suppress the oscillations given by
the pure centered scheme. This has been effectively observed numerically, but for an initial data which support
contains at least two grid points (in space variable). For a Dirac type initial data however, the oscillations still
persist (see Fig. 4). This scheme thus seems to be a relatively good one, although the diffusion coefficient is
not exactly the good one (up to an 0(h) error). We now examine a last scheme which seems to have all the
expected properties.

4.4. The modified Jin-Levermore scheme

This new scheme is inspired by the scheme proposed by Jin and Levermore for the telegraph problem in [24]
(which is based on the use of the steady states approximation method, see for example [10,47], . . . ). In this work,
Jin and Levermore studied semi-discrete numerical schemes for hyperbolic systems with stiff relaxation terms
that have a long time behavior governed by reduced systems of parabolic type, but the diffusion terms are in fact
corrective terms of order ε. A similar problem, but under diffusive scaling, called the Goldstein–Taylor model
(see [12,46]), has been numerically considered by [26]: here, both the convective terms and the relaxation terms
are stiff (like for our problem), which gives additional difficulties. One of the mean ideas consists in writing
the stiff terms as source terms, then to use a splitting in time algorithm, treating the relaxation terms by an
implicit scheme and the new non-stiff convective terms by classical upwind schemes (or more accurate second
order schemes with slope limiters). Special care has been taken to assure that the scheme possess the corrective
diffusive limit. An extension of this work to more general source terms have been recently considered, in [26] for
a bi-dimensional Boltzmann–Lorentz type operator, and for the linear Boltzmann equation in [25]. Both works
are concerned with the actual diffusive regime and are both based on a splitting of the distribution into its even
and odd part, giving then a system which is treated with similar discretization than the Goldstein–Taylor model
previously described. A new difficulty arises in the Boltzmann case to solve the collision step implicitly: one
needs in fact to invert an integral operator, which is not easy to do in an efficient way. A velocity discretization
using Hermite polynomials is then performed.

It is in fact possible to adapt this method here to our problem, by first splitting f into an even and an
odd part and then using the discrete algorithm proposed in [25]. Moreover, let us point out that the implicit
treatment of the collision part is here far simpler for our model than for the Boltzmann case considered in [25].
For the continuous in time scheme, we obtain the good diffusion limit with the right coefficient of diffusion. For
the full discrete problem, we obtain the right diffusion coefficient, up to an O(h) error, like for the ε scheme
proposed in Section 4.3.

It is one of the reasons why we decided to construct a new scheme, still based on Jin-Levermore’s approach,
but where it would be possible to directly discretize f (without needing to split it into and even and an odd
part) which would be far simpler. Moreover, the splitting method proposed in [22] seems interesting in so far
the discretization with respect to the space variable is “unconnected” from the velocity one, but as the stiff
convective terms appear in the right hand side of the relaxation part, it seems that both meshes are coupled,
giving this scheme less attractive. Finally, we point out that the scheme proposed below can be also applied to
the Boltzmann–Lorentz operator with an arbitrary cross-section.
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The idea for the construction of our new scheme is based on an evaluation of the fluxes at the interface
between the two cells [xi − h/2, xi + h/2] and [xi+1 − h/2, xi+1 + h/2]. The scheme writes (4.1), with D = D1/2

defined by:

(D1/2f)i,j =
fi+1/2,j − fi−1/2,j

h
·

The idea for the evaluation of the interface values fi+1/2,j (or fi−1/2,j) is first to write (up to an O(h2) error)
the Taylor expansion of fi+1/2,j :

fi,j ' fi+1/2,j − h

2
(∂xf.,j)i+1/2, if cos θj > 0,

fi+1,j ' fi+1/2,j +
h

2
(∂xf.,j)i+1/2, if cos θj < 0,

which corresponds to a classical upwind scheme, according to the sign of the velocity. Now, in order to compute
the space gradients, we consider the following continuous equation, with respect to the space variable only, i.e.

ε∂tf + cos θ ∂xf =
1
ε
Lf,

in which we neglect the lowest order terms, with respect to ε, i.e. the O(ε) term. This gives the following
system (for simplicity, we suppose that, from now on, we never have cos θj = 0):

fi,j = fi+1/2,j − h

2ε cos θj
(Lfi+1/2,.)j , if cos θj > 0, (4.14)

fi+1,j = fi+1/2,j +
h

2ε cos θj
(Lfi+1/2,.)j , if cos θj < 0. (4.15)

In other words, the interface values satisfy:

[ (
Id − h

2ε| cos θj | L

)
fi+1/2,.

]
j

=
{

fi,j , if cos θj > 0,
fi+1,j , if cos θj < 0.

We now use the Hilbert method, expanding fi,j according to (4.2) and identifying terms of equal powers in the
kinetic equation (4.1); we get, for all i, j:

(
Lf0

i,.

)
j

= 0, (4.16)

cos θj

(
D1/2f0

)
i,j

=
(
Lf1

i,.

)
j
, (4.17)

∂tf
0
i,j + cos θj

(
D1/2f1

)
i,j

=
(
Lf2

i,.

)
j
. (4.18)

The first equation shows, as usual, that f0
i,j does not depend on j. Now, in order to solve the other equations,

we also need to expand fi+1/2,j in terms of ε. We set for all i, j

fi+1/2,j = f0
i+1/2,j + εf1

i+1/2,j + ε2f2
i+1/2,j + ...
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and identify terms of equal powers in equations (4.14, 4.15), this gives:(
Lf0

i+1/2,·
)

j
= 0, (4.19)

(
Lf1

i+1/2,.

)
j

= −
f0

i − f0
i+1/2,j

h/2
cos θj , if cos θj > 0, (4.20)

(
Lf1

i+1/2,.

)
j

=
f0

i+1 − f0
i+1/2,j

h/2
cos θj , if cos θj < 0. (4.21)

We first deduce from (4.19) that f0
i+1/2,j does not depend on j; we simply denote it by f0

i+1/2. To compute
f1

i+1/2,. from equations (4.20, 4.21), there appears a necessary condition of solvability which writes:

−

 ∑

j,cos θj>0

cos θj


 f0

i − f0
i+1/2

h
2

+


 ∑

j,cos θj<0

cos θj


 f0

i+1 − f0
i+1/2

h
2

= 0,

i.e. f0
i − f0

i+1/2 + f0
i+1 − f0

i+1/2 = 0, on account of (3.6). We deduce that f0
i+1/2 is the mean value of f0 at

points xi and xi+1, i.e. if we have

f0
i+1/2,j = f0

i+1/2 =
f0

i + f0
i+1

2
·

Injecting this expression in (4.20, 4.21), we get, for all j such that cos θj 6= 0:

(
Lf1

i+1/2,.

)
j

=
f0

i+1 − f0
i

h
cos θj ,

which gives:

f1
i+1/2,j = Yj

f0
i+1 − f0

i

h
· (4.22)

We now turn back to equations (4.17, 4.18). As (D1/2f0)i,j is independent of j, the solvability condition of
equation (4.17) is satisfied. On account of expression (4.22), we have (D1/2f1)i,j = Yj(∆hf0)i, so that the
solvability condition of equation (4.18) simply writes:

∂tf
0
i − ν(∆hf0)i = 0,

which is exactly the discrete diffusion equation we expected, with the good coefficient of diffusion ν: this scheme
seems to be the best one, which has been confirmed by numerical tests (see Figs. 5 and 6).

4.5. A finite volume interpretation of the new scheme

This new scheme can be interpreted as a generalization of the P 1 discontinuous finite elements scheme
proposed by G. Samba (see [45]) for a stationary kinetic equation of Boltzmann–Lorentz type (see also [30,39]).
But it can also be interpreted in terms of a classical finite volume scheme expressed on a refined mesh of size h/2.
We now detail this interpretation.

The aim is to explain the computation (4.14, 4.15) of the numerical flux. We first set i′ = i − 1/2 and
introduce the new discretization points xi′ = i′h and xi′+k/4 = (i′ + k/4)h, for k ∈ Z. We set:

fi+1/2,j =
1
2

[ fi′+3/4,j + fi′+5/4,j ],
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where fi′+3/4,j and fi′+5/4,j solve the following equations:

ε∂tfi′+3/4,j + cos θj

Fi′+1,j − Fi′+1/2,j

h/2
=

1
ε
(Lfi′+3/4,.)j , (4.23)

ε∂tfi′+5/4,j + cos θj

Fi′+3/2,j − Fi′+1,j

h/2
=

1
ε
(Lfi′+5/4,.)j , (4.24)

with:

Fi′+1/2,j =
1
2

[ fi′+1/4,j + fi′+3/4,j ],

Fi′+1,j =
{

fi′+3/4,j if cos θj > 0,
fi′+5/4,j if cos θj < 0.

In the same way, we also naturally have:

ε∂tfi′+1/4,j + cos θj

Fi′+1/2,j − Fi′,j

h/2
=

1
ε
(Lfi′+1/4,.)j . (4.25)

Now equations (4.23) and (4.24) give by addition:

ε∂tfi+1/2,j + cos θj

Fi′+3/2,j − Fi′+1/2,j

h
=

1
ε
(Lfi+1/2,.)j ,

or equivalently:

ε∂tfi+1/2,j + cos θj
Fi+1,j − Fi,j

h
=

1
ε
(Lfi+1/2,.)j .

We here recover the equation of evolution (4.1) expressed at the new spatial grid point xi+1/2. It remains
to find an equation for the flux Fi,j at the interface of the refined mesh. This one is obtained by summing
equations (4.23–4.25); we get:

ε∂tFi,j + cos θj
Fi′+1,j − Fi′,j

h
=

1
ε
(LFi,.)j . (4.26)

A simple computation first shows that:

Fi′+1,j − Fi′,j

h
=




2
h

[Fi,j − fi−1/2,j ] for cos θj > 0,

2
h

[fi+1/2,j − Fi,j ] for cos θj < 0.

Now, neglecting the lowest order term (with respect to ε) in (4.26), we get:

2 cos θj

h
[Fi,j − fi−1/2,j ] =

1
ε
(LFi,.)j , if cos θj > 0,

2 cos θj

h
[fi+1/2,j − Fi,j ] =

1
ε
(LFi,.)j , if cos θj < 0,
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or equivalently, for i′ = i + 1/2:

fi′,j = Fi′+1/2,j − h

2ε cos θj
(LFi′+1/2,.)j , if cos θj > 0,

fi′+1,j = Fi′+1/2,j +
h

2ε cos θj
(LFi′+1/2,.)j , if cos θj < 0,

i.e. we exactly recover formulae (4.14, 4.15) at the new grid point xi′ .

5. The time discretization

We now present the discretization in time. We first remark that it is of no use to apply a splitting in time
method. In fact, for the first time step, the collision part

ε∂tf =
1
ε
Lf

would project on the constants with respect to the velocity angle θ, and the transport part

ε∂tf + cos θ∂xf = 0

would project on the constant with respect to the position variable x. Thus, in two time steps we will find a
constant function (and not the good diffusion equation). The fact that splitting also fails in the diffusion limit
is not surprising and we also refer to the Section A.2 where a similar problem occurs for the directional splitting
in the multi-dimensional case.

On the other hand, when using an explicit scheme, we get time step restrictions. Due to the diffusive scaling
of the equation (1.1), the time step stability condition associated with the transport term is of the form

∆t ≤ ε∆x, (5.1)

since the velocities are of modulus smaller than 1, whereas the time step condition for the collision part reads:

∆t ≤ τε2(∆v)2, (5.2)

where τ is the collision time (equal 1 in this paper). Since the aim of the studied schemes is to be used for
arbitrary small values of ε, the cost of such explicit schemes will be prohibitive especially due to the collision
part.

Therefore, we shall always use implicit schemes for the collision part. For the transport part, we can use
either fully explicit scheme (with the restriction given by (5.1)), semi-implicit scheme (for example using the
ε-scheme described in Sect. 4.3) or a fully implicit scheme. More precisely, in the semi-implicit scheme, we
implicit the collision and (1 − ε)Dc, the first part of the transport, and treat explicitly the upwind transport
part εDu. This leads us to a stability condition of the form ∆t ≤ ∆x.

From numerical point of view, the semi and fully implicit scheme requires to invert Nx ×Nθ matrices where
Nx (respectively Nθ) is the number of point in the discretization with respect to x (respectively v).

6. Numerical results

The numerical tests are devoted to verify that the proposed discretization gives the right diffusion coefficient.
We consider an initial data equal to a Dirac measure in x and uniform in θ or concentrated in θ (but this latter
choice does not change the solutions when ε → 0):

f(x, θ, t = 0) = δx=0 or f(x, θ, t = 0) = δx=0δθ=0.
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Figure 3. Centered scheme.

For such initial data, the solution fε of problem (1.1) behaves when ε → 0 as the solution f0 of the heat
equation, which is given by:

f0(x, t) =
1√

4πνt
exp

(
− x2

4νt

)
.

In particular, the second moment of the solution is close to that of a Gaussian∫
fε(t, x, θ)x2dxdθ ∝ 2νt.

In other words, the evolution of the second moment of fε becomes linear in time as ε → 0 with a slope related
to the diffusion coefficient of the limiting diffusive equation.

In the results presented here, we use the four velocities case presented in Section 3.2 for a given angle θ0.
Here, and also in the following figures, ε = 0.001, the numerical scheme is implicit in time, ∆x = 40, ∆θ = 4,
∆t = 0.01 and time equal to 1 (i.e. 100 iterations).

In Figure 3, we plot the particle density n(x, t),

n(x, t) =
∫

f(x, θ, t) dθ,

for the centered scheme. In particular, there are underlined the numerical oscillations due to the non-coupling
between the odd and even meshes. Finally, the dotted line is a post-treated curve giving the mean values of
n(x, t) between two successive meshes.

The density n(x, t) for the ε-scheme is plotted in Figure 4. We remark that the numerical oscillations in
Figure 3 are smoothened by the effect of the upwind scheme. The difference between the diffusion coefficient in
the ε-scheme and the centered scheme is not remarkable due to the fact that h = ∆x is small. The continuous
line corresponds to the “optimal” angle computed for the nonuniform grid with four points, while the dotted
line corresponds to the density n(x, t) computed for the angle θ0 = π/6.

In Figure 5, we plot the density n(x, t) for the modified Jin-Levermore scheme. The numerical oscillations
have disappeared, and the diffusion coefficient is exactly the same that in the centered scheme. The continuous
line corresponds to the “optimal” angle computed for the nonuniform grid with four points, while the dotted
line corresponds to an angle equal to π/6.
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Figure 4. ε-scheme.
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Figure 5. Modified Jin-Levermore scheme.

In Figure 6, we compare the two densities in the case of the centered scheme (the means value curve) and in
the case of the modified Jin-Levermore scheme. We note that the Dirac mass has diffused in the same way, as
it was attended from the previous analysis.

In Figure 7, we plot the curves of the diffusion coefficient ν(θ) computed from the second moment, when θ
is varying. We compare the result found for the exact solution of the heat equation with the one obtained by
means of the modified Jin-Levermore scheme. Both the curves intersect the value 1/2 for the optimal value of
the angle θ0 = 0.864.

In Figure 8 we plot the density n(x, t) for four different values of ε at time 1. For small values of ε (0.01 and
0.00001) the curves are indistinguishable. For “large” values of ε (larger than 1) , the solution is very close to
the initial data. For intermediate values (ε = 0.5), one observes the splitting of the initial delta measure into
two picks: one moving to the right the other to the left, as expected in such kinetic model.

Finally, in Figure 9 we plot the diffusion coefficient curves in function of ε = 0.01, . . . , 0.1 for three different
values of the discretization angle θ0 = π/6, π/3, 0.864. We note that for θ0 = 0.864 (which is the angle computed
by Maple for the non-uniform four points discretization) the diffusion coefficient ν is close to 1/2 when ε = 0.01.



650 C. BUET ET AL.

1.0 4.9 8.8 12.7 16.6 20.5 24.4 28.3 32.2 36.1 40.0

0.00

0.69

1.38

2.06

2.75

3.44

4.12

4.81

5.50

+ + + + + + + +
+ +

+ +

+ +

+ +

+ +

+ +

+ +

+ +

+ +

+ +

+ +
+ + + + + + + + + +

Centered +
 Jin-Levermore

Figure 6. Modified Jin Levermore-centered scheme.

0.150 0.329 0.507 0.686 0.864 1.043 1.221 1.400

0.00

0.42

0.83

1.25

1.67

2.08

2.50

numerique
 exacte
D=0.5

0.150 0.329 0.507 0.686 0.864 1.043 1.221 1.400

0.00

0.42

0.83

1.25

1.67

2.08

2.50

numerique
 exacte
D=0.5

0.150 0.329 0.507 0.686 0.864 1.043 1.221 1.400

0.00

0.42

0.83

1.25

1.67

2.08

2.50

numerique
 exacte
D=0.5

Figure 7. Diffusion coefficient w.r.t. θ.

7. Conclusions

We first remark that in the ε scheme proposed in Section 4.3, it is possible to replace the upwind scheme by
the modified Jin-Levermore scheme of Section 4.4, that has all the required properties for ε ≤ h. On the other
hand, if ε ≥ h, then the upwind scheme seems sufficient. Thus, the ultimate choice for the discretization in
space is, for example,

D = max(0, 1 − ε/h)D1/2 + min(1, ε/h)Du. (7.1)

Let us emphasize that every method leading to the good diffusion equation (see for example [15,24–26]), requires
the inversion of a huge (but sparse) matrix, of size Nx × Nθ where Nx is the number of discretization points
in space and Nθ is the number of discretization points in velocity. In fact, one needs implicit schemes in order
to avoid too restrictive time step condition in terms of ε, and a splitting of space and velocity is not possible.
Indeed, for all these methods in order to compute the fluxes we must solve a stationary problem (see for example
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Figure 9. Diffusion coefficient ν versus ε.

equation (2.3)) of the type:

v · ∇xf0 = L (
f1

)
.

Such a problem is necessarily multi-dimensional, i.e. one cannot split space directions x and velocity variables v.
We also remark that there is no non-trivial hydro-dynamical limit (see Sect. A.1). Moreover, the bi-dimensional
case with respect to the space variable can be treated by a similar approach but the directional splitting does
not give the good diffusion coefficient (see Sect. A.2). Nevertheless, the finite volume approach described in
Section 4.5, could be a way to design a fully multi-dimensional asymptotic preserving scheme.

Some questions remain open:

– Take into account boundary condition (or equivalently bounded region in x): as in [13,22–24], the solution
has a boundary layer as ε → 0 which is treated using extrapolation length.

– Generalize to a non uniform grid in space and analyze the two dimensional case (in space) with unstruc-
tured meshes, or other geometries with for example spherical or axial symmetry.
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– Consider inelastic collisions or force fields that couples the kinetic energy level i.e. consider a distribution
function depending of the kinetic energy.

– Numerical test with regions where transport dominates (ε � 1) and other highly collisional (ε � 1) are
needed in order to validate the choice proposed in (7.1).

– Study the positiveness and other properties of the solution when using Hilbert expansion method.

A. Appendix: some final remarks

A.1. Hydro-dynamical limit

Consider the Boltzmann kinetic equation at a hydrodynamic regime:

∂tf + cos θ∂xf =
1
ε
L(f).

Is it possible to make the same analysis as for the diffusion regime. We begin by the continuous level with
L(f) = ∂2

θθf . Expanding f in powers of ε, and identifying the equal orders, we get:

0 = L (
f0

)
, (A.1)

∂tf
0 + cos θ∂xf0 = L (

f1
)
, (A.2)

∂tf
1 + cos θ∂xf1 = L (

f2
)
. (A.3)

Then solving equation (A.1) gives that f0 is independent on the θ variable: f0 = f0(x, t). The solvability
condition for equation (A.2) reads:

2π∂tf
0 +

∫ 2π

0

cos θ ∂xf0 dθ = 0,

which implies f0 independent on t, too. Thus, f0 = f0(x) and f1 = f1(x, θ) = − cos θ ∂xf0. Finally, the
solvability condition for equation (A.3) is given by:

∫ 2π

0

−(cos θ)2 ∂2
xxf0 = 0,

which first gives f0 = C′x + C but, thanks to the behavior at infinity, we finally get f0 = C; we also deduce
that f1 = 0. Thus, it shows that the hydro-dynamical limit is trivial.

A.2. Bi-dimensional case

Let us consider a two dimensional case. We shall show that a directional splitting is not suitable since it
leads to a wrong diffusion coefficient. We shall present the analysis on the simplest, centered case.

We denote by i the index for the x position variable, by k the index for the y position variable. For simplicity,
we shall consider only the discretization with respect to the position variables x and y, keeping the velocity θ
and the time t at a continuous level. Applying a centered scheme to the kinetic equation, leads to:

ε∂tfi,k + cos θD1fi,k + sin θD2fi,k =
1
ε
Lfi,k, (A.4)

where

D1fi,k =
(

fi+1,k − fi−1,k

2∆x

)
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and

D2fi,k =
(

fi,k+1 − fi,k−1

2∆y

)
·

Performing the Hilbert expansion method with

fi,k = f0
i,k + εf1

i,k + ε2f2
i,k,

we get at the order ε−1:

fi,k = f0
i,k = ρi,k , independent on θ.

Then at the order ε0 we obtain:

cos θD1f0
i,k + sin θD2f0

i,k = Lf1
i,k, (A.5)

which gives:

f1
i,k = − cos θD1f0

i,k − sin θD2f0
i,k.

Finally, at the order ε1, we have:

∂tf
0
i,k + cos θD1f1

i,k + sin θD2f1
i,k = Lf2

i,k

and integrating with respect to θ and replacing f1 by (A.5), this yields to the diffusion equation on a double
mesh:

∂tρi,k − 1
2

(
ρi+2,k + ρi−2,k − 2ρi,k

(2∆x)2

)
− 1

2

(
ρi,k+2 + ρi,k−2 − 2ρi,k

(2∆y)2

)
= 0.

Still this discretization has the same problems of the one in the one-dimensional case: it does not couple the
odd and even grid points of the mesh.

We remark also that the same analysis of the modified Jin-Levermore scheme can be performed when using a
rectangular structured mesh but it is much more complicated with a general mesh, see [18,19,45] for works in this
direction. Finally, it seems that a directional splitting (alternative directions) for the modified Jin-Levermore
scheme leads to a wrong diffusion coefficient. Indeed, (A.4) can be splitted in two parts:

ε∂tfi,k =
(
− cos θD1fi,k +

1
2ε

Lfi,k

)
+

(
− sin θD2fi,k +

1
2ε

Lfi,k

)
.

The first bracket corresponds to the derivative with respect to x and half of the collision, the second bracket
corresponds to the derivative with respect to y and half of the collision. Then, using a splitting, one solves the
first part which gives when ε tends to zero, the diffusion equation in x with coefficient νx = 1/4, instead of 1/2.
Thus, in order to recover the right diffusion coefficient one may not use a directional splitting.
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Abstract In this paper, we present a new discretization of the Kompaneets
equation. This equation can be derived from the Quantum Boltzmann equation
for cross sections localized around small changes in the energy. The two collision
operators share the same properties (conservation, entropy and steady states).
The numerical methods are designed in order to preserve these properties which
insures the correct long time behaviour. A supplementary difficulty arises for
initial data with a density larger than a critical one, associated with a Planck
distribution. In this case, the equilibrium state are the sum of a smooth Planck
distribution plus a Delta measure on zero energy. The scheme is able to deal with
this singularity.

1 Introduction

We are interested in the dynamics of a low energy, homogeneous and isotropic
photon gas that interacts via Compton scattering with a low energy electron gas
in thermodynamical equilibrium.

In this paper, we first review the main properties of the Quantum Boltzmann
equation (QBE) and its ”grazing” collision limit that is called the Kompaneets
equation (which is a Fokker-Planck like equation). We will recall recent result of
Escobedo and Mischler [EM,EM2] about the equilibrium state of such equation
that behaves under some conditions as a ”concentration near the origin” (section
2).
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In section 3.1, we present a numerical scheme for the QBE that preserves the
properties of the equation described above.

Then, we present a numerical scheme for the Kompaneets equations that has
the same properties i.e. are compatible with all the properties of the continuous
equation. This allow us to observe the ”concentration” phenomena. We present
two ways for deriving this scheme . The first way is based on the asymptotic
that transform the QBE into the Kompaneets equation at the discrete level. The
second one is based on the same ideas as the Chang-Cooper paper [CC] . These
two methods lead surprisingly to the same scheme up to a multiplicative constant
(that goes to 1 when the mesh is refined) and this fact allows us to use either
method usually devoted to Boltzmann like equation (e.g. entropy decay) or to
Fokker-Planck type equation (Maximum principle).

We shall also deal with the difficulty due to the mass concentration phenom-
ena. For this, we shall defined generalized Bose-Einstein distribution function
(with negative value of ν) that converge (when the mesh is refined) toward the
Planck distribution plus a Dirac measure at origin.

We then illustrate the schemes on the following result by Escobedo et al. [E3]
: even if the initial density is smaller than the Planck one, the solution of the
Kompaneets equation (with the boundary conditions) is not always global in time
(on the contrary, the solutions of the QBE are well defined for any time) provided
that the initial density (arbitrary small) is close enough to the origin. This is due
to a balance between the ”Burgers” term (with a negative velocity that push the
particle toward the origin and the diffusion term that spreads the solution. We
shall observe this ”blow-up” in finite time.

This paper is related to previous works of the authors on the Boltzmann
or Fokker-Planck-Landau operator [BCDL,BC] . In these papers, numerical
discretizations are designed in order to be compatible with relevant physical
properties such as conservation laws and entropy decay using Discrete Veloci-
ties Method. These methods allow to insure the correct large time behaviour
i.e. the trend to thermodynamical equilibrium. The numerical efficiency of the
proposed algorithms have been tested also for the non homogeneous case (where
the distribution function depend on the space variable too) in a paper by the
authors and F. Filbet [BCF] .

2 Quantum Boltzmann and Kompaneets Equa-

tion

In this section, we briefly present the equation we are interested in, namely
the Quantum Boltzmann equation and its ”grazing” limit the so called Kom-

2



paneets equation. We refer to [K] for the original paper on these equations and
to [EM,EM2] for a more recent and mathematical presentation.

2.1 The Quantum Boltzmann Equation

We consider an isotropic and homogeneous photon gas scattered by cold electrons
at thermodynamical equilibrium. The distribution function of the photons f
depends on time and on the energy variable k : f(k, t) represents the number
of photons that have energy k ≥ 0 at time t ≥ 0. This function f obeys to the
following scaled quantum Boltzmann equation (QBE)

k2 ∂f

∂t
=

∫ ∞

0

b(k′, k)(f ′(1 + f) exp(−k) − f(1 + f ′) exp(−k′))dk′, (2.1)

where we omit the variable k and t for simplicity and f ′ as usual denotes f(k′, t).
The so called cross section b - positive and symmetric- is related to the probability
for a given particle at energy level k to be scattered to the energy level k ′. The
exponential terms represents the distribution function of electrons. Defining g =
k2f , equation (2.1) can be rewritten as

∂g

∂t
=

∫ ∞

0

b(k′, k)(g′(k2 + g) exp(−k) − g(k′
2
+ g′) exp(−k′))dk′, (2.2)

Let us define the function h of two variable as

h(g, k)
def
=

g

k2 + g
. (2.3)

In the reminder, we shall also note h = h(g, k) = h(g(k), k). Using this notation,
the QBE equation (2.2) reads in the more symmetric form

∂g

∂t
=

∫ ∞

0

b(k′, k)ekek′

(k2 + g)(k′
2
+ g′)(h(g′, k′)ek′

− h(g, k)ek)dk′, (2.4)

In the reminder of the paper, we write QB for the Quantum Boltzmann operator
defined above as the right hand side in (2.4).

Multiplying (2.4) by a test function Ψ(k), integrating over k and replacing k
by k′, we have the weak symmetrized formulation of the QB operator

∫ ∞

0

∂g

∂t
Ψ(k)dk =

1

2

∫ ∞

0

∫ ∞

0

(Ψ(k) − Ψ(k′)) b(k′, k)e−ke−k′

(2.5)

(k2 + g)(k′
2
+ g′)(h(g′, k′)ek′

− h(g, k)ek)dk′dk.

3



Using this weak formulation, one obtains easily the unique law of conservation
for the QBE, that is the conservation of the total density

N
def
= N(g) =

∫ ∞

0

gdk,
d

dt
N(g) = 0. (2.6)

The second main property of the QBE is the decay of entropy. We first define
the function s(x, k) of two variables as

s(x, k)
def
= x log(x) + k2 log(k2) + kx− (k2 + x) log(k2 + x),

and thefunctional entropy, H as

H(g)
def
=

∫ ∞

0

s(g(k), k)dk (2.7)

Then, H decays in time
d

dt
H ≤ 0.

This property, so called H-theorem can be easily checked, at least formally, on
the weak formulation of the QBE. Indeed, we have

d

dt
s(g(k), k) = log

(

g exp(k)

k2 + g

)

d

dt
g(k).

Hence, the result is obtained by choosing

Ψ(k) = log(h(g, k) exp(k)) = log

(

g exp(k)

k2 + g

)

.

in the weak form (2.5) using that b ≥ 0.

2.2 The Kompaneets equation

When the cross section b concentrates on small modification of the energy (this
asymptotic can be related to the grazing collision limit of the classical Boltzmann
equation, see [DV] ), one obtains a Fokker-Planck type equation that has first
been derived by Kompaneets in [K] . This equation shares the same properties
(total density, N , conservation and entropy decay) with the QBE. Let us refer to
[EM2] for recent mathematical work on this equation. It is proved that solution
of the QBE tends to the solution of the Kompaneets equation which we shall now
describe.

In this ”grazing” collision limit, which is detailled in the above reference and
presented at a discrete level in section 3.2.1, the QBE becomes

∂tf(k, t) = k−2∂k(k
4(f + f 2 + ∂kf)), (2.8)
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i.e. the sum of a convective term, a Burgers like nonlinear term and a diffusive
term with weights k2 and k4. This so called Kompaneets equation (denoted by
K equation in this article) can be equivalently written as

∂tf(k, t) = k−2∂k

(

k4(1 + f)2(
f

1 + f
+ ∂k

f

1 + f
)

)

. (2.9)

A third expression of the Kompaneets equation reads

∂tg = ∂k

(

exp−(k + µ)(g + k2)2∂k
h(g, k)

h(Bµ, k)

)

, (2.10)

where we use g = k2f , h defined by (2.3) and the so called Bose-Einstein state
(see section 2.3)

Bµ(k)
def
=

k2

exp(k + µ) − 1
, (2.11)

for µ ≥ 0. This is easily checked using the identity h(Bµ(k), k) = exp−(k + µ).

The properties of this equation can be verified on its weak formulation. Mul-
tiplying (2.10) by a test function Ψ(k) and integrating over k, we have the weak
formulation of the Kompaneets equation

∫ ∞

0

∂g

∂t
Ψ(k)dk =

∫ ∞

0

∂kΨ(k) exp−(k + µ)(g + k2)2∂k
h(g, k)

h(Bµ, k)
dk. (2.12)

The H functional entropy (resp. N total density) defined by (2.7) (resp. by
(2.6)) is decaying (resp. constant) as it can be checked using Ψ = log(h(g, k) exp(k))
(resp. Ψ = 1) in the above weak form.

As usual (see [BC,BCF,BCDL] ), the formulations are (formally) equivalent
at the continuous level. This is no more the case once discretized : the properties
of the discretized equation will depend of the form which is discretized.

2.3 Entropy and equilibrium states

Let us now turn to the equilibrium states or stationary solutions of QB or K
equations. Such functions should minimize the entropy H for a fixed total den-
sity N . The function s being concave with respect to its first variable, it is easy
to find the minimum as zero of its derivative (with respect to x) for any fixed k.
This gives the so-called Bose-Einstein distribution Bµ(k), defined by (2.11), with
µ. The coefficient µ has to be positive in order that the density is finite i.e. the
function Bµ is integrable. The limit case µ = 0 is related to the Planck distribu-
tion. This parameter µ is a function of the density - we denote by Nµ = N(Bµ)-
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and this function is decreasing since the Bose-Einstein states are ordered : if
µ < ν then Bµ > Bν. The application µ 7→ Nµ maps [0,∞) into ]0, N(B0)].

Thus, there is a critical or maximal density N0 = N(B0) that corresponds to
the Planck distribution ν = 0. For any initial density with a density greater than
N0, there is no classical equilibrium state. Caflisch and Levermore prove in [CD]
that, in this case, the minimum of entropy is realized by the Planck distribution
B0 plus a Dirac measure located at k = 0, δ0, that does not change the value of
the entropy H i.e. H(B0 + αδ0) = H(B0).

We summarize these results in the following H-theorem for the QB or the K
equation:

Theorem 2.1 For any positive weak solution of QB or K equation with initial
data g0, one has d

dt
H(g) ≤ 0 with equality if and only if g = M , the equilibrium

state M being defined by

• if N(g0) ≤ N0 then M = Bµ with µ ≥ 0 such that N(g0) = N(Bµ)

• if N(g0) > N0 then M = B0 + (N(g0) −N0)δ0

For the details and the proof of this result we refer to [CD,EM,EM2] .

Escobedo and Mischler study the evolution problem and prove the conver-
gence in large time of the (weak) solution of QBE toward these equilibrium states
starting from smooth initial data. More precisely, they prove that, in the second
case i.e. for an initial density larger than the critical one, the regular part of the
solution converges to the Planck distribution (in L1(ε,∞) for any ε > 0) and the
reminding part of the density condensates near the origin.

Let us precise the result for the Cauchy problem associated with the QB or
the K equation with an initial data g0 ∈ S defined by

S = {g ∈ L1
[0,∞[ ∩ L

∞
[0,∞[, kg ∈ L1

[0,∞[g log(g) ∈ L1
[0,∞[}.

The existence and uniqueness for the QBE in this space is proved in [EM,EM2]
. However, this hypothesis for g0 is not sufficient to guarantee the existence of a
global positive solution for the K equation. Blow up in finite time can occur even
if N(g0) ≤ N(P ). A sufficient condition to ensure existence of global in time,
positive solution is that g0 ≤ P .
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We also use another form of the entropy, so called relative entropy. We note
H(g|M) = H(g) −H(M) with M the equilibrium state associated with g0 ∈ S,
defined in the theorem 2.1. A simple calculation gives

H(g|M) =

∫

(

g log(g/M) − (k2 + g) log((k2 + g)/(k2 +M))
)

dk. (2.13)

2.4 A Maximum principle and a Czizar-Kullback like in-

equality

We first prove a maximum principle for positive and global solutions g ∈
C1([0,∞[, S) for the QB or the K equation. Our result can be stated as

Lemma 2.1 Let g ∈ C1([0,∞[, S) such that the H-theorem holds i.e. the func-
tional defined by (2.7) decays

• if there exists µ such that α
def
= sup h(g0,k)

h(Bµ,k)
< +∞ then sup h(g,k)

h(Bµ,k)
≤ α.

• if there exists µ such that h(g0,k)
h(Bµ,k)

≥ 1 then h(g,k)
h(Bµ,k)

≥ 1.

Using that for any µ ≥ 0, h(Bµ, k) = exp−(k + µ), we can write the QBE
(2.5) as

∫ ∞

0

∂g

∂t
Ψ(k)dk =

1

2

∫ ∞

0

∫ ∞

0

(Ψ(k) − Ψ(k′)) b(k′, k) exp−(k + µ) exp−(k′ + µ)

(k2 + g)(k′
2
+ g′)(

h(g′, k′)

h(Bµ, k′)
−

h(g, k)

h(Bµ, k)
)dk′dk. (2.14)

and the K equation as (2.12) These weak formulations are useful to prove the
decay of the relative entropy. The proof of this Lemma is postponed in Appendix
A.

Note that in the first case ( sup h(g0,k)
h(Bµ,k)

< +∞ ) the solution behaves as

g ∼ Ck2 exp(−k) for sufficiently large k.

Remark 2.2 This result gives an upper bound of the solution only for k >
max(0, log(α)).

For some special cases we deduce the following corollary

Corollary 2.3 If g ∈ C1([0,∞[, S) and if there exist µ1 and µ2 such that Bµ2 ≤
g0 ≤ Bµ1 then Bµ2 ≤ g ≤ Bµ1 .
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Proof. We have just to prove the second inequality since the first is exactly the
second part of Lemma 2.1. Since the function h(g, k) is monotone in g for fixed
k, we have

h(g0, k)

h(Bµ1 , k)
= α ≤ 1.

Lemma 2.1 gives h(g, k) ≤ h(Bµ1 , k) and using again the fact that h(g, k) is
increasing in the variable g the result follows.

Concerning the trend to equilibrium, we prove the following Czizar-Kullback
like inequality

Lemma 2.2 If g ∈ C1([0,∞[, S) and sup h(g0,k)
h(B0,k)

< +∞ then for any k0 > 0

there exists a constant C depending only on k0,N(g0) and sup h(g0,k)
h(B0,k)

such that

‖g −M‖L1
[k0,∞[

≤ CH(g|M)
1
2 .

Proof. The proof is divided in two parts, one part for ”small” k and the second
one for ”large” k. The entropy H(g|M) is defined by (2.13). Using the identities

1 − h(g, k) = k2

g+k2 and 1−h(M,k)
1−h(g,k)

= k2+g
k2+M

, we can rewrite H as

H(g|M) =

∫

(k2 + g)

(

h(g, k) log
h(g, k)

h(M, k)
+ (1 − h(g, k)) log

1 − h(g, k)

1 − h(M, k)

)

dk.

Then, using the inequality, see [kullback,]

p1 log(
p1

p2
)+(1−p1) log(

1 − p1

1 − p2
) ≥ 2(p1−p2)

2 +
3

4
(p1−p2)

4 ≥ 2(p1−p2)
2, (2.15)

which holds for any 0 ≤ p1 ≤ 1 and 0 ≤ p2 ≤ 1, for p1 = h(g, k) and p2 = h(M, k),
we obtain

H(g|M) ≥ 2

∫

(k2 + g)

(

g

k2 + g
−

M

k2 +M

)2

dk.

Note that

(k2 + g)

(

g

k2 + g
−

M

k2 +M

)2

=
k4|g −M |2

(k2 + g)(k2 +M)2
.

Then, for any k0 > 0 and R > k0, we obtain using Cauchy-Schwarz inequality

∫ R

k0

|g−M |dk ≤

(
∫ R

k0

(k2 + g)(k2 +M)2

k4
dk

)1/2(∫ R

k0

k4|g −M |2

(k2 + g)(k2 +M)2
dk

)1/2

.
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It is easy to check that there exists C1 > 0 such that

(
∫ R

k0

(k2 + g)(k2 +M)2

k4
dk

)1/2

≤ C1(k0, R,N(g0)),

with C1(k0, R) which goes to +∞ as k0 → 0 or R → ∞. Thus, we have

∫ R

k0

|g −M |dk ≤ C1(k0, R,N(g0))H(g|m). (2.16)

We now consider the case of ”large” k. Define y(t) as

y(t) = H(M t), M t def
= M + t(g −M).

Thus

y′(t) =

∫

k≥0

(g −M)∂gs(M
t)dk,

and using M t=0 = M , which is the minimum of s, we have y′(t = 0) = 0,

y′′(t) =

∫

k≥0

(g −M)2∂ggs(M
t)dk =

∫

k≥0

k2(g −M)2

M t(M t + k2)
dk.

Using now the Taylor’s formula with integral reminder gives us

y(t) = H(M) +
1

2

∫ 1

0

(1 − z)

∫

k≥0

k2(g −M)2

M z(M z + k2)
dk dz

Using M t = M + t(g −M) ≤ M + g, we obtain

y(t) ≥ H(M) +
1

2

∫

k≥0

k2(g −M)2

(M + g)(M + g + k2)
dk

that is, by taking t = 1 i.e. M t=1 = g and y(t = 1) = H(g)

∫

k≥0

k2(g −M)2

(M + g)(M + g + k2)
dk ≤ 2H(g|M).

Using again Cauchy-Schwarz inequality, for all R ≥ 0

∫

k≥R

|g−M |dk ≤

(
∫

k≥R

(M + g)(k2 +M + g)

k2
dk

)1/2(∫

k≥R

k2|g −M |2

(M + g)(g + k2 +M)
dk

)1/2

,

and
∫

k≥R

(M + g)(k2 +M + g)

k2
dk =

∫

k≥R

(g +M)dk +

∫

k≥R

(g +M)2

k2
,
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the first term of the r.h.s. is bounded by 2N(g0). For the second term, since

we have assumed that α = sup h(g0,k)
h(B0,k)

< +∞, and using lemma 2.1, we have

sup h(g,k)
h(B0,k)

< α and, for k > max(log(α), 0), we have g ≤ αk2 exp(−k)
1−α exp(−k)

. Choosing

R > log(α) there exists a constant C2 = C2(N(g0), R) such that

∫

k≥R

|g −M |dk ≤ C2

(
∫

k≥R

k2|g −M |2

(M + g)(g + k2 +M)2
dk

)1/2

,

which gives us
∫

k≥R

|g −M |dk ≤ C2H(g|M)1/2. (2.17)

Using R = α in (2.16) and in (2.17), we have

||g −M ||L1
[k0,∞[

≤ CH(g|M)1/2,

with C = C(k0, N(g0), sup h(g0,k)
h(P,k)

) = max(C1, C2) as we claimed.

Remark 2.4 It can be checked that the constant C = C(k0, N(g0), sup h(g0,k)
h(P,k)

)

blows up as k0 tends to 0. However if there exists µ such that g0 ≤ Bµ and µ > 0,
then by means of the corollary 2.3, g ≤ Bµ. This implies that g+M

k2 is bounded
by 1

exp(k+µ)−1
which is L1 and this is still true with k0 = 0 and thus the constant

only depends on the initial data C = C(g0).

In some case, the entropy permits to control the trend of g toward M .

Lemma 2.3 For initial data such that g0 < B0, the solution of the K equation
verifies limt→+∞H(g|M) = 0

Proof. We know that for such initial data that there exists a global in time
positive solution, [EM,EM2] . Thus, H(g|M) is well defined at any time,
C1 in t, monotone decreasing and positive. Thus, there exists a ≥ 0 such
that limt→+∞H(g|M) = a and an increasing sequence tn → ∞ such that
H ′(gn|M)(tn) → 0, with gn = g(tn), as n→ ∞.

Since for all n, gn ≤ B0, using Dunford-Pettis theorem, up to an extraction
gn → ḡ, in the sense of measures and ḡ is such that H ′(ḡ|M) = 0, that is ḡ = M .
We can also prove that, up to an extraction, {gn} is bounded in W 1,1

[k0,∞[, for any
k0 > 0. The K equation can be written as

∂g

∂t
=
∂F

∂k
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with F defined by F = (k2 − 2k)g + g2 + k2 ∂g
∂k

. Thus

∂g

∂k
=

1

k2

(

F − (k2 − 2k)g − g2
)

,

and then
∫ +∞

k0

|
∂g

∂k
|dk ≤

∫ +∞

k0

1

k2
|F |dk +

∫ +∞

k0

1

k2
|(k2 − 2k)g + g2|dk. (2.18)

Since g ≤ B0, the second term of the r.h.s. of the above inequality (2.18) is
clearly bounded by a constant which does not depend on k0. Using Cauchy-
Schwarz inequality, we have

∫ +∞

k0

1

k2
|F |dk ≤

(
∫ +∞

k0

1

k2

g(k2 + g)

k4
dk

)1/2 (∫ +∞

k0

1

k2

F 2

g(k2 + g)
dk

)1/2

.

Let us now consider the production of entropy

dH

dt
=

∫

k

log

(

h(g)

h(B0)

)

dg

dt
dk.

Then, using
∂g

∂t
=
∂F

∂k
and integrating by parts, one get

dH

dt
=

∫

k

∂k

(

log(
h(g)

h(B0)
)

)

Fdk,

or, using the definition (2.3) of h,

dH

dt
= −

∫ +∞

0

1

k2

F 2

g(k2 + g)
dk,

and then
∫ +∞

k0

1

k2
|F |dk ≤

(
∫ +∞

k0

g(k2 + g)

k4
dk

)1/2

‖
dH

dt
‖1/2.

Using one more time g ≤ B0, one can also verify that

∫ +∞

k0

1

k2

g(k2 + g)

k4
dk,

is bounded by a constant which depends only of k0. The result can be summarized
as,for each k0 there exist two constants C1 and C2(k0) such that

∫ +∞

k0

|
∂g

∂k
|dk ≤ C1 + C2(k0)‖

dH

dt
‖1/2.
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By construction, the sequence gn is such that H ′(g) tends to zero. Thus, the
sequence H ′(gn) is bounded and thus for any k0 > 0, the sequence gn is bounded
in W 1,1

[k0,∞[.

Now by means of this estimate, Helly theorem and diagonal extraction, up to
an extraction we have gn → M a.e.. One can also easily check that if 0 ≤ g ≤
B0 then |s(g, k)| ≤ |s(B0, k)| and s(B0, k) is indeed in L1([0,∞[). Thus, using
Lebesgue dominated convergence theorem

lim
tn→+∞

H(gn) = H(M),

that is a = 0.

3 Semidiscretization

Let us now turn to the discretization in the energy variable of the QB and of the
K equation. We consider an uniform grid in k denoted by

ki = ih

for i = 0 · · ·n, with k0 = nh.

3.1 Semidiscretization for the QBE

We shall detail the scheme for two asymptotic cross sections, the uniform one
and the grazing or concentrated one.

Let us recall the QBE, once restricted to a bounded domain

∂g

∂t
=

∫ k0

0

b(k, k′)((k2 + g)e−kg′ − (k′
2
+ g′)e−k′

g)dk′. (3.1)

and the associated symmetrized weak formulation reads

∫ k0

0

Ψ
∂g

∂t
=

1

2

∫ k0

0

∫ k0

0

b((k2 + g)e−kg′ − (k′
2
+ g′)e−k′

g)(Ψ − Ψ′)dk′dk, (3.2)

for any test function Ψ. The discretization of (3.1) is based on a standard quadra-
ture formula for the above integral

∂gi

∂t
= h

N
∑

j=0

b(ki, kj)
(

gj(k
2
i + gi)e

−ki − gi(k
2
j + gj)e

−kj
)

. (3.3)

12



This gives a numerical method that is conservative and entropy decaying. Indeed,
from (3.3) we have the discrete analogue of (3.2)

N
∑

i=0

Ψi
∂gi

∂t
=
h2

2

N
∑

i=0

N
∑

j=0

b(ki, kj)gigj

(

(k2
i + gi)e

−ki

gi
−

(k2
j + gj)e

−kj

gj

)

(Ψi − Ψj).

(3.4)
Then, using the above weak discretized formulation, we obtain the discrete
version of the H-theorem for the QBE with the discrete entropy defined by
H(g) = h

∑N
i=0 s(gi, ki), that is dH

dt
≤ 0. By construction Bose-Einstein functions

are equilibrium points of the discrete QBE. The relations defining the discrete
equilibrium states, dH

dt
= 0, imply that (with Pi = (B0)i)

• h(gi,ki)
h(Pi,ki)

=
h(gj ,kj)

h(Pj ,kj)
for all i, j > 0.

• g0

(

gj − exp(−kj)(k
2
j + gj)

)

= 0, for all j.

If g0(t = 0) = 0, one can check on (3.3) that g0(t) = 0 for all t and, in
this case, the equilibrium states M associated to g are Bose-Einstein function
Bµ eventually with µ negative. This fact happens, as we will see also for the K
equation, in the case of N(g0) > N(B0).

If g0(0) 6= 0, the situation is quite different: if N(g0) ≤ N(B0) then necessarily
M = Bµ with a positive µ, which implies that limt→+∞ g(k = 0, t) = 0, and, if
N(g0) > N(B0), then M = B0 +αδ0 with α = N(g0)−N(B0) (this is not proved
because M0 = 0 and M = Bµ with negative µ is also a possible equilibrium state
for the differential system).

These nonlinear ordinary differential systems can be very simplified in the
two particular cases of uniform and concentrated cross sections.

3.1.1 Uniform cross section

When b(k, k′) = b̄(k)b̄(k′), the evaluation of the double integral (3.2) reduces to
two (simple) moments :

∂g

∂t
=

(
∫ k0

0

b̄(k′)g′dk′
)

b̄(k)(k2 + g)e−k −

(
∫ k0

0

b̄(k′)(k′
2
+ g′)e−k′

dk′
)

b̄(k)g.

(3.5)
Note that this expression is compatible with the measure values solution of the
form g = greg + αδ0 considered in [EM2] (which satisfied a system of equation
for both greg(k, t) and α(t), described in [EM] ). One replaces the integral by a
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discrete sum. Assume b̄(k) = 1 for example (as in [EM2] ). Let us note M0 the
discrete density and define the first moment as

M1 = h

n
∑

i=1

(k2
i + gi)e

−ki.

We consider the following explicit scheme

gn+1
i − gn

i

∆tn
= M0k

2
i e

−ki + (M0e
−ki −Mn

1 )gn
i . (3.6)

The conservation of density can be verified by summing the r.h.s. in the above
equations. Positivity is preserved at any iteration, provided that

∆tn ≤
1

Mn
1

.

Indeed, multiplying (3.6) by eki and summing over i gives

Mn+1
1 −Mn

1

∆tn
= M0(

∑

k2
i g

n
i e

−2ki + e−2ki)h−Mn
1 h
∑

ekign
i

≤ M0M
n
1 −Mn

1 (Mn
1 −

∑

k2
i e

kih)

≤ CMn
1 − (Mn

1 )2,

with C = M0 +
∑

k2
i e

kih. Then,

Mn+1
1 ≤ Mn

1 + C∆tnM
n
1 − ∆tn(Mn

1 )2,

and using ∆tn = 1
Mn

1
, we have by induction that Mn

1 ≤ C and the time steps are

bounded from below.

3.2 Semidiscretization for the Kompaneets equation

For the discretization of the K equation we proceed in two ways. The first one is
based on the scheme for the QBE and the fact that for concentrated cross section
around k = k′, the K equation is the asymptotic limit of the QBE, see [EM] .
The second one is adapted from the method proposed by Chang and Cooper, see
[CC] , for linear equation of Fokker-Planck type.

3.2.1 Concentrated cross section

One consider a cross section sequences on the form

bε(k, k′) =
1

ε3
b̃

(

k − k′

ε

)

,
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where b̃ is a positive and even function. This gives the K equation (when b̃(k, k′) =
ek/2ek′/2).

If we assume, for simplicity, that b̃ is compactly supported with supp(b̃) =
]−3/2, 3/2[ and choose ε = h. The cut-off/smoothing parameter ε is equal to the
mesh size. Then, in the double sum (3.4), only the terms such that (i− j) = ±1
do not vanish. We obtain the following scheme

∂gi

∂t
=

b̃(1)

h2

n
∑

i=0

gi+1(k
2
i + gi)e

h/2 − gi(k
2
i+1 + gi+1)e

−h/2 + (3.7)

+gi−1(k
2
i + gi)e

−h/2 − gi(k
2
i−1 + gi−1)e

h/2.

Note that this system (with b̃(1) = 1) can be also written as

∂gi

∂t
=

1

h2
(gi+1k

2
i e

h/2 + gi−1k
2
i e

−h/2 − (k2
i+1e

−h/2 + k2
i−1e

h/2)gi) + (3.8)

+
1

h2
(eh/2 − e−h/2)(gigi+1 − gigi−1).

The first part corresponds to a tridiagonal linear system and the second part to
the non linear Burgers term f 2. One can write this system in the form

∂gi

∂t
=

1

h

(

Fi+ 1
2
− Fi− 1

2

)

, (3.9)

with F−1/2 = FN+1/2 = 0 and for i = 0, ..., n− 1

Fi+ 1
2

=
1

h

(

exp(
h

2
)k2

i gi+1 − exp(−
h

2
)k2

i+1gi

)

+

(

exp(
h

2
) − exp(−

h

2
)

)

gigi+1

=
1

h
exp(−

ki + ki+1

2
)(gi + k2

i )(gi+1 + k2
i+1)

(

h(gi+1, ki+1)

h(Bi+1, ki+1)
−
h(gi, ki)

h(Bi, ki)

)

=
1

h
h

(

Bµ(
ki + ki+1

2
),
ki + ki+1

2

)(

h(gi+1, ki+1)

h(Bi+1, ki+1)
−
h(gi, ki)

h(Bi, ki)

)

,

for any bose -Einstein state Bµ, since h(Bµ, k) = exp(k + µ). This is the con-
sistency of this scheme for the Kompaneets equation. Indeed, the flux of the K
equation (2.10) is

F(g, k) = (g + k2)2 exp(−k)
∂

∂k

(

h(g, k)

h(P, k)

)

.

Using a taylor expansion around ki+ 1
2

= ki+ki+1

2
we obtain

Fi+ 1
2

= F(gi+ 1
2
, ki+ 1

2
) + O(h2).
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3.2.2 Chang and Cooper method

We now follow the method proposed by Chang and Cooper [CC] . We use from
(2.9) which is close to the linear Fokker-Planck expression and discretize the
fluxes at the interface Fi+ 1

2
between ki and ki+1 in a standard centered finite

difference for the diffusion part

(

∂k
f

1 + f

)

i+ 1
2

=
1

h

(

fi+1

1 + fi+1
−

fi

1 + fi

)

=
fi+1 − fi

h(1 + fi+1)(1 + fi)
,

a linear combination for the convective part :

(

f

1 + f

)

i+ 1
2

= (1 − δi+ 1
2
)

fi+1

1 + fi+1
− δi+ 1

2

fi

1 + fi
,

where 0 ≤ δi+ 1
2
≤ 1 has to be define further, and, using an harmonic average for

the ”diffusion coefficients”

(

k4(1 + f)2
)

i+ 1
2

= k2
i k

2
i+1(1 + fi)(1 + fi+1).

This last choice permits to simplify the denominator in the diffusion discretization
which is now linear in f . Then, the flux can be written after some simple calculus
as (with gi = k2

i fi)

Fi+ 1
2

= δi+ 1
2
gi(gi+1 + k2

i+1) + (1− δi+ 1
2
)gi+1(gi + k2

i ) +
1

h
(k2

i gi+1 − k2
i+1gi). (3.10)

The coefficients δi+ 1
2

are now to be determined. We shall choose them in order
that the Bose-Einstein equilibrium states are preserved by this scheme. We im-

pose that for gi = Mi =
k2

i

eki+α−1
with any real value of α, the flux vanishes. This

gives

δi+ 1
2

=
1

h
−

1

eh − 1
. (3.11)

Note that this coefficients are independent of i for such a uniform grid and have
the following Taylor expansion for small h:

δi+ 1
2

=
1

2
−

1

12
h+

1

720
h3 −

1

30240
h5 +O

(

h6
)

.

This means that when h→ 0, the scheme becomes a symmetrized approximation
of the convective part.

Using this choice (3.11), the formulae (3.10) can be simplified into

Fi+ 1
2

= gi+1(gi + k2
i ) +

1

eh − 1
(k2

i gi+1 − k2
i+1gi). (3.12)
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The same expression can be found for the flux Fi− 1
2

Fi− 1
2

= gi(gi−1 + k2
i−1) +

1

eh − 1
(k2

i−1gi − k2
i gi−1).

Then, we obtain the same semidiscretization (using the notation F−1/2 =
Fn+1/2 = 0) as in (3.9) up to a multiplicative factor that goes to 1 as h→ 0

eh/2 − e−h/2

h
= 1 −

1

24
h2 +

7

5760
h4 +O

(

h5
)

.

Remark 3.1 Note that, for a non uniform grid, the same method applies, re-
placing h by its local value ∆ki+ 1

2
= (ki+1 − ki). However, the two schemes are

no more proportional although the ratio converges to 1 (when the mesh is refined
i.e. maxi ∆ki+ 1

2
→ 0).

3.2.3 Properties of the two schemes

A discrete integration by parts gives the weak form for the two above schemes:

n
∑

i=0

Ψi
∂gi

∂t
= −

1

2

n−1
∑

i=0

(Ψi+1 − Ψi)Fi+ 1
2
. (3.13)

Thus, if we define the discrete density N(g) as
∑n

i=0 hgi and the discrete entropy
as H(g) =

∑n
i=0 hs(gi, ki) one verifies the conservation of density ( d

dt
N(g) = 0)

and the decay of entropy.

Indeed we have

d

dt
H(g) =

N
∑

i=0

h∂gs(gi, ki)
dgi

dt
=

N
∑

i=0

h log

(

h(gi, ki)

h(Pi, ki)

)

dgi

dt
,

thus using (3.10)

d

dt
H(g) = −

N
∑

i=0

hC(k2
i +gi)(k

2
i+1+gi+1) (log(λi+1) − log(λi)) (λi+1 − λi) , (3.14)

with λi+1 = h(gi+1,ki+1)
h(Pi+1,ki+1)

, C = exp(−ki+ki+1

2
) for the flux (3.10) or C = exp(−(ki+µ))

exp(h)−1

for the flux (3.12), and C is strictly positive. Using the classical inequality (x−
y) (log(x) − log(y)) ≥ 0, we have

d

dt
H(g) ≤ 0.
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3.2.4 Existence of global positive solution.

We write system (3.8) by factorizing the gain term G(g) and the loss term L(g)
as usual for Boltzmann equation

dgi

dt
=

1

h2
(G(g)i − L(g)igi) , (3.15)

with G(g)i ≥ 0 and L(g)i ≥ 0. We have the existence local in time using the
Cauchy-Lipschitz theorem starting from g0

i > 0 for all i > 0. Then, the loss term
being bounded (for a given initial density N), we have that the solution remains
positive. Finally, using the conservation of density, we have an upper bound for
the semidiscretized solution gi ≤ N/h and the solution is global in time. Note
that this upper bound does not prevent concentration.

3.2.5 Discrete equilibrium state

We shall prove that the discrete equilibrium states are the generalized Bose-
Einstein distribution functions. We restrict ourselves to the case f 0(0) <∞ that
is g0(0) = 0. It is easy to verify that if g0(t = 0) = 0 then g0(t) = 0. Thus, the
distribution function is discretized on [h, k0] i.e. for i = 1 · · ·n. From (3.14), it is
easy to verify that d

dt
H(g) = 0 if and only if g = Bµ with µ eventually negative.

Let us consider, for any fixed density N , the discrete Bose-Einstein distribu-
tion

Bh
α(k) =

k2

ek+α − 1
χk≥h,

where α is such that

Nh def
=

n
∑

i=1

Bh
α(ki)h = N.

Note that Nh is decreasing with α and is one to one from ] − h,∞[ to [0,∞[.
Thus, any arbitrary density N can be associated with a generalized discrete
Bose-Einstein state provided that the mesh is refined enough such that N > N 0

or Nh < k0. When n→ ∞ or h→ 0, one has for N ≤ N 0

Nh → N(Bµ),

and for N > N 0, Nh → B0 + (N − N0)δ0. Indeed, in the second case, one
has −h ≤ α ≤ 0 and thus α → 0 as h → 0. One can check easily that if
Nh(g

0) > Nh(B0), the equilibrium state associated to g0 is a Bose-Einstein state
Bh

α with α ∈ [−h, 0[. Let us now precise the relation between such equilibrium
state and B0 + (N(g0) − N(B0))δ0. For simplicity, we consider the problem in
continuous variable k, thus Nh is now

Nh
def
=

∫

k≥h

Mh(k)dk.
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We shall prove the following result

Proposition 3.2 For any N > 0, Bh
α converge when h → 0 in the sense of

distribution toward the continuous equilibrium functions that is, when N ≤ N0,
there exists β > 0 such that Bh

α → Bβ i.e. α→ β as h→ 0 and when N > N 0

Bh
α → B0 + (N −N0)δ0

where B0 is the Planck distribution and N 0 its density. Moreover, the associated
entropy converges i.e. H(Mh) → H(B0) when N > N 0 and H(Bh

α) → H(Bβ)
when N ≤ N0.

The proof is postponed in Appendix B and can be applied for a finite domain
[0, k0] or with discrete measure (sums instead of integrals).

3.2.6 Maximum principle for the discrete equation Kompaneets

Let us prove a stronger result that the existence of a positive solution when the
initial data is in between two Bose-Einstein functions. Indeed, as for the linear
Fokker-Planck operator, the Kompaneets equation satisfies a Maximum principle
that is verified on its discretized version.

Proposition 3.3 Let g a solution of (3.8). If there exists µ such that g(t =
0, k) ≤ Bµ(k) (resp. g(t = 0, k) ≥ Bµ(k) ), then, for all t > 0, one has g(t, k) ≤
Bµ(k) (resp. g(t, k) ≥ Bµ(k)) .

Proof. First, one checks easily that the scheme (3.8) can be written in the form

dgi

dt
= Ci+ 1

2
D

(

h(g, k)

h(B, k)

)

i+ 1
2

− Ci− 1
2
D

(

h(g, k)

h(B, k)

)

i− 1
2

(3.16)

where we note h(g, k) = g(k)
k2+g(k)

and D is a finite difference operator defined as

Dφi− 1
2

= φi+1 − φi,

and Ci+ 1
2

are non negative coefficients (with the notation C−1/2 = CN+1/2 = 0)
that depend on the function g and of k.

Note that for any Bose-Einstein function Bµ,

h(B0, k) =
B0

k2 +B0
= exp(−k) = h(Bµ, k) exp(−µ)
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Therefore, one can change B0 into any Bose-Einstein Bµ in formula (3.16) with
coefficient multiplied by exp(−µ). Moreover, h(g, k) is a increasing function of g
since

∂h(g, k)

∂g
=

k2

(k2 + g2)
.

We denote by

λi =
h(gi, ki)

h(Bµ(ki), ki
),

then the (λi) satisfy a system of the same form i.e.

dλi

dt
= Ei+ 1

2
D (λ)i+ 1

2
− Ei− 1

2
D (λ)i− 1

2
,

with non negative Ei+ 1
2
.

Define λS = maxi=1···N λi. The function λS is a piecewise C1 function of t. By
definition of λS, we have, ∀t > 0, there exists a subset IS(t) of {1, · · · , N}, such
that λi(t) = λS(t) for all i ∈ IS(t). Thus, ∀i ∈ IS(t), ∀j ∈ {1, · · · , N}, λi ≥ λj

and using the positivity of the coefficients E, we obtain that dλS

dt
≤ 0. The same

idea proves that the minimum of λi increases with time.

Remark 3.4 Assume that for some µ, g(t = 0) ≤ Bµ, then h(g(t = 0), k) ≤
h(Bµ, k) or equivalently λS(0) ≤ 1 then for all t, λS(t) ≤ 1 i.e. g(t, k) ≤ Bµ(k).
In the same way, if for some µ, g(t = 0) ≥ Bµ, then g(t, k) ≥ Bµ(k).

Thus, using the Kullback like inequality (2.2), which is also valid for discrete
measures, we can prove the following lemma

Lemma 3.1 When g(t = 0) ≤ B0, the distribution function converges toward
its equilibrium.

Proof. Using H(g|M) = H(g) −H(M), where M is the discrete equilibrium as-
sociated to g, is decreasing in time and is positive. Thus, there exists a increasing
and diverging sequence tk such that H ′(tk) → 0. The zero of the derivative of H
are the equilibrium M . Hence, g(tk) goes toM andH(g(tk)|M) → H(M |M) = 0.
Since H(g|M) is decreasing, we have necessary

lim
t→∞

H(g|M) = 0,

and, by lemma 2.2, we obtain, the convergence of g toward its equilibrium M .

Remark 3.5 The results of this section are valid for the discrete QBE, the proofs
being analogous.
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4 Time discretization for the Kompaneets equa-

tion

We eliminate explicit time discretization since, when Bose condensation occurs,
time step to ensure positivity would be in O(h3) to compare with ∆t = O(h2) for
classical parabolic problems. Therefore, we shall only consider implicit scheme.
We shall see that a fully implicit scheme has good properties but seems hard to
implement at a reasonable cost. We propose an alternative implicit scheme with
a low cost but for which we cannot prove all the features of the fully implicit
scheme. As illustrated by numerical examples, this scheme works well.

4.1 Fully implicit scheme

Let us consider an implicit scheme of the form (g represents gn at iteration n and
ḡ denotes gn+1)

ḡ = g + tQ(ḡ). (4.17)

Assume that the scheme is positive i.e. gn > 0 ⇒ gn+1 > 0, we shall prove
that it is automatically entropy decaying i.e. Hn+1 = H(gn+1) < H(gn) = Hn.

Indeed, H(g) =
∫

s(g, k) defined by (2.13) and using a second order Taylor
expansion, at point ḡ with integral reminder, we have

H(ḡ) −H(g) = ∂gH(ḡ)(tQ(ḡ)) + t2
∫ 1

0

(1 − z)Q(ḡ)T∂2
ggH(ḡ + z(g − ḡ))Q(ḡ)dz,

where ∂gH denotes the functional derivative

∂gH =

∫

∂g(s(g, k))dk =

∫

log

(

g exp(k)

k2 + g

)

dk,

and we have ∂gH(ḡ)(tQ(ḡ)) ≤ 0. Moreover, the second derivative with respect
to g is negative

∂2
ggs(g, k) =

1

g
−

1

g + k2
≤ 0,

and this concludes the proof.

The existence of a positive solution for the implicit scheme is ensured by the
Brouwer fixed point theorem. We choose C > 0 such that CN(g)f + Q(f) is
a positive operator for all positive f such that the density of f less or equal to
N(g). Then (4.17) can be rewritten as (f denotes gn+1 and g denotes gn):

f(1 +N(g)Ct) = g +N(g)Ct

(

f +
Q(f)

N(g)C

)

. (4.18)
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The mapping f 7→ T (f)

T (f) =
1

1 +N(g)Ct
g +

N(g)Ct

1 +N(g)Ct

(

f +
Q(f)

N(g)C

)

, (4.19)

is continuous from the convex compact set

E = {f > 0 such that density of f is less or equal to N(g)}

into itself thus the Brouwer fixed point theorem insure the existence of an element
f ∗ of E such that f ∗ = T (f ∗) and necessarily f ∗ has the same density and energy
that g.

Despite its good properties, since the implicit scheme is non linear an iterative
procedure is needed and have to be stopped before exact convergence.

4.2 Semi-implicit scheme

The method we suggest is to treat the linear part implicitly and the non linear
part semi-implicitly but in such way that the properties of the semidiscretized
system are preserved. As we have seen the differential system (3.8) can be written
as

d

dt
gi =

1

h

(

F (g)i+ 1
2
− F (g)i− 1

2

)

(4.20)

with the fluxes F (g)i+ 1
2

defined by (3.10) and have the structure

F (g)i+ 1
2

= F̄Li+ 1
2
(g) + ¯FBi+ 1

2
(g)

with F̄Li+ 1
2
(g) = ai+ 1

2
gi+1 − bi+ 1

2
gi, F̄Bi+ 1

2
(g) = ci+ 1

2
gigi+1, and ai+ 1

2
, bi+ 1

2
and

ci+ 1
2

are non negative, ¯FBi+ 1
2
(g) is the Burgers flux and F̄Li+ 1

2
(g) is the flux for

the linear Kompaneets equation.

The semi implicit scheme consists in treating all the fluxes F̄Li+ 1
2
(g) implicitly

and to implicit only the term gi+1 in the Burgers fluxes F̄Bi+ 1
2
(g). That is, if we

assume that g is known at time t, we compute ḡ at time t+ ∆t as:

ḡi = gi +
∆t

h

(

F̄i+ 1
2
(ḡ) − F̄i− 1

2
(ḡ) + B̄i+ 1

2
(g, ḡ) − B̄i− 1

2
(g, ḡ)

)

(4.21)

and B̄i+ 1
2
(g, ḡ) = ci+ 1

2
giḡi+1. One can verify that the density is preserved i.e.

∑

gi =
∑

ḡi.

This system can be written in the form

(Id− ∆tM(g))ḡ = g (4.22)
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where M(g) is a tridiagonal matrix and one can check easily that M(g) is also
a so-called L matrix, that depends on g i.e. M(g)ii > 0 and M(g)ij ≤ 0 for all
i 6= j).

The main property of this semi-implicit scheme concerns its positivity:

Lemma 4.1 If g is positive, then ḡ defined by (4.21) is positive for all time
steps ∆t

Proof. Due to the special structure of M(g), it is easy to check that one can
always construct X > 0 such that X ∈ kerM(g) which is equivalent to find
X > 0 such that

F̄i+ 1
2
(X) +Bi+ 1

2
(g,X) = 0 (4.23)

for all i: start from one index i0 by setting Xi0 arbitrary strictly positive and
in virtue of the positivity of ai+ 1

2
, bi+ 1

2
, ci+ 1

2
relation (4.23) generates positive

strictly Xi.

Then there exists X > 0 such that (Id−∆tM(g))X = X, that is if we set D
such that Di,j = δi,jXi, thus (Id−∆tM)D is a diagonal dominant matrix that is
(Id−∆tM) is a generalized diagonal dominant matrix, which is equivalent to the
fact that M is an M −matrix or in other words it has a positive inverse positive
inverse, [berman − plemons] . This means that the scheme is unconditionally
positive (whatever the condensation occurs).

Note that X is related to equilibrium state in the prrof. Concerning the equilib-
rium states we have also the following result

Lemma 4.2 The scheme (4.21) preserves the equilibrium state.

Proof. If we write Q(g) the operator of the right hand side of (4.20), by con-
struction Q(g) = 0 if g is an equilibrium state. Since M(g)g = Q(g), (4.22)
reads

(Id− ∆tM(g))(ḡ − g) = Q(g) = 0.

Since the matrix M(g) is a M-matrix , then we have g = ḡ as we claim it.

One should choose time step of the form C1h where C1 is such that the entropy
decays. We are not able to exhibit a condition on the time step to ensure the
decay of the discrete entropy. But, as we will see on the numerical examples,
using a time step corresponding to a the convective equation that is of the form
∆t < C∆k leads to a satisfactory behaviour of H even for singular initial data.
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Figure 1: Density in case 1.

5 Numerical tests for the Kompaneets schemes

We will illustrate the scheme on the two following examples. The first one cor-
responds to a Planck distribution multiplied by 3/2. In this case, concentration
near origin occurs after few iterations since the initial density is greater than the
critical one. On the second case, we consider a initial data with a lower density
but we still observe a concentration when the initial density is close enough to 0,
as expected after the analysis in [EHV] .

5.1 Relaxation of αB0 with α = 3/2

We plot the evolution in time of three macroscopic quantities, density for non
zero energy, energy and entropy. The runs corresponds to the following three
cases

• label ”1600” is a reference computation with 1600 points of discretizations
and g0(0) = 0.

• label ”100” corresponds to 100 points using the same method and with
g0(0) = 0.

• label ”60” denotes the same method but with only 60 points and with an
initial data g0(0) 6= 0 but very small (10−12).

More precisely, in Fig1.1 we plot the quantity
∑

i≥1 gih (the indices start at 1)

i.e. the discrete version of
∫ k0

h
gdk. This quantities is constant when the solution
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Figure 3: Entropy in case 1.
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remains smooth. It decays when concentration occurs. Fig. 2 (resp. 3) illustrates
the evolution of the energy (resp. entropy). The differences of the three runs are
in the number of discretization points and in the initial data (at zero energy).
Indeed, as explained before (section 3.2.5) there are two ways to discretize the
singularity. Either, g0(0) then, g0(t) = 0, ∀t > 0 and the distribution function
converges to a generalized Bose-Einstein equilibrium (with µ < 0) that converges
in a distributional sense toward the Planck distribution (B0) plus a dirac measure
at k = 0 or g0(0) 6= 0 and the discretized distribution function converges for i ≥ 0
toward the Planck distribution, and the remaining density concentrates on k0 = 0.

The presented results show that it is much better to discretize with g0(0) 6= 0,
in particular in terms of entropy (the entropy is lower with only 60 points and
g0(0) 6= 0 than with 1600 points and g0(0) = 0, i.e. generalized Bose-Einstein
equilibrium).

5.2 Initial gaussian distribution.

In this case, we consider an initial gaussian distribution with a sub-critical den-
sity N < N0. In the Compton case (or QBE), the solution goes toward its Bose
Einstein equilibrium. It has been proved in [EHV] that, for the Kompaneets
equation, the solution may not be global in time provided that the initial density
is close enough to the origin. Indeed, there is a balance between the Burgers term
and the diffusion term : the Burgers part is a convective toward the origin that
leads to concentration, whereas the diffusion spreads off the distribution that
becomes smoother.

In Fig 1.4, we plot the distribution for different time when the initial data
is a Gaussian centred at k = 2 with 3200 points of discretization. In this case,
the diffusion dominates and the distribution function goes to its Bose-Einstein
distribution (with ν > 0. In Fig 1.5, we plot the same quantities (distribution
function versus k at different time) but with an gaussian initial data (same total
density, centered at k = 1). In this case, the Burgers term is stronger and the
distribution function becomes singular near origin after a finite time T ∗. Clearly,
the solution is no more valid for t > T ∗ but the simulation can be continued since
the Kompaneets discretization can be interpreted as the discretization of QBE
with a small parameter ε linked to the discretization step h (see section section
3.2.1) for which such a concentration is possible.

On Fig 1.6, we plot the evolution in time of the density for non zero energy
and we observe the concentration at time T ∗ : some part of the density goes into
the zero energy part of the distribution function. On Fig 1.7 (resp. 1.8), we plot
the energy (resp. entropy) versus time.
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Figure 4: Evolution of the distribution function in case 2, k = 2.
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Figure 5: Evolution of the distribution function in case 2, k = 1.

27



1,75

1,8

1,85

1,9

1,95

0 2 4 6 8 10

N(g)-g
1

1600
105

time

Figure 6: Density versus time in case 2 , k = 1.
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6 Conclusions

The main improvements compared with the previous method investigated in [P]
are

• This method does not require to construct a equilibrium state that usually
required an iterative method (which is not always conservative).

• The semi-discretized system preserve all the properties : decay of entropy,
conservation of density

• The semi-implicit scheme is unconditionally positive

• Scheme 1 is of order 2 in k

28



Moreover, we are able to deal with condensation near the origin when the
initial data has a density larger than the Planck one or is to close to the origin,
both of these phenomena are illustrated by numerical results. There are two
ways to describe this concentration at the discrete level : either g0(0) = 0 and
then, this remains equal 0 at all time - in this case, the equilibrium state are
generalized Bose-Einstein state with µ < 0 that converge in a distribution sense
to the Planck distribution plus a Dirac at k = 0, see section 3.2.5 and appendix
B - or g0(0) 6= 0 - in this case, the smooth part converges toward the Planck
distribution and the remaining density concentrates on k = 0. The preliminary
numerical results indicate that the second case is better and more precisely, that
the first case is unstable : when the initial data at k = 0 is not equal zero, the
scheme converges toward the second representation of the singularity.

Some questions remain to be attend in further works :

• Is the semi-implicit scheme entropic ?

• How to construct a full implicit scheme (without iterative method) ?

• Can we insure the same properties for general cross sections with the (QBE).

Appendix A : proof of Lemma 2.2

Proof. We begin by the first part of the lemma. It is then easy to check that it
suffice to prove the result only in the case µ = 0, i.e. for B0.

For k ∈ [0, log+(α)] with log+(x) = max(0, log(x)), since the solution is non
negative and

h(g, k) ≤ 1 ≤ α exp(−k) = αh(B0, k).

For k ∈] log(α),∞[, consider any function G(x) such that G(x) ≥ 0 for x ≥ 0,
0 < G′(x) <∞ for x ≥ 0 and G(x) = 0 for x ≤ 0. Then, define Hα(x, k) as

Hα(x, k) =

∫ x

x0

G

(

h(s, k)

h(B0, k)
− α

)

ds

for k ∈] log+(α),∞[ with x0 the unique positive solution of h(x0, k) = αh(B0, k)

(note that x0 = αk2 exp(−k)
1−α exp(−k)

> 0) and Hα(x, k) = 0 for k ≤ log+(α).

Set now

E(t) =

∫

k≥0

Hα(g(k), k)dk.
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It can be checked that by construction E(t) ≥ 0, E(t) is continuous and by the
hypothesis E(0) = 0. Moreover, E(t) is C1 and we have

d

dt
E =

∫

k≥0

G

(

h(g, k)

h(B0, k)
− α

)

dg

dt
dk.

Now using the weakform (2.5) of the QBE, it is easy to see that, since

G
(

h(g,k)
h(B0,k)−α

)

is monotone increasing in the variable g for each k. Thus, using

the inequality (x− y) (φ(x) − φ(x)) ≥ 0, for any monotone increasing function
φ, d

dt
E ≤ 0.

For the K equation, using the weak form (2.12), it is also clear that d
dt
E ≤ 0.

Thus, for both equation, E(t) = 0 for all time t, which is equivalent to h(g,k)
h(B0,k)

≤ α

almost everywhere in k ∈] log+(α),∞[.

For the proof of the second part of the lemma we proceed as for the first part.
With the function G defined above, we set H as

H(x, k) =

∫ x

x1

G

(

1 − h(s, k

h(B0, k)

)

ds,

if g ≤ x1. and H(x, k) = 0 for g ≥ x1 and define

E(t) =

∫

k≥0

H(g, k)dk.

Proceeding as for the first part we obtain that E(t) is monotone decreasing,
positive and E(0) = 0. Thus for any time E(t) = 0 that is h(g, k) ≥ h(B0, k)a.e.
as we have claimed it.

Appendix B : proof of Proposition 3.3

Proof. As explained above α is a function of N and of h.

Define N(α, h) as (for any h ≥ 0 and α ≥ −h)

N(α, h) =

∫ ∞

h

k2

exp(k + α) − 1
dk.

The equation N(α, h) = N determines implicitly α as a function of N and h If
N > N0, since N0 = N(0, 0), α(N, h) ∈ [−h, 0[ thus α → 0 as h → 0. Let φ a
test function, we have

L(h) =

∫ ∞

0

φ(k)(Mh(k)−B0(k))dk =

∫ ∞

h

k2φ(k)

exp(k + α(h)) − 1
dk−

∫ ∞

0

k2φ(k)

exp(k) − 1
dk.
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We write φ(k) = φ(0) + kψ(k) where ψ is a C∞(0,∞). We know that α(h) → 0.
Thus, we have

L(h) =

∫ ∞

h

k2φ(0)

(

1

exp(k + α(h)) − 1
−

1

exp(k) − 1

)

dk +

+

∫ ∞

h

k3ψ(k)

(

1

exp(k + α(h)) − 1
−

1

exp(k) − 1

)

dk −

∫ h

0

k2φ(k)

exp(k) − 1
dk.

The first term gives

∫ ∞

h

k2

(

1

exp(k + α(h)) − 1
−

1

exp(k) − 1

)

dk = N−

∫ ∞

h

k2

exp(k) − 1
dk → N−N 0.

- the second can be written as

(1 − exp(α(h))

∫ ∞

h

k3ψ(k)dk

(exp(k + α(h)) − 1)(exp(k) − 1)
dk → 0,

and the third term goes to 0. Thus, we proved that

L(h) → (N −N 0)φ(0).

This is equivalent to the convergence of Bh
α toward B0 + (N − N0)δ0 in the dis-

tribution sense.

Let us now consider the case N < N 0. There exists β > 0 such that N(β, 0) =
N . We want to prove that α(h) (N being fixed) goes to β as h → 0. The
function α being decreasing with h and being positive for h small enough, one has
0 < α(h) < β. Moreover, α is continuous, then limh→0 α(h) = α(0) = β. Then
by dominated convergence theorem, we have that Bh

α tends to Bβ in L1(0,∞)
(and in the distributional sense).

Let us now prove the convergence of the entropy. One has

H(g) =

∫ ∞

0

(

g log(
g

k2 + g
) + k2 log(

k2

k2 + g
) + kg

)

dk.

For the function Bh
α, one easily checks that

Bh
α

k2 +Bh
α

= e−(k+α),
k2

k2 +Bh
α

= 1 − e−(k+α).

Then, using the expression of H and Bh
α, one obtains

H(Bh
α) = −α

∫ ∞

0

Bh
α +

∫ ∞

h

k2 log (1 − exp−(k + α)) dk.
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The first term is equal to −αN that goes to 0 because α→ 0. Let us note gh(k) =
log (1 − exp−(k + α)). We know that gh converges to g0 almost everywhere and
is integrable on [0,∞[. Note that ∀k > ε since α ≤ 0, (g0 − gh)(k) ≥ 0.

(g0−gh)(k) = log

(

1 − exp−(k)

1 − exp−(k + α)

)

≤ exp(α)(exp(−α)−1)

∫ ∞

h

k2dk

exp−(k + α) − 1

using log(1 + h) ≤ h. This proves that

∫ ∞

h

(g0 − gh)(k)dk → 0.

But,

H(Bh
α) −H(B0) = −αN +

∫ ∞

h

(gh − g0)(k)dk −

∫ h

0

g0(k)dk.

The last term tends to 0 since g0 is integrable. This proves the convergence. In
the second case N < N 0 we know that α(h) is a decreasing function of h that
converges toward β > 0 such that

∫ ∞

0

k2dk

exp(k + β) − 1
= N

The proof given for N > N 0 can be applied in this case.
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Abstract

This work addresses some asymptotic regimes for the coupling of radiation and hydrodynamics, and is
inspired by the still non-answered need of high resolution and robust schemes for the numerical solutions of
these problems. Using a simple characterization of the isotropy of the scattering in the comobile reference
frame, we derive various asymptotic regimes. Among them is the non-equilibrium regime. Then we prove that
the method of moments is compatible with the non-equilibrium regime. We also study the Rankine–Hugoniot
relations.
? 2003 Elsevier Ltd. All rights reserved.

Keywords: Radiative hydrodynamics; Non-equilibrium di=usion regime; Method of moments

1. Introduction

This work addresses some asymptotic regimes for the coupling of radiation and hydrodynamics,
and is inspired by the still non-answered need of high resolution and robust schemes for the numerical
solutions of these problems. Following Lowrie et al. [1] and Lowrie and Morel [2], we consider that
numerical progress should be possible using Eulerian conservative high-order Godunov-type scheme.
But it raises many diAculties: many models are written in the comobile or Lagrangian reference

frame which moves with the (uid, see [3–9] and references therein. For mathematical aspects of the
radiative transfer equation and related issues see for instance [10]. Actually, one can distinguish at
least three approaches: a purely Lagrangian approach where everything is calculated in the moving
reference frame; a comobile approach where some quantities are calculated in Eulerian reference
frame and others are calculated in the moving reference frame (see for example [8]); the last approach
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is purely Eulerian, everything is calculated in the Eulerian reference frame. This last approach, purely
Eulerian, is the one we address here. The main idea of this work is that these Eulerian models
should at least contain non-equilibrium models, that is models where the temperature of the (uid
is di=erent from the temperature of the radiation T �= Tr. To our knowledge, a direct derivation of
non-equilibrium model in the Eulerian frame was still missing. This is one of the contribution of this
work. The method used is a simpliIed asymptotic analysis expansion, very similar to a Chapman–
Enskog or Hilbert expansion, with an appropriate scaling of the (ow where the scattering source term
is of course relativistic as prescribed in [3] and others. For the sake of simplicity of mathematical
developments the analysis is made in the context of the gray hypothesis.
An important and original feature of our analysis is the compatibility of all the expansions with

the mathematical structure of the scattering. A consequence is that we really need to do the analysis
using � and ñ, and thus we cannot pre-integrate along � as it can be done with absorption only.
The main trick is a formula which allows to simplify the algebraic complexity of the expansion:

this formula is a simple characterization in the lab frame of the isotropy of the scattering in the
comobile frame. The consequence is the appearance of the famous non-conservative pr∇:̃v term
in the radiation equation. Note that this point was already emphasized in [3] for example, but in
a Lagrangian frame and with a lot physical intuition, and discussion of the various scales of the
problem (a modern presentation is [11]). The proof we give is more mathematically based and uses
invariance relations true for this class of Lorentz models as a main tool to simplify the analysis: in
particular the invariance of the measure � d� dñ= �0 d�0 dñ0.

In a second part we study another class of models, the so-called moment models. We consider
the most standard and simplest one with two unknowns which are Er the energy of the radiation
and F̃ r the radiation (ux. Then, we prove that this moment model contains the non-equilibrium
limit with the pr∇:̃v for smooth solutions, using once more a Chapman–Enskog expansion. To
our surprise it appears this is not true for discontinuous solutions, such as shocks and contact
discontinuities: discontinuous solutions of the moment model do not tend to discontinuous solutions
of the non-equilibrium model. To Ix this question we propose a modiIcation of the moment model,
which is based on the choice of new unknowns which are Sr the entropy of the radiation and
F̃ r the radiation (ux. We prove that this modiIed moment model contains the non-equilibrium
limit for both smooth solutions and discontinuous solutions. Since numerical methods based on
Godunov methods and the Riemann problem need these discontinuous solutions, it is an indication
that the modiIed moment model with (Sr ; F̃ r) is better suited for the development of conservative
and Eulerian numerical schemes than the classical moment model with (Er ; F̃ r). Numerical results
will be presented in a future work.

2. Models

2.1. Relativistic gas dynamics

The Euler system of inviscid gas dynamics with full Lorentz invariance is [3,6,12]

@
@t
(�) +∇:(�̃v) = 0;
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@
@t

(
�
(
1 +

h
c2

)
�̃v
)
+∇:

(
�
(
1 +

h
c2

)
�̃v⊗ ṽ+ pI

)
= 0;

@
@t

(
��
(
1 +

h
c2

)
− p

c2

)
+∇:

(
��
(
1 +

h
c2

)
ṽ
)
= 0: (1)

For this kind of Lorentz invariant models, one must recall that there is a distinction between the
Eulerian reference frame also referred to as the lab frame, and the comobile reference frame which
moves with the (uid also referred to as the Lagrangian frame. The density �=1=� in the lab frame is
di=erent from the density calculated in the comobile frame �0=1=�0. In what follows the subscript 0
will designate any quantity measured in the comobile frame. One has �= ��0 where � is deIned by

�=
1√

1− |̃v|2=c2 (2)

where c is the velocity of light. In (1), h is the enthalpy of the (uid calculated in the comobile
frame h= e+p�0, where p is the pressure. If one assumes for simplicity a perfect gas pressure law

p= �
e
�0
; �¿ 0; (3)

then the enthalpy is simply h=(�+1)e. Here, e is the internal energy of the (uid calculated in the
comobile frame. Multiplying the last equation of (1) with c2 and subtracting the Irst one multiplied
by c2 for the sake of convenience, we rewrite it as

@
@t
(�) +∇:(�̃v) = 0;

@
@t

(
�
(
1 +

h
c2

)
�̃v
)
+∇:

(
�
(
1 +

h
c2

)
�̃v⊗ ṽ+ pI

)
= 0;

@
@t

(
c2��

(
1 +

e
c2

+
|̃v|2
c2

p�0
c2

)
− c2�

)

+∇:
(
c2
(
��
(
1 +

e
c2

+
|̃v|2
c2

p�0
c2

)
− c2�

)
ṽ+ p̃v

)
= 0: (4)

For the sake of simplicity of notations, we deIne

ṽ2 = �
(
1 +

h
c2

)
ṽ and E2 = c2�

(
1 +

e
c2

+
u2

c2
p�0
c2

)
− c2:

With these notations (4) is equivalent to

@
@t
(�) +∇:(�̃v) = 0;

@
@t
(�̃v2) +∇:(�̃v2 ⊗ ṽ+ pI) = 0;

@
@t
(�E2) +∇:(�E2̃v+ p̃v) = 0: (5)
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2.2. Galilean gas dynamics

The classic Euler system of inviscid gas dynamics with Galilean invariance is recovered as the
limit of (6) when |̃v|=c → 0. We consider the regime

�=
|̃v|
c
;

e
c2

= O(�2): (6)

Indeed one has

ṽ2 = ṽ+ O(�2) and E2 = e + 1
2 |̃v|2 + O(�2): (7)

Let us deIne the classical total energy E = e+ 1
2 |̃v|2. Then the classic Euler system of inviscid gas

dynamics

@
@t
(�) +∇:(�̃v) = 0;

@
@t
(�̃v) +∇:(�̃v⊗ ṽ+ pI) = 0;

@
@t
(�E) +∇:(�Eṽ+ p̃v) = 0; (8)

is recovered as the O(�2) approximation of (1). Thus, it is possible to base the coupling of radiation
and hydrodynamics on (8) even if relaxation source terms must be Lorentz invariant for the Inal
model to be correct. In order to simplify the presentation and since we are interested mainly in (ows
moving at moderate velocities, we use (8) instead of (1) in the rest of this paper.

2.3. Transfer equation for photons

The transfer equation for photons is

1
c
@
@t

I + ñ:∇I = St(�; ñ); (9)

where I(t; x : �; n) is the intensity of the radiation, � the frequency and ñ the direction of the photons.
The source term is St(�; ñ). It is well known that the source term has to be Lorentz invariant for
the total coupled system to be accurate [3] (but the derivation of the non-equilibrium di=usion limit
that we give in this work is another proof that St(�; ñ) must be Lorentz invariant even for small
velocities). In this work we follow [1] and consider a simpliIed source term where St = Sa + Ss is
the sum of two contributions. The Irst one takes into account the absorption/re-emission of photons
by the matter

Sa(�; ñ) =
�0
�
�a(�0)

[(
�
�0

)3
B(�0; T )− I

]
: (10)

Here B(�0; T ) is the Planckian

B(�0; T ) =
2h�30
c2

(eh�0=kT − 1)−1 (11)
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and �a(�0)¿ 0 is the absorption coeAcient. In deInitions (10)–(17), one has to use the frequency
and direction of the photon calculated in the comobile frame

�0 = ��
(
1− ñ:̃v

c

)
and ñ0 =

(
�
�0

)[
ñ− �

c
ṽ
(
1− ñ:̃v

c

(
�

�+ 1

))]
: (12)

Another important invariance relation [3,6,8] between the intensity of the radiation in the lab frame
and the intensity of the radiation in the comobile frame is

I
�3

=
I0
�30
: (13)

DeIning also the Planckian measured in the comobile frame as B(�0; T )=�3 = B0(�0; T )=�30, one gets
another expression of the absorption/re-emission contribution (10)

Sa(�; ñ) =
�2

�20
�a(�0)[B0(�0; T )− I0(�0; !0)]: (14)

The second term takes into account the scattering of photons by the matter [3]

Ss(�; ñ) =
�2

�20
(Ss)0(�0; ñ0); (15)

where the scattering measured in the comobile frame is

(Ss)0(�0; ñ0) = �s(�0)
[
1
4 

∫
I(�0; ñ′0) dñ

′
0 − I0(�0; ñ0)

]
: (16)

Here, �s(�0)¿ 0 is the scattering coeAcient. Since the scattering (16) is clearly isotropic in the
comobile frame one gets∫ ∫

(Ss)0(�0; ñ0) d�0 dñ0 = 0:

Another possibility for the scattering is [1]

Ss(�; ñ) =
�0
�
�s(�0)

[(
�
�0

)3 1
4 

∫
�0
�′
I(�′; ñ′) dñ′ − I

]
: (17)

With [1] we use the following deInition for �′ which enters in the scattering contribution:

�′ = �
1− ñ:̃v=c
1− ñ′ :̃v=c

: (18)

In Appendix A we prove that (17) is equal to (15). An important consequence of (15) is

Lemma 1 (Characterization of the isotropy of the scattering): The isotropy of the scattering in the
comobile frame is characterized by∫ ∫

�0
�
Ss(�; ñ) d� dñ= 0: (19)
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This is due to

0=
∫ ∫

(Ss)0(�0; ñ0) d�0 dñ0;

=
∫ ∫

�20
�2
(Ss)0(�0; ñ0) d�0 dñ0 =

∫ ∫
�0
�
(Ss)(�0; ñ0) d� dñ;

where we use the invariance of the integration measure � d� dñ= �0 d�0 dñ0, see [3]. Eq. (19) means
that even if the scattering is isotropic in the comobile frame, then the scattering is non-isotropic in
the lab frame.

2.4. The full system for the coupling of radiation and hydrodynamics

In order to couple radiation and hydrodynamics we need the in(uence of radiation on the matter.
So we deIne

SE =
∫ ∫

St d� dñ and S̃F =
1
c

∫ ∫
ñSt d� dñ: (20)

Here, SE(S̃F) characterizes the energy (resp. impulse) exchange between the radiation and the matter.
Following [3] we modify (8) and get the system that couples gas dynamics and the radiation

@
@t
(�) +∇:(�̃v) = 0;

@
@t
(�̃v) +∇:(�̃v⊗ ṽ+ pI) =−S̃F ;

@
@t
(�E) +∇:(�Eṽ+ p̃v) =−SE;

1
c
@
@t

I(�; ñ) + ñ:∇I(�; ñ) = St(�; ñ) ∀�; ñ: (21)

Note that a consequence of (19) is that the integrated scattering on the right-hand side of the system
is
∫ ∫

Ss d� dñ and is generally non-zero. Thus, this term contributes to the right-hand side for the
impulse and the energy equations. It is only the integrated scattered radiation in the comobile frame
which is zero

∫ ∫
(Ss)0 d�0 dñ0 =0: Concerning the integrated scattered radiation in the lab frame we

only have (19): this formula will play an important role in the asymptotic analysis of the system
(21) in order to derive the non-equilibrium di=usion model.

2.5. Thermodynamic compatibility of the model

The physically correct radiative entropy (see [13]) is

Sr =−2k
c3

∫ ∫
�2[n log n− (n+ 1) log (n+ 1)] d� dñ; (22)

where by deInition

n=
c2

2h
I
�3

=
c2

2h
I0
�30

(23)
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is a relativistic invariant. First and second variations of Sr with respect to I are given in

dSr =− k
ch

∫ ∫
1
�
log
(

n
n+ 1

)
dI d� dñ (24)

and

d2Sr =−c2k
2h2

∫ ∫
1
�4

1
n(n+ 1)

dI dI ′ d� dñ: (25)

From (25) it is clear that the entropy is strictly concave with respect to I . On the other hand,
it is clear that Sr given in (22) is not Lorentz invariant (only n and � d� dñ are invariant). Let us
deIne the radiative entropy (ux Q̃r:

Q̃r =−2k
c2

∫ ∫
�2[n log n− (n+ 1) log(n+ 1)]̃n d� dñ: (26)

Consider a smooth solution of (21) where the right-hand side is St = Sa + Ss given in (10)–(17).
Then one has

@tSr +∇Q̃r =−k
h

∫ ∫
1
�
log
(

n
n+ 1

)
(Sa + Ss) d� dñ: (27)

Be careful that the notations for the source terms, St , Sa and Ss, is closed to the notations for the
entropies, Sr and S. The entropy of the (uid is S with the fundamental law of thermodynamic

T dS = d
(
E − 1

2
ṽ:̃v
)
+ pd

1
�
= dE − ṽ:d̃v+ pd

1
�
: (28)

A standard consequence of (21) and (28) is

@t(�S) +∇(�̃vS) =
1
T
(−SE + ṽ:̃SF); (29)

that is

@t(�S) +∇(�̃vS) =− 1
cT

∫ ∫
(Sa + Ss) d� dñ+

ṽ
cT

∫ ∫
(Sa + Ss)̃n d� dñ

=− 1
T

∫ ∫ (
1− ṽ:̃n

c

)
(Sa + Ss) d� dñ: (30)

So the total entropy production is

@t(�S + Sr) +∇:(�̃vS + Q̃r) = Q̃a + Q̃s; (31)

where

Q̃a =−k
h

∫ ∫
1
�
log
(

n
n+ 1

)
Sa d� dñ− 1

T

∫ ∫ (
1− ṽ:̃n

c

)
Sa d� dñ (32)

and

Q̃s =−k
h

∫ ∫
1
�
log
(

n
n+ 1

)
Ss d� dñ− 1

T

∫ ∫ (
1− ṽ:̃n

c

)
Ss d� dñ: (33)
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Lemma 2 (Thermodynamic compatibility of the scattering): The @uid entropy production due to the
scattering is always zero

∫ ∫
(1− ṽ:̃n=c)Ss d� dñ=0. The scattering entropy production Qs is always

non-negative Q̃s¿ 0: Qs = 0 if and only if the radiation is isotropic in the comobile frame.

One has Q̃s = Q̃R
s + Q̃F

s where Q̃R
s is the contribution of the transfer equation to the entropy

production and QF
s is the (uid entropy production. First

Q̃F
s =− 1

T

∫ ∫ (
1− ṽ:̃n

c

)
(Ss)0 d� dñ=− 1

T

∫ ∫
�2

�20

(
1− ṽ:̃n

c

)
(Ss)0 d� dñ

=
1
�T

∫ ∫
�
�0
(Ss)0 d� dñ (see (12))

=
1
�T

∫ ∫
(Ss)0 d� dñ (invariance of the measure):

Due to the isotropy of the scattering in the comobile frame Q̃F
s = 0. The other term

Q̃R
s =−k

h

∫ ∫
1
�
log
(

n
n+ 1

)
Ss d� dñ (34)

with Ss is given by (15). So Q̃R
s = −k=h ∫ ∫ (1=�0) log(n=(n + 1)) (Ss)0 d�0 dñ0 due to the Lorentz

invariance of the measure � d� dñ = �0 d�0 dñ0. Then (16) implies Q̃R
s =

∫ ∫
(1=�0)�s(�0)qs d�0 dñ0,

where

qs =
(
f
(

1
4 

∫
I(�0; ñ0) dñ0

)
− f(I0)

)
×
(

1
4 

∫
I(�0; ñ0) dñ0)− I0

)
:

Here f denotes the function

f(x) =
k
h
log


 c2

2h
x
�30

c2

2h
x
�30
+ 1


 (35)

such that f(I0) = (k=h) log(n=(n+1)), see Eq. (102). Since f is strictly increasing for non-negative
x, then

qs = f′
(
(1− %)I0 + %

1
4 

∫
I(�0; ñ0) dñ0)

)[
1
4 

∫
I(�0; ñ0) dñ0)− I0

]2
:

So qs¿ 0 and is zero if and only if (1=4 )
∫
I(�0; ñ0) dñ0)− I0 = 0. Now the proof ends.

In order to state a similar result for the absorption–emission right-hand side Sa, a little diAculty
arises. Indeed, we have replaced the Lorentz invariant Euler gas dynamics equation (4) by Galileo
invariant gas dynamics equation (8), and this is a good approximation as soon as |̃v|=c is small.
However, in complete rigor the source term in (21) should have been placed on the right-hand side
of the relativistic gas dynamic system (4) but not on the right-hand side of Galilean gas dynamic
system (8). The di=erence produces a small discrepancy which might give as well an eventually
negative term in the entropy production. However, this term is proportional to (|̃v|=c)2 so it is
meaningless for non-relativistic gases.
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Lemma 3 (Thermodynamic compatibility of the absorption–emission): The absorption–emission en-
tropy production Q̃a is the sum of two contributions Q̃a = Pa + 'Pa. The Arst one is non-negative
Pa¿ 0 and is zero if and only if the radiation intensity is equal to the Planckian in the comobile
frame I0=B0(�0; T ). The correction 'Pa is due to the approximation of the relativistic gas dynamics
system by the Galilean gas dynamic system: 'Pa = O(|̃v|2=c2) for smooth solutions.

Let us go back to the deInition of the entropy production Q̃a. We pose Q̃a = Q̃R
a + Q̃F

a where
Q̃R

a (resp. Q̃F
a ) is the Irst (resp. second) term in (32) and is the contribution of the radiation (resp.

(uid) to the total entropy production.
From (31) one has

Q̃F
a = @i(�S) +∇(�̃vS) =− 1

T
(SE + S̃F · ṽ)

=− �
T
(SE + S̃F · ṽ) + �− 1

T
(SE + S̃F · ṽ)

=− 1
T

∫ ∫
�aS�

(
1− ṽ · ñ

c

)
d� dñ+ 'Pa; (36)

where by deInition

'Pa = (�− 1)
SE + S̃F · ṽ

T
= (�− 1)[@t(�S) +∇(�̃vS)]: (37)

'Pa is clearly second order since �− 1 = O(|̃v|2=c2). Due to (14) and (13), one has

Q̃F
a =− 1

T

∫ ∫
�a

�2

�20
(B0(�0; T )− I0)�

(
1− ṽ · ñ

c

)
d� dñ+ 'Pa;

that is

Q̃F
a =− 1

T

∫ ∫
�a(B0(�0; T )− I0) d�0 dñ0 + 'Pa (38)

due to (12) and the invariance of the measure � d� dñ= �0 d�0 dñ0. On the other hand, we have

Q̃R
a =−k

h

∫ ∫
�a
�0

log
(

n
n+ 1

)
�2

�20
(B0(�0; T )− I0) d� dñ;

that is

Q̃R
a =−k

h

∫ ∫
�a
�0

log
(

n
n+ 1

)
(B0(�0; T )− I0) d�0 dñ0: (39)

Combining (38) and (39) we get Q̃a = QR
a + QF

a = Pa + 'Pa where by deInition

Pa =−
∫ ∫

�a
�0

(
k
h
log
(

n
n+ 1

)
− �0

T

)
(B0(�0; T )− I0) d�0 dñ0

=
∫ ∫

�a
�0

(f(B0(�0; T ))− f(I0))(B0(�0; T )− I0) d�0 dñ0:
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The function f is deIned in (35). So

Pa =
∫ ∫

�a(�0)
�0

f′((1− %)I0 + %B0(�0; T ))[B0(�0; T )− I0]2 d�0 dñ0¿ 0

and is zero if and only if I0 = B(�0; T ). Now, the proof is complete.

3. Simpli�ed models

Following [1] we study some asymptotic regimes of the full system (21) by means of
non-dimensional variables. First, we assume that �a and �s are independent of the frequency

�a(�0) = �a; �s(�0) = �s: (40)

This hypothesis is called the gray hypothesis. This is of course a very crude approximation, but is
motivated by the mathematical analysis.
Second, we introduce some hydrodynamics scales where a∞ is a characteristic value of the (uid

velocity and so on

x = x̂l; t = t̂l=a∞; �= �̂�∞; v= v̂a∞;

p= p̂�∞a2∞; T = T̂T∞; �= �̂kT∞=h; I = Î hcarT 3
∞=k;

�a = �̂a=,a; �s = �̂s=,s: (41)

A caret denotes a non-dimensional quantity, and

ar =
8 5k4

15c3h3
: (42)

We also deIne two non-dimensional parameters

C =
c
a∞

and P=
arT 4∞
�∞a2∞

: (43)

The Irst parameter, C, is always large parameter for a (ow non-relativistic. The second parameter,
P, measures the ratio of the radiative energy over the internal energy. It is possible to simplify by
taking P=1 in many cases, but the sake of compatibility with the notations of [1] we keep P. We
refer the reader to the paper [1] where it is shown that the non-dimensional equations derived from
(21) are

@
@t

(�) +∇:(�̃v) = 0;

@
@t

(�̃v) +∇:(�̃v⊗ ṽ+ pI) =−PS̃F ;

@
@t

(�E) +∇:(�Eṽ+ p̃v) =−PCSE;

1
C

@
@t
I + ñ:∇I = St(�; ñ): (44)
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The interaction is now characterized by St = Sa + Ss with

Sa(�; ñ) =L
�0
�
�a(�0)

[(
�
�0

)3
B(�0; T )− I

]
(45)

and

Ss(�; ñ) =LLs
�0
�
�s(�0)

[(
�
�0

)3 1
4 

∫
�0
�′
I(�′; ñ′) dñ′ − I

]
; (46)

where

L=
1
,a
; Ls =

,a
,s

(47)

and

B(�0; T ) =
15�30
4 5

(e�0=T − 1)−1; (48)

�0 = ��L(1− ñ:̃v=C); �′ = �
1− ñ:̃v=C
1− ñ′ :̃v=C

; (49)

�L = 1=
√

1− |̃v|2=C2: (50)

Since @tEr + CF̃ r = CSE we may prefer to use

@
@t

(�) +∇:(�̃v) = 0;

@
@t

(
�̃v+

P

C
F̃ r

)
+∇:(�̃v⊗ ṽ+ pI +PPr) = 0;

@
@t

(�E +PEr)∇:(�Eṽ+ p̃v+PCF̃ r) = 0;

1
C
f

@
@t

I + ñ:∇I = St(�; ñ); (51)

instead of (44). Here, Er (resp. F̃ rPr) is simply the total integrated intensity (resp. (ux, pressure
tensor) of the radiation

Er =
∫ ∫

I d� dñ; F̃ r =
∫ ∫

ñI d� dñ; Pr =
∫ ∫

ñ⊗ ñI d� dñ: (52)

The non-dimensional entropy of the radiation is obtained by computing the ratio of (22) over
P�∞a2∞=T∞. Thus, we get the non-dimensional entropy of the radiation

Sr =− 15
4 5

∫ ∫
�2(n log n− (n+ 1)log(n+ 1)) d� dñ: (53)
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The non-dimensional entropy (ux of the radiation is

Q̃r =− 15
4 5

∫ ∫
�2(n log n− (n+ 1)log(n+ 1))̃n d� dñ: (54)

Here, n is already a non-dimensional variable that satisIes

n=
4 5

15
I
�3
: (55)

The non-dimensional entropy equation for smooth solutions of (44) or (51) with a zero right-hand
side is

@
@t
(�S +PSr) +∇:(�Sṽ+PCQ̃r) = 0: (56)

In the sequel we shall study mainly two di=erent regimes. The Irst regime is the equilibrium
diCusion regime

P= O(1); C = O(�−1); Ls = O(�2); L= O(�−1);

the second regime is the non-equilibrium diCusion regime

P= O(1); C = O(�−1); Ls = O(�−2); L= O(�1):

We also deIne some moment models using the variable Eddington factor approach.

3.1. Equilibrium diCusion

In this section we perform a formal Chapman–Enskog expansion for the non-dimensional
system (44).

Lemma 4. Assume P= 1, C= �−1, Ls = �2, L= �−1 and assume the gray hypothesis (40). Then
a Arst-order approximation of system (51) is

@
@t

(�) +∇:(�̃v) = 0;

@
@t

(�̃v) +∇:(�̃v⊗ ṽ+ (p+ pr)I) = 0;

@
@t

(�E + Er) +∇:((�E + Er )̃v+ (p+ pr )̃v) =∇:
(

1
3�a

∇T 4

)
; (57)

where

Er = T 4; pr = 1
3 T

4:

This system is often referred to as the equilibrium-diCusion limit [3,6].

The Chapman–Enskog expansion may be split in three steps
step 1: Let us Irst begin with the non-dimensional transfer equation rewritten as

@tI +
1
�
ñ:∇I =

1
�2

�0
�
�a

[(
�
�0

)3
B(�0; T )− I

]
+ O(1): (58)
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Here, only the absorption–emission contribution is taken into account, the scattering contribution is
O(1). Since we desire to equate all O(�−2) and O(�−1) terms in the equation, we have to expand
the right-hand side. So (58) is rewritten as

@tI +
1
�
ñ:∇I =

1
�2
A−2 +

1
�
A−1 + O(1): (59)

With straightforward notations, one has

T = T0 + �T1 + O(�2);

�= �0 + �0�̃n:̃v+ O(�2) (due to (49));

B(�0; T ) = B(�; T )− ��̃n:̃v
@
@�

B(�; T ) + O(�2);

B(�; T ) = B(�; T0) + �
@
@T

B(�; T0)T1 + O(�2);

I(�; ñ) = I 0 + �I 1(�; ñ) + O(�2): (60)

Be careful that the intensity in the comobile frame I0 has little to do with Irst-order term in the
expansion of the intensity in the lab frame I0. Expansion of the right-hand side (58) and (59) gives
A−2 = B(�; T0)− I 0(�; ñ) and

A−1 =−ñ:̃v(B(�; T0)− I 0(�; ñ))

+
(

@
@T

B(�; T0)T1 + ñ:̃v(3− �@�)B(�; T0)− I 1(�; ñ)
)
:

Equating all negative powers of � in (59), one gets

0 = B(�; T0)− I 0(�; ñ);

ñ:∇I 0 = �a

[
@
@T

B(�; T0)T1 + ñ:̃v(3− �@�)B(�; T0)− I 1(�; ñ)
]
: (61)

step 2: Next stage is to use these relations in order to expand Er, F̃ r and Pr given by (52). For
the radiation energy one obtains

Er =
∫ ∫

I 0(�; ñ) d� dñ+ O(�) =
∫ ∫

B(�; T0) d� dñ+ O(�)

=
15
4 5

∫ ∫
v3

ev=T − 1
d� dñ+ O(�) = T 4

0 + O(�): (62)

since
∫ ∫

[�3=(e� − 1)] d� dñ= 4 5=15. It remains to study the radiation (ux using (61)

F̃ r =
∫ ∫

(I 0(�; ñ) + �I 1(�; ñ))̃n d� dñ+ O(�2)

=
∫ ∫

B(�; T0)̃n d� dñ+ �
∫ ∫ (

@
@T

B(�; T0)T1 + ñ:̃v(3− �@�)B(�; T0)− 1
�a

ñ:∇I 0
)

×ñ d� dñ+ O(�2): (63)
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In this expression integrals of functions linear with respect to ñ disappear. An elementary inte-
gration by parts gives

∫
�@�B(�; T0) d�=− ∫ B(�; T0) d�. Since ∫ ∫ ñ⊗ ñ d� dn= 1

3 Id where Id is the
identity matrix then

F̃ r = �
[̃
v
4
3
T 4
0 − 1

3� a
∇T 4

0

]
+ O(�2): (64)

Finally,

Pr =
∫ ∫

(I 0(�; ñ) + �I 1(�; ñ))̃n⊗ ñ d� dñ+ O(�2) = 1
3 T

4
0 + O(�): (65)

step 3: We expand the Irst three equations of (51) using (62)–(65). Thus, one obtains the system,
exact to O(�),

@
@t
(�0) +∇:(�0ṽ0) = 0;

@
@t
(�0ṽ0) +∇:(�0ṽ0 ⊗ ṽ0 + (p0 + 1

3T
4
0 )I) = 0;

@
@t
(�0E0 + T 4

0 ) +∇:
(
(�0E0 + T 4

0 )̃v
0 + (p0 + 1

3 T
4
0 )̃v

0 − 1
3�a

∇T 4
0

)
= 0: (66)

The proof now ends.

3.2. Non-equilibrium diCusion

In this section, we study the non-equilibrium di=usion limit of the model. One has

Lemma 5. Assume that P = 1, C = �−1, Ls = �−2, L= �1 and assume the gray hypothesis (40).
Then a Arst-order approximation of system (51) is

@
@t
(�) +∇:(�̃v) = 0;

@
@t
(�̃v) +∇:(�̃v⊗ ṽ+ (p+ pr)I) = 0;

@
@t
(�E + Er) +∇:((�E + Er )̃v+ (p+ pr )̃v) =∇:

(
1
3�s

∇T 4
r

)
;

@
@t

Er +∇:(̃vEr) + pr∇:̃v=∇:
(

1
3�s

∇T 4
r

)
+ �a(T 4 − T 4

r ); (67)

where

Er = T 4
r ; pr = 1

3 T
4
r :

This system is often referred to as the non-equilibrium-diCusion limit [3,6].

The scaling means that the scattering is the dominant contribution in the source term. Note that
(67) has been already derived by various authors, but in Lagrangian coordinates and using more
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physical intuition together with a deep understanding of the various scales of the problem than a
rigorous mathematical approach. As for us we use a direct Chapman–Enskog expansion, divided
in three steps. The key point is the use of formula (19) which allows to simplify the algebraic
complexity of the expansion.
step 1: Following the method used in the previous section, we begin with the transfer equation

in (44) rewritten as

@tI +
1
�
ñ:∇I =

�0
�
�a(�0)

[(
�
�0

)3
B(�0; T )− I

]

+
1
�2

�0
�
�s(�0)

[(
�
�0

)3 1
4 

∫
�0
�′
I(�′; ñ′) dñ′ − I

]
: (68)

We want to rewrite this expression as

@tI +
1
�
ñ:∇I =

1
�2
A−2 +

1
�
A−1 + A0 + O(�): (69)

So we use (60) and expand the scattering[(
�
�0

)3 1
4 

∫
�0
�′
I(�′; ñ′) dñ′ − I

]
= C−2 + �C−1 + �2C0 + O(�3): (70)

Then

A−2 = �sC−2 = �s

(
1
4 

∫
I 0(�; ñ) dñ− I 0

)
;

A−1 = �sC−1 = �s

(
− 1
4 

∫
ñ:̃vI 0(�; ñ) dñ+ 3̃n:̃v

1
4 

∫
I 0(�; ñ) dñ

+
1
4 

∫
�(̃n′ :̃v− ñ:̃v)

@I 0(�; ñ′)
@�

dñ′ +
1
4 

∫
I 1(�; ñ) dñ− I 1 − ṽ:̃nC−2

)
;

and

A0 = �sC0 + �a(B(�; T )− I 0): (71)

The contribution
∫
�(̃n′ :̃v− ñ:̃v)(@I 0(�; ñ′)=@�) dñ′ is the consequence of

I(�′; ñ′) = I
(
�
1− �̃n:̃v
1− �̃n′ :̃v

; ñ′
)

= I(�; ñ′) + ��(̃n′ :̃v− ñ:̃v)
@I(�; ñ′)

@�
+ O(�2):

Now equating the �−2 terms in Eq. (68), we get

C−2 =
1
4 

∫
I 0(�; ñ) dñ− I 0 = 0;
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which means that the radiation is isotropic I 0(�; ñ) = I 0(�). Equating the �−1 terms in Eq. (68) and
using

∫
I 0(�; ñ)̃n dñ= 0 plus

∫
�(̃n′ :̃v− ñ:̃v)(@I 0(�; ñ′)=@�) dñ′ =−ñ:̃v ∫ �(@I 0(�; ñ)=@�) dñ, we get

�sC−1 = ñ:∇I 0 = �s

(
3̃n:̃v

1
4 

∫
I 0(�; ñ) dñ

− 1
4 

ñ:̃v
∫

�
@I 0(�; ñ)

@�
dñ+

1
4 

∫
I 1(�; ñ) dñ− I 1

)
: (72)

It remains to express the �0 terms in expression (68). In order to simplify the analysis which can be
very cumbersome, we use the property (19) which expresses the fact that the scattering contribution
is isotropic in the comobile reference frame. So∫ ∫

�o
�
(C−2 + �C−1 + �2C0 + O(�3)) d� dñ= 0:

Since �0=�=(1− �̃n:̃v)=�, then we are able to expand in power of �. We get three formulas. The Irst
one is

∫ ∫
C−2 d� dñ= 0, the second one is

∫ ∫
C−1 d� dñ=

∫ ∫
ñ:̃vC−2 d� dñ and the third one is∫ ∫

C0 d� dñ=
∫ ∫

ñ:̃vC−1 d� dñ: (73)

Combining (73) with (72), it gives

�s

∫ ∫
C0 d� dñ=

∫ ∫
(̃n:̃v)(̃n:∇I 0) d� dñ= 1

3 ṽ:
∫

∇I 0 d�: (74)

Here we have used the isotropy of I0 and

∫ ∫
ñ⊗ ñ dñ=

1
3




1 0 0

0 1 0

0 0 1


=

1
3

I: (75)

This expression will be used to simplify the integrated form of (71).
step 2: Now we use all this informations in order to calculate Er and Fr.
First, we deIne T 4

r =
∫ ∫

I 0(�; ñ) d� dñ, so

Er =
∫ ∫

I 0(�; ñ) d� dñ+ O(�) = T 4
r + O(�): (76)

Eq. (74) can be also written as

�s

∫ ∫
C0 d� dñ= ṽ:∇pr ; (77)

where by deInition pr = 1
3 T

4
r . Then we compute F̃ r

F̃ r =
∫ ∫

(I 0(�; ñ) + �I 1(�; ñ))̃n d� dñ+ O(�2);

F̃ r = �
∫ ∫ [

ñ:̃v
1
4 

∫ (
3− �

@
@�

)
I 0(�; ñ) dñ

+
1
4 

∫
I 1(�; ñ) dñ− 1

� s
ñ:∇I 0

]
ñ d� dñ+ O(�2):



C. Buet, B. Despres / Journal of Quantitative Spectroscopy & Radiative Transfer 85 (2004) 385–418 401

Using an integration by part to get rid of the �@=@� we get

F̃ r = �
[̃
v
4
3
T 4
r − 1

3�s
∇T 4

r

]
+ O(�2): (78)

This formula is the same as (64), except that the temperature of the (uid T0 is replaced by what
will be referred to as the temperature of the radiation Tr. Similarly to (65) one has

Pr =
∫ ∫

(I 0(�; ñ) + �I 1(�; ñ))̃n⊗ ñ d� dñ+ O(�2) = 1
3 T

4
r + O(�): (79)

step 3: It remains to expand (44) using (76)–(79). One gets exactly the same result as in the
equilibrium regime, except that T0 is replace by Tr. Thus, one obtains the system, exact to O(�),

@
@t
(�0) +∇:(�0ṽ0) = 0;

@
@t
(�0ṽ0) +∇:(�0ṽ0 ⊗ ṽ0 + (p0 + 1

3T
4
r )I) = 0;

@
@t
(�0E0 + T 4

r ) +∇:
(
(�0E0 + T 4

r )̃v
0 + (p0 + 1

3 T
4
r )̃v

0 − 1
3�s

∇T 4
r

)
= 0: (80)

Finally, we need an equation for Tr in order to close (80). For this we integrate the equation of
transfer and consider only the O(1) contribution. It gives

@t

∫ ∫
I 0 d� dñ+∇

∫ ∫
I ñ d� dñ=

∫ ∫
A0 d� dñ+ O(�): (81)

Since A0 is given by (71), one has∫ ∫
A0 d� dñ= �a

∫ ∫
(B(v; T )− I0) d� dñ+ �s

∫ ∫
C0 d� dñ+ O(�)

= �a(T 4
0 − T 4

r ) + ṽ:∇pr + O(�):

Using the value of ∇ ∫ ∫ I 1ñ d� dñ given in (78), one gets

@tEr +∇:
(
ṽ
4
3
T 4
r − 1

3�s
∇T 4

r

)
= �a(T 4

0 − T 4
r ) + ṽ:∇pr + O(�)

Inally rewritten as

@tEr +∇:(̃vEr) + pr∇:̃v= �a(T 4
0 − T 4

r ) +∇:
(

1
3�s

∇T 4
r

)
+ O(�): (82)

In conjunction with (80), we have the proof.

Corollary 1. If one uses a non-relativistic source term in the right-hand side of the transfer equation
(51), then one misses the pr∇:̃v in the non-equilibrium diCusion model (67).

Non-relativistic means that one equates �= �0 in the deInition of the source term, even for �̃ �= 0.
So a non-relativistic scattering source term will be isotropic in the lab frame, and not in the comobile



402 C. Buet, B. Despres / Journal of Quantitative Spectroscopy & Radiative Transfer 85 (2004) 385–418

frame as in (19). Since pr∇:̃v is a direct consequence of formula (19), the proof of the corollary
ends.

Corollary 2. Consider the non-equilibrium diCusion model (67). Let us deAne

OS r = 4
3 T

3
r : (83)

Then (67) may be rewritten as

@
@t

(�) +∇:(�̃v) = 0;

@
@t

(�̃v) +∇:(�̃v⊗ ṽ+ (p+ pr)I) = 0;

@
@t

(�E + Er) +∇:((�E + Er )̃v+ (p+ pr )̃v=∇:
(

1
3�s

∇T 4
r

)
;

@
@t

OS r +∇:(̃v OS r) =
1
Tr

∇:
(

1
3�s

∇T 4
r

)
+ �a

T 4 − T 4
r

Tr
: (84)

The quantity OS r is formerly the radiative entropy at equilibrium. But since Sr has been already
deIned in (22) then OS r is for the moment di=erent from Sr. We will see in Lemma 7 that these
quantities are in some sense equal. The proof of corollary 2 is just a matter of direct calculation.
We just divide the last equation of (67) by Tr and rearrange all terms due to

1
Tr

(
@
@t

Er +∇:(̃vEr) + pr∇ṽ
)
=

1
Tr

(
@
@t

T 4
r +∇T 4

r :̃v+ T 4
r ∇:̃v+

1
3
T 4
r ∇:̃v

)

=
@
@t

(
4
3
T 3
r

)
+∇

(
4
3
T 3
r

)
:̃v+

4
3
T 3
r ∇:̃v=

@
@t

OS r +∇:(̃v OS r):

An important advantage of (84) against (67) is that it admits a natural conservative limit for

�s ≈ +∞ and �a ≈ 0: (85)

Indeed the limit is the system of conservation laws

@
@t

(�) +∇:(�̃v) = 0;

@
@t

(�̃v) +∇:(�̃v⊗ ṽ+ (p+ pr)I) = 0;

@
@t

(�E + Er) +∇:((�E + Er )̃v+ (p+ pr )̃v) = 0;

@
@t

OS r +∇:(̃v OS r) = 0: (86)

This system admits discontinuous solutions (	a la Rankine–Hugoniot), which is not the case for (67)
due to the non-conservative term pr∇:̃v. This remark will be used in our last section.
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3.3. P1 moments models

Let us now recall brie(y another type of approximate transport models, the P1 moment models.
By taking the moments of the radiative transfer equation in (44) against 1 and ñ, one obtain the
general form of P1 moment models

1
C

@
@t

Er +∇F̃ r = SE; (87)

1
C

@
@t

F̃ r +∇Pr = S̃F : (88)

It is expected that such moment models should give a good approximation of the solution of the
radiative transfer equation in (44) in the case of small anisotropy (that is ‖F̃ r=Er‖ small). But they
are widely used in the full range of anisotropy (that is for ‖F̃ r=Er‖6 1). However, one must close
the system (87) and (88). This is done with a formula where Pr is given in terms of Er and F̃ r.
A popular closure is called the Variable Eddington Factor. In this method one takes Pr as

Pr = ErDr = Er

(
1− 2
2

I +
32 − 1

2
f ⊗ f

)
; (89)

where f̃ = F̃ r=Er: 2 = 2(‖f‖) is the Eddington factor and is usually chosen as a function of ‖f̃‖.
Then the job consist to specify the Eddington factor. As we can notice in the literature, there is a
lot of propositions. Considering the solution of the transfer equation, it seems natural to choose an
Eddington factor which satisIes the constraints ‖f̃‖26 2(‖f̃‖)6 1; 2(0) = 1=3; 2(1) = 1 (we refer
to [14]).
The Eddington approximation, which correspond to a constant Eddington factor 2 = 1

3 does not
fulIll all these requirements: it leads to solutions for which ‖f‖¿ 1, see [15]. We refer to [16] or
[14] for di=erent types of closure. To derive a P1 approximation of the relativistic transfer equation
in (44), we will use a method based on maximizing the entropy under constraints and which was
already used in the non-relativistic case by several authors [13,14,17,18]. As we will see in the next,
this approach gives a well-known Eddington factor, see [7,14,18].

2(x) =
3 + 4x2

5 + 2
√
4− 3x2

: (90)

Another diAculty with the variable Eddington factor approach is that one must deal with the rel-
ativistic source terms and approximate these terms by simpler ones, essentially by expanding them
using Taylor expansion in power of |v|=c. All the discussion is about which term must be kept to
give the good equilibrium state.
As for us we consider that such approximate models must contain the equilibrium di=usion ap-

proximation. Our contribution in this paper is to show how to design P1 approximate models which
permit also to recover the non-equilibrium di=usion approximation. To our understanding this is
not the case for some previous works, see for example [3,13]. For example, the P1 model used by
Feugeas and Dubroca [13] coupled with the Euler equations, for the matter, cannot give the pr∇:̃v
term in the non-equilibrium di=usion approximation since the source term have been treated in a
non-relativistic way (it is an application of the Corollary 1).
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4. Method of moments

The method of moments applied to systems of conservation laws (we refer to [14,19] in a particular
context [15], and references therein) amounts to the derivation of reduced and well-posed systems
of conservations laws: reduced means that the number of equations of the reduced system is smaller
than for the original system; well posed means that the reduced system is still hyperbolic if the
original system was hyperbolic. Applications of the method of moments to the transfer equation
may be founded in [13,17].

4.1. Generality about the method of moments for radiation hydrodynamics

Let us consider the non-dimensional radiative entropy Sr deIned by (53).

Lemma 6. Let (Er ; F̃ r)∈R×R3 with Er ¿ 0 and |F̃ r|6Er. The minimum of the radiative entropy
Sr with constraints∫ ∫

I d� dñ= Er and
∫ ∫

I ñ d� dñ= F̃ r (91)

is given by

n=
1

e(�=3r)+�̃b:̃n=3r − 1
(92)

where 3r ¿ 0 and |̃b|¡ 1.
Then the pressure is given by the well-known formula (Levermore [14], see also in the appendix)

Pr = ErDr = Er

(
1− 2
2

I +
32 − 1

2
f̃ ⊗ f̃

)
(93)

with f̃ = F̃ r=Er and the Eddington factor 2 given by

2 =
3 + 4‖f̃‖2

5 + 2
√
4− 3||f̃||2

: (94)

Since Sr is strictly concave with respect to I , it is suAcient to check the optimality conditions,
see [13,17] for more details. We construct the Lagrangian with Lagrange multipliers 1=3r ∈R and
b̃=3r ∈R3

L= SR − 1
3r

Er − b̃
3r

:F̃ r :

The optimality conditions are simply

0 = dL= dSr − 1
3r

dEr − b̃
3r

dF̃ r : (95)
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Due to (52) and dSr =
∫
�

∫
ñ (1=�) log (n=(n+ 1)) dI d� dñ, one gets

0 =−
∫
�

∫
ñ

[
1
�
log
(

n
n+ 1

)
+

1
3r

+
b̃
3r

:̃n

]
dI d� dñ:

Thus, one has log (n=(n + 1)) + �=3r + (�̃b=3r):̃n = 0, that is n=(n + 1) = e−(�=3r+�̃b:̃n=3r) which is
equivalent to (92). Since n¿ 0 for all (�; ñ) then we need the compatibility condition 3r ¿ 0 and
|̃b|¡ 1. The proof now ends.
Then one deInes the reduced and closed system

1
C

@
@t

Er +∇F̃ r = SE;

1
C

@
@t

F̃ r +∇Pr = S̃F : (96)

These four equations (one for Er and three for F̃ r) are the moments of (17) against (1; ñ1; ñ2; ñ3) =
(1; ñ). System (96) is closed in the sense that (96) contains four equations while the intensity is
given by four degrees of freedom (see (98)). The complete moment model deduced from (96) and
(51) is then

@
@t

(�) +∇:(�̃v) = 0;

@
@t

(
�̃v+

P

C
F̃ r

)
+∇:(�̃v⊗ ṽ+ pI +PPr) = 0;

@
@t

(�E +PEr) +∇:(�Eṽ+ p̃v+PCF̃ r) = 0;

1
C

@
@t

Er +∇F̃ r = SE;

1
C

@
@t

F̃ r +∇:Pr = S̃F ; (97)

together with

4 5

15
I
�3

=
1

e(�=3r)+�̃b:̃n=3r − 1
: (98)

4.2. Chapman–Enskog expansion of the moment model

In this section we prove that the moment model (97) contains the non-equilibrium di=usion in
the sense that (67) is recovered as the Chapman–Enskog expansion of the moment model.

Lemma 7. Assume that P = 1; C = �−1; Ls = �−2; L = �1 and assume the gray hypothesis (40).
Then a Arst-order approximation of system (97) is the non-equilibrium diCusion model (67). The
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coeFcients of the radiation (see (98)) are

3r = Tr + O(�); b̃= O(�): (99)

The second equation b̃ = O(�) means that the radiation is isotropic at the limit. We also get
Sr = OS r + O(�) where OS r = 4

3 T
3
r (83).

This result means that we have not lost too much informations by taking the Irst two moments
of the transfer equation. At least we are able to recover the non-equilibrium di=usion limit. It also
justiIes the use of OS r, which is the radiative entropy, in (84). One must be convinced that this
result is not trivial. Indeed, one never assumes in the analysis of the non-equilibrium di=usion limit
that radiation is closed to a Planckian with a radiative temperature Tr. So the exact shape of the
radiation I is not addressed in the non-equilibrium di=usion limit, even if the model behaves just as
if the radiation intensity is closed to a Planckian around Tr. On the other hand, the moment model
assumes such a representation for the intensity, which is a generalized Planckian. So one might loose
too much information with the moment model compared with the non-equilibrium di=usion model.
The lemma shows it is not the case. The proof essentially uses the same method as in the proof of
Lemma 5.
Step 1: Of course we expand

Er = Er0 + �Er1 + O(�2); F̃ r = Fr0 + �Fr1 + O(�2)

and

3r =3r0 + O(�); b̃= b̃0 + O(�):

Thus, the intensity of radiation is I = I 0 + �I 1 + o(�) where

I 0 =
15
4 5

�3
1

e�=3r0+�̃b0 :̃n=3r0 − 1
: (100)

Comparing the system (97) and (69) and using the same scaling, we deduce some equalities∫ ∫
C−2 d� dñ= 0;

∫ ∫
C−2ñ d� dñ= 0 (order �−2); (101)

∫ ∫
ñ:∇I0 d� dñ= �s

∫ ∫
C−1 d� dñ= 0 (102)

and ∫ ∫
ñ⊗ ñ∇I0 d� dñ= �s

∫ ∫
C−1ñ d� dñ= 0 (order �−1); (103)

where C−2 and C−1 are deIned in (69). The Irst equation of (101) is of course always true. The
second equation of (101) implies that

−
∫ ∫

ñI 0 dn=
∫ ∫

ñ
(

1
4 

∫
I 0(�; ñ) dñ− I 0

)
= 0:
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It is equivalent (see the appendix) to

0 =
4

3 + |̃b0|2
(∫ ∫

I 0 dñ
)
b̃0

which in turn implies b̃0 = 0: the Irst-order term of the radiation is isotropic. Eqs. (102) and (103)
are the integrated counterpart of (72). Since (73) is still true and the Irst-order term of the radiation
is isotropic we also deduce (74).
Steps 2 and 3 are identical to steps (2) and (3) in the proof of Lemma 5.
Step 4: We have to check (99): since b̃0 = 0 we already have b̃ = O(�). Due to (100) one has∫ ∫
I d� dñ=34

r0 +O(�). Compared with the deInition of Tr (76) we get 3r =Tr +O(�). The proof
now ends.

4.3. An alternative moment model

In this section we use an elementary algebraic relation in order to rewrite the moment model (97)
using (Sr ; F̃ r) instead of (Er ; F̃ r). Of course it is possible to use the general theory of the method
of moment to prove the result but the proof presented here has the advantage to be self contained.

Lemma 8. Smooth solutions of (97) are also smooth solutions of
@
@t

(�) +∇:(�̃v) = 0;

@
@t

(
�̃v+

P

C
F̃ r

)
+∇:(�̃v⊗ ṽ+ pI +PPr) = 0;

@
@t

(�E +PEr) +∇:(�Eṽ+ p̃v+PCF̃ r) = 0;

1
C

@
@t

Sr +∇:Q̃r =
1
3r

(SE + b̃:̃SF);

1
C

@
@t

F̃ r +∇:Pr = S̃F : (104)

Due to (95) one has

@tSr =
1
3r

@tEr +
b̃
3r

:@tF̃ r : (105)

It is easy to get a similar formula for the entropy (ux. The non-dimensional entropy (ux is Q̃r =
−(15=4 5)

∫ ∫
�2(n log n− (n+ 1) log(n+ 1))̃n d� dñ. Thus,

dQ̃r =
∫ ∫

1
�
log
(

n
n+ 1

)
dI ñ d� dñ

=
∫ ∫

1
�

(
1
3r

+
b̃:̃n
3r

)
dI ñ d� dñ=

1
3r

dF̃ r + dPr
b̃
3r

:
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So we have for partial derivatives in space

∇:Q̃r =
3∑

j=1

@jQ̃j
r =

3∑
j=1

(
1
3r

@jF̃j
r +

3∑
k=1

@jPjk
r
b̃k

3r

)
: (106)

Since the pressure tensor Pr is symmetric, then Pjk
r = Pkj

r . Thus, (106) is equal to

∇:Q̃r =
1
3r

∇:Fr +
b̃
3r

:(∇:Pr): (107)

Combining (97) and (105)–(107), the result of the lemma is now straightforward. In the rest of this
paper (104a) is referred to as the modiIed moment model, as opposed to the moment model (97).

5. Rankine–Hugoniot relations

In this section we advocate that, in some regimes, (104) is probably physically more relevant than
(97). We base the discussion on discontinuous solutions of (97) and (104). From the general theory
of hyperbolic systems of conservations laws we already know that discontinuous solutions of (97)
and (104) are di=erent. But to what amount? If the di=erence tends to zero in the non-equilibrium
limit, we have to conclude that the di=erence is non-essential in this non-equilibrium regime, and
that both (97) and (104) can be used. The main result of this section is that the di=erence is large,
and that the correct approximation is the modiIed moment model (104).
Let d̃ be the normal derivative on a line of discontinuity of the solution and let � be the velocity

of the line of discontinuity. In the following NE (resp. MM, mMM) stands for Non-Equilibrium
(86) model (resp. Moment (97) Model, modiIed Moment (104) Model). The Rankine–Hugoniot
relations for these models are

(NE)




−�[�] + d̃:[�̃v] = 0;

−�[�̃v] + d̃:[�̃v⊗ ṽ+ (p+ pr)I] = 0;

−�[�E + Er] + d̃:[(�E + Er )̃v+ (p+ pr )̃v] = 0;

−�[Sr] + d̃:[̃vSr] = 0;

(108)

(MM)




−�[�] + d:[�̃v] = 0;

−�
[
�̃v+

P

C
F̃ r

]
+ d̃:[�̃v⊗ ṽ+ pI +PPr] = 0;

−�[�E +PEr] + d̃:[�Eṽ+ p̃v+PCF̃ r] = 0;

−�[Er] + d̃:[CF̃ r] = 0;

−�[F̃ r] + d̃:[CPr] = 0;

(109)
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and

(mMM)




−�[�] + d:[�̃v] = 0;

−�
[
�̃v+

P

C
F̃ r

]
+ d̃:[�̃v⊗ ṽ+ pI +PPr] = 0;

−�[�E +PEr] + d̃:[�Eṽ+ p̃v+PCF̃ r] = 0;

−�[Sr] + d̃:[CQ̃r] = 0;

−�[F̃ r] + d̃:[CPr] = 0;

(110)

In all these expressions [f] stands for the di=erence of the left and right state across the discon-
tinuity line: [f] =fR −fL. All these systems of Rankine–Hugoniot relations must be supplemented
by entropy inequalities. We observe that

Lemma 9 (Compatibility of the modiIed moment model with the non-equilibrium model): Let us
consider the Rankine–Hugoniot relations of the modiAed moment model (110) between a left and
a right state for which the regime is P = 1; C = �−1; Ls = �−4; L = �2: note that this regime
is compatible with the assumption (85) already encountered in the study of the non-equilibrium
limit. We consider a shock velocity � = O(1) which means that we are interested only in shocks
at moderate velocities O(1) in the lab frame. Then

(a) An O(�) approximation of (110) is (108). The equation for the radiative temperature at
discontinuities is

− �[T 3
r ] + d̃:[̃vT 3

r ] = 0: (111)

(b) The system (108) is not an O(�) of (109), since the limit equation for the temperature is

− �[T 4
r ] + d̃:

[
4
3
ṽT 4

r

]
= 0: (112)

The method we use is of course based on three Chapman–Enskog expansions: a Chapman–Enskog
expansion for the left state; another for the right state: the last one for the Rankine–Hugoniot
relations. In order to simplify the discussion we remark that the regime P = 1; C = �−1; Ls =
�−4; L = �2 is equivalent to P = 1; C = �−1; Ls = �−2; L = �1 plus �s = O(�−1) and �a = O(�).
So we are able to reuse the analysis of the non-equilibrium di=usion model, but with elimination of
the di=usion and absorption due to �s = O(�−1) and �a = O(�). Of course, the Irst three equations
of the non-equilibrium limit are contained in both the moment model and modiIed moment model
so the real diAculty is the last equation, i.e. Er (resp. Sr) equation in the moment (resp. modiIed
moment) model.
Left state: A consequence of (78) together with the hypothesis �s = O(�−1) is

FrL = �̃vL (43 T
4
rL) + O(�2): (113)

Since we also know by a direct calculation that

FrL =− 4T 4
rL

3 + |̃bL0 + �̃bL1 + O(�2)|2 (̃bL0 + �̃bL1 + O(�2))
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it means that b̃L0 = 0 and b̃L1 = −ṽ. It implies that n given in (98) is also n = 1
e(�=3r )(1−�̃v:̃n+O(�2))−1

,
that is

n=
1

e(�0=3r)(1+O(�2)) − 1
: (114)

We need an expansion to the Irst order of the entropy (ux QrL. Since the non-dimensional entropy
(ux is

Q̃rL =−
∫ ∫

�2[nL log nL − (nL + 1) log(nL + 1)]̃n d� dñ;

then Q̃rL is also

−
∫ ∫

(�0ñ0 + ��0̃v+ o(�))[nL log nL − (nL + 1) log(nL + 1)]�0 d�0 dñ0

=−
∫ ∫

�20ñ0[nL log nL − (nL + 1) log(nL + 1)] d�0 dñ0

−�̃vL
∫ ∫

�20[nL log nL − (nL + 1) log(nL + 1)] d�0 dñ0 + O(�2):

By (114)

−
∫ ∫

�20ñ0[nL log nL − (nL + 1) log(nL + 1)] d�0 dñ0 = O(�2):

We also have directly that∫ ∫
�20[nL log nL − (nL + 1) log(nL + 1)] d�0 dñ0 = SrL + O(�)

so

Q̃rL = �̃vLSrL + O(�): (115)

Right state: Similarly FrR = �̃vR(43T
4
rR) + O(�2) and Q̃rR = �̃vRSrR + O(�).

Discussion of Rankine–Hugoniot relations: It is now an easy matter to deduce O(�)
Rankie–Hugoniot approximations of (109) and (110). We expand the shock velocity �= �0 +O(�).
One has

− �0(T 4
rR − T 4

rL) + (43 ṽR0T
4
rR − 4

3 ṽL0T
4
rL) = 0 (116)

and

− �0(T 3
rR − T 3

rL) + (̃vR0T 3
rR − ṽL0T 3

rL) = 0: (117)

It is then clear that these Rankine–Hugoniot relations (116) and (117) are di=erent, and that (117)
is a correct approximations to the Rankine–Hugoniot relations of the Non-equilibrium limit. On the
other hand, (116) is not correct. The proof now ends.

Corollary 3. Let us specialize the previous discussion for contact discontinuities, that is �= d̃:̃vL =
d̃:̃vR. Then Eq. (112) implies that the left and right radiative temperatures are the same, TrR =TrL.
On the other hand (111) degenerates in the sense that TrR and TrL are arbitrary for this equation,
which is one more time compatible with the non-equilibrium model.
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The proof is straightforward. This result means that the moment model does not contain classical
contact discontinuities. On the other hand, the modiIed moment model has these classical contact
discontinuity proIles where all equations degenerate.

6. Conclusion and numerical issues

So we have justiIed mathematically by means of rigorous asymptotic expansions the non-
equilibrium di=usion limit, already proposed in [13]. We proved that the extra term pr∇:̃v is a
consequence of the fact that the scattering is, when isotropic, isotropic only in the comobile frame.
We also prove that discontinuous solutions of standard moment model (Er ;Fr) are not compatible
with discontinuous solution of the non-equilibrium di=usion limit. On the other hand, discontinuous
solutions of the modiIed moment model (Sr ;Fr) are compatible with discontinuous solution of the
non-equilibrium di=usion limit.
Since modern numerical methods for the solutions of systems of conservation laws with source

terms are based on Riemann solvers and shocks solutions, it is reasonable to think that the study
we made about the modiIed moment model should help in the design of more accurate and robust
conservative Eulerian schemes. But this needs to be conIrmed more Irmly, both theoretically and
numerically.
A still open issue is the generalization of this work to moment models with frequency groups,

relaxing the gray hypothesis.

Appendix A. Equivalence between the form (17) and (15) for the scattering operator Ss

We want to show that

�2

�20

(
1
4 

∮
I0 − I0

)
=

�0
�

(
�3

�30

1
4 

∫
�0
�′
I(�′; ñ′) dñ′ − I

)

with �′ deIned by

�′ =
1− ñ:̃v

c

1− ñ′ :̃v
c

�:

One can easily realize that the question resume to show that∮
I0 dñ0 =

∫
�0
�′
I(�′; ñ′) dñ′:

This can be easily veriIed using the fact that � d� dñ= �0 d�0 dñ0 and by regularizing
∮
I0 dñ0. First

consider a positive and function 8(x) such that
∫
R 8 = 1. As a result of the theory of distribution

it is well known that the sequence 8� = �8(x=�) converge toward the Dirac function when � → 0.
Thus, ∮

I0 = lim
�→0

∫
I0( O�; ñ0)8�( O�0 − �0) dñ0 d O�0:
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Since the measure � d� dñ is invariant under Lorentz transform we have∫
I0( O�0; ñ0)8�( O�0 − �0)d ñ0 d O�0

=
∫

�′

O�0
I0( O�0(�′; ñ′); ñ0(�′; ñ′))8�( O�0(�′; ñ′)− �0) d�′ dñ′

and using the invariance relation (13) for the radiative intensity we have∫
I0( O�; ñ0)8�( O�0 − �0) dñ0 d O�0 =

∫
O�20
�′2

I(�′; ñ′)8�( O�0(�′; ñ′)− �0) d� dñ′

with the relation O�0(�′; ñ′) = ��′(1− ñ′ :̃v=c). Thus, making now the change of variables

O�0 → �′ =
O�0

�(1− ñ′ :̃v
c )

for Ixed ñ′ we have∫
I0( O�0; ñ0)8�( O�0 − �0) dñ0 d O�0

=
∫ (∫

1
1− ñ′ :̃v=c

O�20
�′2

I(�′( O�0; ñ′); ñ′)8�( O�0 − �0) d�′
)
dñ′:

Thus, using the fact that, in the weak sense, 8� → '0∮
I0 = lim

�→0

∫ (∫
1

1− ñ′ :̃v
c

O�20
�′2

I(�′( O�0; ñ′); ñ′)8�( O�0 − �0) d�′
)
dñ′

=
∫

lim
�→0

(∫
1

1− ñ′ :̃v
c

O�20
�′2

I(�′( O�0; ñ′); ñ′)8�( O�0 − �0) d�′
)
dñ′

=
∫ (

1− ñ′ :̃v
c

)
I(�′; ñ′) dñ′ =

∫
�0
�′
I(�′; ñ′) dñ′

with �0 = ��′(1− ṽ:̃n′=c). Since we have also �0 = ��(1− ṽ:̃n=c) thus

�′ = �
1− ṽ:̃n

c

1− ṽ′ :̃n′

c

:

Appendix B. Useful formulas and details of each terms of our P1 model

We give here some very useful formulas for some moments integrals of a generalized Planck
function. For a generalized Planck function (15=4 5) �3=exp ((�=x)(1 + ỹ:̃n))− 1 we deIne M1(x; ỹ),
M̃ 2(x; ỹ), M3(x; ỹ) as its moments against 1, ñ and ñ ⊗ ñ respectively. We recall that elementary
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calculations give, see [13,17] for example:

M1(x; ỹ) =
∫
�∈[0;+∞[

∫
ñ∈S2

I(�; ñ) dñ d�= x4
3 + ‖ỹ‖2

3(1− ‖ỹ‖2)3 (B.1)

M̃ 2(x; ỹ) =
∫
�∈[0;+∞[

∫
ñ∈S2

ñI(�; ñ) dñ d�=− 4x4ỹ
3(1− ‖ỹ‖2)3 (B.2)

by setting f̃ = M̃ 2(x; ỹ)=M1(x; ỹ) one Inds that

ỹ =



√
4− 3||f̃||2 − 2

‖f̃‖2


 f̃;

M3(x; ỹ) =
∫
�∈[0;+∞[

∫
ñ∈S2

ñ⊗ ñI(�; ñ) dñ d�

=
(
1− ‖ỹ‖2
3 + ‖ỹ‖2 I +

3 + ‖ỹ‖2
4

f̃ ⊗ f̃
)
M1(x; ỹ): (B.3)

In our P1 model we suppose that

I = (15=4 5)�3=exp ( �
3r

+ �̃b:̃n
3r

)− 1:

Thus, the Irst three moments Er, F̃ r and Pr are given by

Er =M1(3r ; b̃); (B.4)

F̃ r = M̃ 2(3r ; b̃); (B.5)

Pr = M3(3r ; b̃): (B.6)

We detail now the expression for the entropy Sr and the associated (ux of entropy Q̃r. First we deal
with Sr:

Sr =− 15
4 5

∫
�∈[0;+∞[

∫
ñ∈S2

�2(n log n− (n+ 1) log(n+ 1)) d� dñ

=−15K
 4

33
r

∫
ñ

1

(1 + b̃:̃n)3
dñ
∫ +∞

0
z2(m log(m)− (m+ 1) log(m+ 1) dz (B.7)

with m= 1=(exp(z)− 1). Easy computations give∫
ñ

1

1 + b̃:̃n
dñ=

4 

(1− ‖̃b‖2)2 :

Now we deIne the function g(%) by

g(%) =
∫

�2(M logM − (M + 1) log(M + 1)) d� dñ
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with M = (exp(�=%)− 1)−1. Since M=(M + 1) = exp(−�=%) one has

g′(%) =−%2
∫

�4 exp(�)
(exp(�)− 1)2

d�

and by integrating by parts

g′(%) =−%2
∫

4�3
1

exp(�)− 1
=−4%2

4 5

15
M1(1; 0)

4 
=−4%2

4 5

15
1
4 

thus

g(%) =−4
3
%3

4 5

15
1
4 

and ∫ +∞

0
z2(m log(m)− (m+ 1) log(m+ 1)) dz = g(1) =−4

3
4 5

15
1
4 

;

which give Inally

Sr =
4
3

33
r

(1− ‖̃b‖2)2 :

Now we compute the entropy (ux. We have

Q̃r =− 15
4 5

∫
�∈[0;+∞[

∫
ñ∈S2

�2(n log n− (n+ 1) log(n+ 1))̃n d� dñ

=− 15
4 5

33
r g(1)

∫
ñ

(1 + b̃:̃n)3
dñ: (B.8)

One has now to compute Ṽ =
∫
[̃n=(1 + b̃:̃n)3]dñ. We show that Ṽ is collinear to b̃, that is there

exist a real , such that Ṽ = ,b̃. First, we show that for every vector b̃⊥ percendicular to b̃ we have
Ṽ :̃b⊥=0: up to a rotation, let us choose a reference such that b̃=(‖̃b‖; 0; 0) and b̃⊥=(0; x; y). Then
we have

Ṽ :̃b⊥ =
∫

ñ:̃b⊥

(1 + b̃:̃n)3
dñ

=
∫
@∈[0; ];8∈[0;2 ]

x sin @ cos8+ y sin @ sin8
(1 + cos @‖b‖)3 sin @ d@ d8= 0

thus there exist , real such that Ṽ = ,b̃. It remains now to compute ,. We have

,‖̃b‖2 =
∫

ñ:̃b

(1 + b̃:̃n)3
dñ

=
∫
@∈[0; ];8∈[0;2 ]

‖̃b‖cos @ sin @
(1 + cos @‖̃b‖)3 d@= 2 

∫ 1

−1

‖̃b‖x
(1 + x‖̃b‖)3 dx

thus

Ṽ = 2 
b̃

‖̃b‖

∫ 1

−1

‖̃b‖x
(1 + x‖̃b‖)3 dx
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and one has∫ 1

−1

‖̃b‖x
(1 + x‖̃b‖)3 dx =

1

‖̃b‖

∫ 1

−1

(
1

(1 + x‖̃b‖)2 − 1

(1 + x‖̃b‖)3

)
dx =− 2‖̃b‖

(1− ‖̃b‖2)2
thus

Q̃r =
15
4 5

33
r g(1)2 

b̃
‖b‖

2‖̃b‖
(1− ‖̃b‖2)2

and since by the same type of calculus one obtain

Sr =
15
4 5

33
r g(1)

4 

(1− ‖̃b‖2)2
one has

Q̃r =−b̃Sr :
We compute now the relaxation terms for the P1 model. The source terms reads

SE =
∫
�∈[0;+∞[

∫
ñ∈S2

Sa(�; ñ) + Ss(�; ñ) d� dñ= Sa
E + Ss

E; (B.9)

S̃F =
∫
�∈[0;+∞[

∫
ñ∈S2

ñ(Sa(�; ñ) + Ss(�; ñ)) d� dñ= Sa
F + Ss

F : (B.10)

Let us detail each of these terms by categories. For the emission–absorption e=ect:

Sa
E =

∫ ∫
�2

�20
B(�0; T )− �0

�
I d� dñ

=
15
4 5

∫ ∫
�2�0


 1
exp
(
�0
T

)− 1
− 1

exp
(

�
3r
(1 + ñ:̃b)

)
− 1


 d� dñ

and since

�0 = ��(1− �̃n:̃v)

=
15
4 5

×
∫ ∫

��3(1− �̃n:̃v)


 1
exp
(
�
T �(1− �̃n:̃v)

)− 1
− 1

exp
(

�
3r
(1 + ñ:̃b)

)
− 1


 d� dñ

and now using (B.4) and (B.5), we obtain

Sa
E = �(M1(T=�;−�̃v)− �̃v:M̃ 2(T=�;−�̃v)− Er + �̃v:F̃ r); (B.11)

Sa
F =

15
4 5

∫ ∫
ñ�2�0


 1
exp
(
�0
T

)− 1
− 1

exp
(

�
3r
(1 + ñ:̃b)

)
− 1


 d� dñ

and using (B.5) and (B.6), we obtain

Sa
F = �(M̃ 2(T=�;−�̃v)− �M3(T=�;−�̃v)̃v− F̃ r + �Pr̃v): (B.12)
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We consider now the relaxation term due to the scattering. We recall that the scattering term we
consider can be written as

Ss =
�2

�20

(
1
4 

∮
I0 − I0

)
thus

Ss
E =

∫
Ss d� dñ=

∫
�2

�20

(
1
4 

∮
I0 − I0

)
d� dñ:

and since � d� dñ is Lorentz-invariant measure,

Ss
E =

∫
Ss d� dñ=

∫
�
�0

(
1
4 

∮
I0 − I0

)
d�0 dñ0:

Thus, using �= ��0(1 + �̃v:̃n0) we have

Ss
E = �

(∫
I0 d�0 dñ0 −

∫
(1 + �̃v:̃n0)I0 d�0 dñ0

)
:

But

�
3r

(1 + b̃:̃n) =
��0(1 + �̃v:̃n0)

3r
+

b̃
3r

�̃n: (B.13)

Now, for �̃n we call that we have

�0ñ0 = �
(
n− ��̃v

(
1− �

�
�+ 1

ñ:̃v
))

= (−��̃v)�+
(
1 +

��2

�+ 1
ṽ⊗ ṽ

)
�̃n

or conversely

�̃n= (��̃v)�0 +
(
1 +

��2

�+ 1
ṽ⊗ ṽ

)
�0ñ0: (B.14)

Using (B.14) in the right-hand side of (B.13), expanding, and rearranging the term one obtains
�
3r

(1 + b̃:̃n) =
�0
3r;0

(1 + b̃:̃n0) (B.15)

with 3r;0 and b̃0 deIning by

3r;0 =
3r

�(1 + �̃b:̃v)

and

b̃0 =
1

1 + �̃b:̃v

(
�̃v+

(
1
�
I +

��
�+ 1

ṽ⊗ ṽ
)
b̃
)

which give the expression of the radiative intensity in the comobile frame

I0 =
15
4 5

�30
exp ( �0

3r; 0
(1 + b̃0 :̃n0))− 1

:
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Now it is simple to compute the relaxation terms due to the scattering

Ss
E = �(M1(3r;0; b̃0)−M1(3r;0; b̃0)− �̃v:M̃ 2(3r;0; b̃0))

=−��̃v:M̃ 2(3r;0; b̃0) (B.16)

and

Ss
F =

∫
Ssñ d� dñ=

∫
�2

�20

(
1
4 

∮
I0 − I0

)
ñ d� dñ

=
∫

�
�0

(
1
4 

∮
I0 − I0

)
ñ0 d�0 dñ0

and using one more time the relation (B.14) for �̃n we obtain

Ss
F =

∫ (
��̃v+

(
1 +

��2

�+ 1
ṽ⊗ ṽ

)
ñ0

)(
1
4 

∮
I0 − I0

)
ñ d�0 dñ0

=
(

I +
��2

�+ 1
ṽ⊗ ṽ

)∫
ñ0

(
1
4 

∮
I0 − I0

)
ñ d�0 dñ0:

Finally, using (B.2) we Ind that

Ss
F =−

(
I +

��2

�+ 1
ṽ⊗ ṽ

)
M̃ 2(3r;0; b̃0): (B.17)

We are also able to compute the relaxation term for Sr we recall that we have

SSr =
SE + b̃:SF

3r
:

By example for the scattering this gives

Ss
Sr =− 1

3r

(
M̃ 2(3r;0; b̃0):

(
��̃v+

(
I +

��2

�+ 1
ṽ⊗ ṽ

)
b̃
))

but (
��̃v+

(
I +

��2

�+ 1
ṽ⊗ ṽ

)
b̃
)
= �(1 + �̃b:̃v)̃b0

thus

Ss
Sr =−�(1 + �̃b:̃v)

3r
(̃b0:M̃ 2(3r;0; b̃0)):

and using (B.2) and the deInition of 3r;0 we have Inally

Ss
Sr =

4
3

‖̃b0‖2
(1− ‖̃b0‖2)2

33
r;0: (B.18)
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ABSTRACT

In this paper, we present a numerical scheme for a non linear

Fokker–Planck equation of one-dimensional granular medium. We

consider a kinetic description of a system of particles undergoing nearly

elastic particles and interacting with a thermal bath. We construct a

numerical method which preserve all the properties of the continuous

model, conservation laws, and decay of the entropy. Moreover, the discreti-

zation is such that, on a fixed grid, we deal with arbitrary small temperatures

for the bath. Explicit and implicit time discretization are analyzed.
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models; Inelastic collisions; Fokker–Planck equation.

1. INTRODUCTION

The model we consider has been proposed by MacNamara and Young

(1992; 1993), and has been studied from mathematical point of view (Benedetto

et al. 1997; 1998; 1999). We also refer to Baldassarri et al. (2002), Esteban and

Perthame (1991) for kinetic modelisations of inelastic collisions. The model is

derived from a system of particles moving in one dimension and that undergo

inelastic collision. The unknown of the kinetic model is the distribution function

that represents the number of particles with velocity v [ R, at time t. The col-

lisions are modeled by a Boltzmann type collision operator, for inelastic col-

lision with an hard sphere cross section. The collisions being inelastic, they

lead to a decay of energy and the distribution function concentrates for large

time on zero velocity. When there is a lot (N � 1) of such collision, weakly

inelastic, the Boltzmann equation reduces to a Fokker–Planck type equation,

(MacNamara and Young, 1994; Toscani, 2000).

In this work, we consider such a system of particles immersed in a thermal

bath at constant temperature s, which counterbalances the loss of energy due

to inelastic collisions. When s ¼ 0, the distribution function converges to a

Dirac mass at origin in the sense of weak convergence of measure (Benedetto

et al., 1997). In the case s . 0, the equilibrium states behave like exp(2jvj3)

for large velocities (Benedetto et al., 1998), the equilibrium state are not

Maxwellian.

Let us also mention that some works has been devoted to the hydrodyna-

mical limit of this system: one obtains a system of two conservation laws for

the density r and the momentum ru, that can be written as the Euler system for

isotropic gases, with a pressure law P(r) ¼ rg, g ¼ 1/3 (the exponent 1/3

yields to mathematical difficulties, since the obtained system lies in between

classical gas dynamics, g . 1, and pressure less gas, g ¼ 0, that have very

different behavior).

The aim of this paper is to present a deterministic discretization, that is,

compatible with the known properties of the operator. Moreover, the method

is such that we can treat any temperature of the bath with the same grid, in

other words, as s ¼ 0 goes to zero the scheme degenerate to a conservative

and entropy discretization of the pure granular case. The method is close

to the one developed for the Fokker–Planck–Landau equation or the

Kompaneets equation (Cf. Buet and Cordier, 1997; 1998a; 2003). For gener-

alized discrete models of kinetic equations, we refer to (Görsch, 2002). Let us

emphasize that the proposed method has a linear computational cost. Explicit
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and Implicit time discretization are detailed. Implicit schemes appear to be

more efficient.

Some numerical results are presented. In particular, the non-Maxwellian

equilibrium states are obtained.

2. THE ONE DIMENSIONAL MODEL OF
GRANULAR MEDIA

We consider a simplified 1D model of granular media described by

example in Benedetto et al. (1998). The particles are described by their distri-

bution function f(v, t) of velocity v and time t. This function obeys

@t f ¼ @vðFf þ s@v f Þ ð1Þ

where Ff is the pure granular term,

FðvÞ ¼

ð
R

jv� v0jðv� v0Þ f ðv0Þ dv0 ð2Þ

and s is an arbitrary positive constant related to the temperature of the bath. All

the more, s@v
2 f represents the thermal reservoir, where s is linked to the temp-

erature. Let us define r and uf as the mass and the mean velocity, respectively

r ¼

ð
R

f ðv0Þdv0; uf ¼
1

r

ð
R

f ðv0Þv0 dv0 ð3Þ

2.1. Properties of the Continuous Model

The properties of this model are the conservation of mass and momentum,

the decay of the energy for (s ¼ 0) and of the entropy:

Definition 2.1
Let us define the temperature and the entropy by, respectively,

Tð f Þ ¼

ð
v0
jv� uf j

2f ðvÞ dv ð4Þ

E ¼

ð
s ½lnð f ðvÞÞ� f ðvÞ dvþ

1

6

ð
v

ð
v0
jv� v0j3f ðv0Þf ðvÞ dv0 dv ð5Þ

and let be Ea( f ) and Ha(v), defined by

Eað f Þ ¼

ð ð
jv� v0jaf ðv0Þf ðvÞ dv0 dv ð6Þ

Hf ;aðvÞ ¼

ð
v0
jv� v0jaf ðv0Þ dv0 ð7Þ
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We shall omit the dependency of H with respect to f when there are no

ambiguity.

Properties 2.1.1

Then, we get

@f E3ð f Þ ¼ 2

ð
H3ð f ; vÞ dv ð8Þ

@vF ¼ 2

ð
jv� v0j f ðv0Þ dv0 ¼ 2H1ðvÞ ð9Þ

3@vH3 ¼ F ð10Þ

These properties can be easily checked, by splitting the integrals into v0 . v

and v . v0.

The existence and uniqueness of an equilibrium state are given by

Benedetto et al. (1998). The strict convexity of E, follows from the following

result that will be also useful to prove the entropy decay for an implicit scheme:

Lemma 2.2
For any function f in

~‘‘ ¼ f f :ð1 þ jvj4Þ f [ L1ðRÞ;

ð
f ¼ 0 and

ð
vf ðvÞ dv ¼ 0g

E3( f ) � 0.

Proof.

Let f [ C0
1, and integrable. We have:

H3ð f ; vÞ ¼

ð
f ðv0Þjv� v0j3 dv0 ¼ �

ð
f ðv� v0Þjv0j3 dv0

and, differentiating with respect to v

@vH3ð f ; vÞ ¼ 3

ð
f ðv0Þjv� v0jðv� v0Þ dv0 ¼ �

ð
@v f ðv� v0Þjv0j3 dv0

which gives the following identity

@2
vH3ð f ; vÞ ¼ 6H3ð f ; vÞ ¼ �H3ð@

2
v f ; vÞ

Then,

E1ð f Þ ¼

ð
f ðvÞH1ð f ; vÞ dv ¼

1

6

ð
f ðvÞ@2

vH3ð f ; vÞ dv

¼ �
1

6

ð
@v f ðvÞ@vH3ðh; vÞ dv

0 ¼ �
1

6
E3ð@v f ðvÞÞ
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Moreover, @v
2H1 ( f, v) ¼ 2f (v), E1(@v f ) ¼ 2

Ð
f 2 dv , 0, and then

E1ð@v f Þ ¼ �
1

6

ð
@2
v fH3ð@

2
v f Þ dv ¼ �

1

6
E3ð@

2
v f Þ

so we have E3(@v
2 f ) ¼

Ð
f 2(v) dv . 0 and @v

2 f [ ‘.

Since for any g [ C1, with compact support and such that
Ð
g ¼ 0 andÐ

vg(v) dv ¼ 0, we can find a function f [ C1, integrable and such that

g ¼ @v
2 f thus, E3(g) ¼ 6

Ð
f 2(v) dv. By density, the result hold for any

function of ‘. B

For sake of simplicity, we omit the index and set E ¼ E3 and H ¼ H3 in

the reminder.

2.2. Pure Granular

We suppose s ¼ 0 in (1), and let f ¼ f(t, v) be a function so that:

@t f ¼ @vðFf Þ ð11Þ

By the definition of F, we have

ð
v

Ff dv ¼ 0 ð12Þ

We can write the weak formulation:

Proposition 2.3

Let f be a solution of Eq. (11). Then, f satisfies for all test functions f:

ð
@t ff ¼ �

ð
@vfFf ¼ �

ð ð
@vfjv� v0jðv� v0Þf ðvÞf ðv0Þ dv dv0

¼ �
1

2

ð ð
ð@vf� @v0f

0Þjv� v0jðv� v0Þf ðvÞf ðv0Þ dv dv0 ð13Þ

by symmetry of v and v0. We can obtain also the weak form

ð
@t ff ¼ �

1

2r

ð
ð@vðfÞ � @v0 ðf

0ÞÞðF � F0Þff 0 dv dv0 ð14Þ

These equations verify mass and momentum conservation and entropy

decay.
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Proof.

Taking respectively f ¼ 1, v, v2 in Eq. (13), we get respectively mass and

momentum conservation and the temperature decay. For f ¼ v2 and r ¼ 1

@t

ð
ff ¼ �

1

2

ð ð
ð2v� 2v0Þjv� v0jðv� v0Þf ðvÞf ðv0Þ dv dv0

¼ �

ð ð
jv� v0jðv� v0Þ2f ðvÞf ðv0Þ dv dv0 ¼ �Eð f Þ

So dt
Ð
v2f � 0 implies the temperature decay, and the equilibrium corre-

sponds to E ¼ 0.

Moreover, using 3@vH ¼ F and df E ¼ 2
Ð
H, we obtain for f ¼ 3H(v):

dtE ¼ 3

ð
@t fH

¼ �
1

2

ð ð
ðFðvÞ � Fðv0ÞÞjv� v0jðv� v0Þf ðvÞf ðv0Þ dv dv0 ð15Þ

Note that F is strictly increasing:

@vF ¼

ð
2jv� v0j f ðv0Þ dv0 . 0

Therefore, (F(v) 2 F(v0))(v2 v0) � 0 and dtE � 0. Thus we prove the decay of

entropy. If we suppose that there is conservation, i.e., dtE ¼ 0, as F is strictly

increasing, we get f(v) ¼ 0 and by the conservation of mass, f(v) is of the

form r . d(v2 u). B

2.3. Case of the Granular Immersed in a Thermal Bath

Let us now consider the case s = 0 in Eq. (1). Let M define as follows

@vM ¼
�F

s
M ð16Þ

i.e.,

MðvÞ ¼ C exp
�1

3s
HðvÞ

� �
ð17Þ

We rewrite the Eq. (1)

@t f ¼ @v sM@v
f

M

� �� �
¼

s

r
@v

ð
v0
fM@v

f

M

� �
� fM0@v0

f

M

� �0

dv0
� �
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where r ¼
Ð
f(v) dv denotes the mass and because the second term is zero by

integrating by part and using Eqs. (16) and (12):

ð
M0@v0

f

M

� �0

dv0 ¼ �

ð
@v0M

0 f

M

� �0

dv0 ¼ �
1

6s

ð
Fðv0Þf ðv0Þ dv0 ¼ 0

Then, we can write the following weak symmetrized form of Eq. (1):

@t

ð
ffdv ¼

�s

2r

ð ð
ð@vf� @v0f

0Þff 0

� @v log
f

M

� �
� @v0 log

f

M

� �0� �
dv dv0 ð18Þ

The mass and momentum conservation, as the decay of entropy, are obvious,

by choosing f ¼ 1, v, and log( f/M), respectively.

Note that the above formulation has a structure close to the Fokker–

Planck–Landau one’s, in the so called log form, that has been studied by

Benedetto and Caglioti (1999) and Buet and Cordier (1997). The only terms

in the above expression that can be modified without changing the properties

of the operator (conservation of mass, momentum, and the decay of entropy) is

the product ff 0.

3. DISCRETIZATION

In this section, we introduce a discrete version of Eq. (1), that degenerates

correctly to the pure granular equation, when s ! 0, i.e., “an asymptotic

preserving scheme.” Moreover, this scheme must conserve the properties of

conservation of the mass, and momentum, as the decay of entropy.

We first deal with the pure granular case, which brings up the following

problem: find a scheme that preserve the decay of entropy.

Initially designed for the Fokker–Planck linear equations, the method of

Chang–Cooper (cf. Chang and Cooper, 1970) allowed us to build such a

discretization.

For all the different schemes, we consider an uniform grid in velocity:

vi ¼ iDv

for i ¼ 1, N. The macroscopic quantities are defined using standard quadrature

formula: for the mass

r ¼
X
i

fiDv
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the momentum

ruf ¼
X
i

fiviDv

and the temperature

T ¼
X
i

fiðv� uf Þ
2Dv

3.1. Case of Pure Granular: s 5 0

This section is devoted to the limiting case s ¼ 0. We present two differ-

ent methods.

3.1.1. First Method

Let us first consider the more natural discretized version of the granular

equation (11). The term F is discretized using a standard quadrature formula

Fi ¼
X
j

jvi � vjjðvi � vjÞf ðvjÞDv ð19Þ

This satisfiesX
i

Fi fi ¼ 0 ð20Þ

by symmetry and Fiþ1 2 Fi � (Dv)2r and thus it is strictly increasing. Indeed,

as the grid is uniform, one gets:

viþ1 � vi ¼ Dv; jviþ1 � vjj . jvi � vjj � Dv

thus

Fiþ1 � Fi � Dv
X
j

jviþ1 � vjj fjDv

 !
� Dv

X
j

ðvi � vjÞfjDv

� Dv
X
j

ðjviþ1 � vjj � ðvi � vjÞÞfjDv ¼ Dv
X
j

Ki; j fjDv

1. if viþ1 . vj then Ki, j ¼ Dv . 0,

2. If viþ1 , vj then Ki, j ¼ 2vj2 viþ1 2 vi ¼ 2(vj2 viþ1) þ Dv . Dv

So we get the inequality Fiþ1 2 Fi � (Dv)2r.
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We consider the following upwind scheme for this transport equation (in

the velocity variable):

@t
X
i

fifi ¼ �
1

Dv

X
i

ððfiþ1 � fiÞF
�
i þ ðfi � fi�1ÞF

þ
i Þ fi ð21Þ

Let us mention that the N terms Fi can be computed in O(N) operations using a

splitting of the sum into the j before and after vi that reduce the complexity of

their evaluation. Note also that there exists some index i0 such that Fi , 0 for

all i , i0 and Fi . 0 for all i . i0 (this index can move in time). Moreover, we

have F1 , 0 and FN . 0 and thus, no boundary condition are needed: we do

not have to prescribe the value of f0 of fNþ1.

The mass and momentum are conserved taking fi ¼ 1, vi in Eq. (21) and

using the condition (20). The evolution of the temperature is

dT

dt
¼ �6E � ðDvÞ

X
i

ðF�
i � Fþ

i Þ fi

The second term of the right hand side is positive and one cannot conclude

about the decay of the temperature. For the discrete entropy, E, the same con-

clusion holds.

However, discrete steady state for this scheme exists: consider state such

that i0 with fi ¼ 0 for all i . i0 þ 1 or i , i0. The values of the distribution

function on the two non vanishing points and the value of i0 are determined

from mass and momentum conservation:

fi0 þ1 þ fi0 ¼ r; vi0 þ1 fi0 þ1 þ vi0 fi0 ¼ ruf ð22Þ

3.1.2. Second Method

We define the discrete analog of H(v) and the entropy E (5) by

Hi ¼
1

3

X
j

jvi � vjj
3fjDv

and

E ¼
1

2

X
i

Hi fiDv

A second discretization can be obtained in the pure granular equation. By

integration by parts, we get:ð
f@vðFf Þ dv ¼ �

ð ð
@vfðvÞjv� v0jðv� v0Þf ðvÞf ðv0Þ dv0 dv

Simplified Model of Granular Media 133



ORDER                        REPRINTS

The analogous discrete weak formulation is

@t
X
i

fifiDv ¼ �ðDvÞ2
X
i;j

Df
j
i fi fjjvi � vjjðvi � vjÞ ð23Þ

where the finite difference operator at point i is uncentered in a direction

depending on the point j as

Df
j
i ¼

fiþ1 � fi

Dv
1i, j þ

fi � fi�1

Dv
1i. j ð24Þ

This particular choice can be physically interpreted going back to a Boltzmann

quasi-elastic monodimensional model.

First, a symmetry can be output of Eq. (23), to obtain

@t
X
i

fifiDv ¼ �
1

2
ðDvÞ2

X
i; j

ðDf
j
i � Dfi

jÞ fi fjjvi � vjjðvi � vjÞ ð25Þ

Let us consider two particles with velocity vi and vj (with i , j for example).

The only elastic collision between these two particles consist in swapping the

both, but this does not change the distribution function. If one allows slightly

non elastic collisions but preserving the momentum, i.e., the postcollisional

velocities have the same average (the particle have the same mass) as before

the collision. Therefore, the less inelastic post-collisional velocities are (viþ1,

vj21) and (vi21, vjþ1).

To decrease the energy of the system is equivalent to decrease the relative

velocity, so the velocities must get closer. The latter corresponds to a increas-

ing of energy and is not physically relevant. The choice which corresponds to

a minimal decrease of energy, is thus (vi, vj) 7! (viþ1, vj21) (for i , j).

Proposition 3.1

The scheme (23) and (24) preserves mass, and momentum, and the decay

of energy and of entropy E ¼ 1
2

P
iHi fidv with Hi ¼

1
3

P
jjvi2 vjj

3fjDv.

Proof.

Standing (f ¼ 1) in Eq. (24), one gets mass conservation.
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For momentum, let (fi ¼ vi), (24) write as 1i, jþ 1i. j, and (23) is null.

Using Eq. (25) with (fi ¼ vi
2) one gives:

2
dT

dt
¼ �ðDvÞ2

X
i, j

ðv2
iþ1 þ v2

j�1 � v2
i � v2

j Þ fi fjjvi � vjjðvi � vjÞ

þ ðDvÞ2
X
i. j

ðv2
i�1 þ v2

jþ1 � v2
i � v2

j Þ fi fjjvi � vjjðvi � vjÞ � 0

ð26Þ

For the entropy, one obtains:

2
d

dt
E ¼ �ðDvÞ2

X
i, j

ðHiþ1 � Hi � ðHj � Hj�1ÞÞ fi fjjvi � vjjðvi � vjÞ

þ ðDvÞ2
X
i. j

ðHi�1 þ Hjþ1 � Hi � HjÞ fi fjjvi � vjjðvi � vjÞ

Using the convexity of w ! jw2 aj3, one find that the sequence Hiþ1 2Hi is

increasing in i or equivalently in vi and then

d

dt
E � 0 B

Lemma 3.2

The system (23) has a global positive solution, for any positive initial data

( fi
0 . 0, for all i).

Proof.

The existence of a solution for this semi-discretized system can be easily

obtained using a Cauchy–Lipschitz theorem for small time. This solution is

global in time using a minoration of the solution by retaining only the loss

term and the mass conservation (that provides an upperbound) Indeed, if f is

solution, the corresponding discrete velocities system for each i is

@t fi ¼ ðDvÞ½ fi�1

X
i , j

fjðvi�1 � vjÞ
2
þ fiþ1

X
i. j

fjðviþ1 � vjÞ
2
�

� ðDvÞ fi
X
j

fjðvi � vjÞ
2

Moreover,

ðDuÞ
X
j

fjðvi � vjÞ
2 , K
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where K is a constant, which depends of the length of the domain, and of the

conserved quantities (mass and momentum). Thus, with
P

i fi ¼ r ¼ constant,

we get

r � fiðtÞ � f 0
i expð�KtÞ

Therefore, the maximal solution is global in time. B

Equilibrium state for this scheme:

Lemma 3.3

dT/dt ¼ 0 if and only if fi ¼ 0 for i , i0 and i . i0 þ 1, i0 and fi0, fi0 þ 1

are determined using mass and momentum conservation.

Proof.

We start from Eq. (26). The converse is obviously true. For the direct

implication, let f be such that the right hand side of Eq. (26) is null, but

with a fixed mass and momentum. Since the mass is not null, they necessary

exist an index i0 such that fi0 . 0. Since in the r.h.s. of Eq. (26), all the terms in

factor of fi fj are non positive except for j ¼ i2 1 or j ¼ iþ 1, this leads to

fi ¼ 0 for i , i0 2 1 and i . i0 þ 1. Now, since the term in factor of

fi0 2 1 fi0 þ 1 is also negative thus one of fi0 2 1 and fi0 þ 1 is null. Equation

(22) determines i0 and the value of fi0 fi0 þ 1. B

If one compares the two schemes proposed here, the first one is uncen-

tered at a “macroscopic level” that depends only on the integrated value of

F whereas, the second consists in a “microscopic” uncentered scheme

where only the physically relevant collision are allowed.

3.2. Chang–Cooper Method for a Fokker–Planck

Linear Equation

Before using the Chang–Cooper method for the granular media, we

briefly recall this method on a more simple linear Fokker–Planck equation:

set F ¼ v in Eq. (1),

@t f ¼ @vðvf þ s@v f Þ ð27Þ

that can be put under the form

@t f ¼ s@v M@v
f

M

� �� �

where M is a Maxwellian, and M(v) ¼ exp(2jvj2/2s)
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Originally, the method of Chang–Cooper was designed to preserve equi-

librium state of Fokker–Planck equation. Another interesting feature of this

method is its ability to degenerate correctly to an upwind scheme, for the

equation of convection, when s ! 0, with velocity grid fixed. Moreover, it

is an entropy decaying method and not just an equilibrium state preserving

method.

We set Mi ¼ M(vi). This method can be written as

@t fi ¼
Fiþ1=2 � Fi�1=2

Dv

with Fiþ1/2 ¼ s/(Dv)M̃iþ1/2 ( fiþ1/Miþ1 2 fi/Mi), where

~MMiþ1=2 ¼
MiMiþ1

Miþ1 �Mi

ðlnMiþ1 � lnMiÞ

thus

Fiþ1=2 ¼
s

Dv
ð fiþ1 � fiÞ þ

s

Dv
�1 þ

~MMiþ1=2

Miþ1

� �
fiþ1 þ

s

Dv
1 �

~MMiþ1=2

Mi

� �
fi

Analyze each term:

s

Dv
1 �

~MMiþ1=2

Mi

� �
¼

s

Dv
1 �

Miþ1

Miþ1 �Mi

ðlnMiþ1 � lnMiÞ

� �

¼
s

Dv
ln
Miþ1

Mi

1

lnMiþ1 � lnMi

�
Miþ1

Miþ1 �Mi

� �

¼ �
s

Dv
ln
Miþ1

Mi

1

lnMi=Miþ1

�
1

Mi=Miþ1 � 1

� �

Setting w ¼ ln(Mi/Miþ1), then we get:

s

Dv
1 �

~MMiþ1=2

Mi

� �
¼

s

Dv
w

1

w
�

1

expw� 1

� �
¼

s

Dv
whðwÞ ¼

s

Dv
wu

where u ¼ h(w) and h is the function

hðxÞ ¼
1

x
�

1

ex � 1

Now, h is positive on R, decreasing and varies between 0 and 1. Similarly, the

second term reads:

s

Dv
�1 þ

~MMiþ1=2

Miþ1

� �
¼

s

Dv
whð�wÞ
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and h(2w) ¼ 2h(w) þ 1, thus

s

Dv
�1 þ

~MMiþ1=2

Miþ1

� �
¼ �

s

Dv
wðu� 1Þ

Then

Fiþ1=2 ¼
s

Dv
ð fiþ1 � fiÞ þ

s

Dv
ð�wðu� 1ÞÞ fiþ1 þ

s

Dv
ðwuÞ fi

¼
s

Dv
ð fiþ1 � fiÞ þ

sw

Dv
ðufi þ ð1 � uÞ fiþ1Þ

We get an “upwind” scheme, mixed with a “u-scheme:” this is the Chang–

Cooper method.

It is easy to verify that this discretization correspond to the discretization

of the weak formulation of the FPL equation

@t fifi ¼
X
i

sðDfÞiþ1=2 Miþ1=2D
f

M

� �
iþ1=2

 !
ð28Þ

where Dg stands for the centered finite difference, i.e., D(g)iþ1/2 ¼

(giþ1 2 gi)/Dv and the coefficients Miþ1/2 is an average of the value between

Mi and Miþ1 to be defined. Such type of scheme is by construction entropy

decaying and provide the good equilibrium state, see Benedetto and Caglioti

(1999). By taking Miþ1/2 as

Miþ1=2 ¼
MiMiþ1

Miþ1 �Mi

log
Miþ1

Mi

� �
ð29Þ

this gives the Chang–Cooper scheme.

This scheme degenerates toward an upwind scheme for @t f ¼ @v(vf ) when

s ! 0. Indeed, the scheme (28) with the choice (29) reads:

X
i

@t fifi ¼
X
i

2sðD�fÞiþ1=2

logðMiþ1=MiÞ

Miþ1 �Mi

ð fiþ1Mi �Miþ1 fiÞ

using

s log
Miþ1

Mi

� �
¼

�v2
iþ1 þ v2

i

2
¼ �Dvviþ1=2

with viþ1/2 ¼ (viþ1 þ vi)/2. Moreover, for i such that vi . 0

Mi

Miþ1 �Mi

�! �1
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as s ! 0 whereas it tends to 0 if vi , 0. Thus the limit of the scheme as

s ! 0 is

@t fi ¼ vþiþ1=2ð fiþ1 � fiÞ þ v�i�1=2ð fi � fi�1Þ

@t fi ¼ 2viþ1=2ð fiþ1 � fiÞ1vi. 0 þ 2vi�1=2ð fi � fi�1Þ1vi�1
, 0

denotes the positive/negative part of x, i.e. x+ ¼ (x+ jxj)/2.

3.3. Discretization with s= 0

Taking the granular Eq. (1), we look for a discretization similar to the FPL

one’s, based on the Chang–Cooper method. Moreover, this scheme must

preserve the properties of conservation and of decay, and degenerate to the

equation of pure granular, when s ! 0.

3.3.1. A Discretization Based on the Symmetric Form

We define the discrete analog of H(v) and the entropy E (5) by

Hi ¼
1

3

X
j

jvi � v jj
3f jDv

and

E ¼ s
X
i

fi lnð fiÞdvþ
1

2

X
i

Hi fiDv

We define also a discrete version of (17) by

Mi ¼ exp �
Hi

s

� �

From the His we define discrete of F by

Fiþ1=2 ¼
Hiþ1 � Hi

Dv

and using the convexity of the function w ! jw2 aj3 one can verify easily

that Fiþ1/2 � Fi21/2, thus the sequence Fiþ1/2 is increasing in i.

One can remark that by splitting the sum in two parts
P

j � i and
P

j � i

than the Hi’s can be evaluated in O(n) operations as explained by Buct and

Cordier (1998b), (2002) for a similar equation, the isotropic Fokker–

Planck–Landau equation.
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In order to preserve mass momentum and the decay of the entropy we dis-

cretize the weak-symmetrized form (18),

@t

ð
ffdv ¼

�s

2r

ð ð
ð@vf� @v0f

0Þff 0 @v log
f

M

� �
� @v0 log

f

M

� �0� �
dvdv0

as follows

�s

2r

X
i

X
j

ðDfiþ1=2 � Df jþ1=2Þ fiþ1=2 f jþ1=2

� D log
f

M

� �
iþ1=2

�D log
f

M

� �
jþ1=2

 !
ð30Þ

where Dgiþ1/2 ¼ (giþ1 2 gi)/Dv and the averaged value of the product fiþ1/2

fjþ1/2 has to be defined.

On this form conservation of mass and mean velocity and the decay of the

discrete entropy E are easily verified choosing f ¼ 1, v, H, respectively.

We shall now define the product fiþ1/2 fjþ1/2 in such a way that, we will

have the much simplest scheme as possible, that degenerate correctly when s

go to 0, and for which the collision term can be evaluated at the lower cost as

possible, that is, in O(n). Moreover, approximating fiþ1/2 fjþ1/2 by any posi-

tive formula allows to insure conservation of the mass, the mean velocity, and

the decaying of the entropy. The first idea is to use the so called entropic aver-

age, see (Buet et al., 2001), that permits to get rid of the log term

fiþ1=2f jþ1=2 ¼
ð f =MÞj Dð f =MÞiþ1=2 � ð f =MÞi Dð f =MÞ jþ1=2

D logð f =MÞiþ1=2 � D logð f =MÞ jþ1=2

 !

�Miþ1=2Mjþ1=2 ð31Þ

Using this choice, one get

�s

2r

X
i

X
j

ðDfiþ1=2 � Df jþ1=2ÞMiþ1=2Mjþ1=2

�
f

M

� �
j

D
f

M

� �
iþ1=2

�
f

M

� �
i

D
f

M

� �
jþ1=2

 !
ð32Þ

that can be related to the non-log form of the Fokker–Planck equation:

f

M

� �
j

D
f

M

� �
iþ1=2

�
f

M

� �
i

D
f

M

� �
jþ1=2

¼
f

M

� �
j

f

M

� �
iþ1

�
f

M

� �
i

f

M

� �
jþ1
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We define the product Miþ1/2Mjþ1/2 in such way that the scheme reduces to a

“good” scheme when s ! 0, and using the analysis done for the linear

Fokker–Planck equation, we choose

Cij ¼ Miþ1=2Mjþ1=2 ¼
Miþ1MjMiMjþ1

Miþ1Mj �MiMjþ1

log
Miþ1Mj

MiMjþ1

� �
ð33Þ

The ODE system has the following structure

@tfi ¼ s
X
j

Cij

fiþ1 fj

Miþ1Mj

�
f jþ1 fi

M jþ1Mi

� �

þ Ci�1;j
fi�1 fj

Mi�1Mj

�
f j�1 fi

M jþ1Mi

� �
ð34Þ

with Cij given by Eq. (33).

On this form, the cost to evaluate the coefficients of the differential system

is quadratic.

In order to recover a linear cost, let us simplify the expression (33) for

Miþ1Mj . Mjþ1Mi, i.e., with zj ¼ Hjþi2HjþHi2Hiþ1 . 0. One approxi-

mates

1

Mjþ1Mi �Miþ1Mj

¼
1

Mjþ1Mið1 � expð�zj=sÞÞ
�

1

Mjþ1Mi

zj

s

� �

Then,

Cij � MjMiþ1 1 þ
s

zj

� �
zj

s
ð35Þ

and doing the same type of approximation for j � i one obtain the discrete

weak formulation

Xn
i¼ 0

@t fifi ¼ �
1

2rDv

Xn�1

i;j¼ 0

ðDfiþ1=2 � Df jþ1=2Þ
fiþ1fi

Miþ1Mj

�
f jþ1fi

M jþ1Mi

� �

� ðMjþ 1Miðsþ zjÞ 	 1f j. ig þMiþ1Mjðs� zjÞ 	 1f j, igÞ ð36Þ

and as

Fjþ1=2 � Fiþ1=2 :¼
Hjþ1 � Hj

Dv
�
Hiþ1 � Hi

Dv
¼

zj

Dv
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we deduceXn
i¼0

@t fifi ¼ �
s

rDv

Xn�1

i;j¼ 0

Dfiþ 1=2ðMjþ 1Mi 	 1f j. 1g þMiþ 1Mj 	 1f j, igÞ

�
fiþ1fj

Miþ1Mj

�
f jþ1fi

M jþ1Mi

� �
�

1

r

Xn�1

i;j¼0

Dfiþ1=2ðFjþ1=2 � Fiþ1=2Þ

� ðMjþ1Mi 	 1f j. ig �Miþ1Mj 	 1f j, igÞ
fiþ1fi

Miþ1Mj

�
f jþ1fi

M jþ1Mi

� �
ð37Þ

Using the choice (35) for the coefficients Cij, one gets a tridiagonal matrix: for

i ¼ 1, . . . , n2 1

@t fi ¼ aiþ1 fiþ1 � ðai þ biÞfi þ bi�1fi�1 ð38Þ

and the boundary terms are,

@t f0 ¼ a1 f1 � b0 f0 ð39Þ

@t fn ¼ �an fn þ bn�1 fn�1 ð40Þ

where the coefficients ai, and bi are all positives and defined by the following

relations, with, for i ¼ 1, . . . , n:

ai ¼
1

rDv

�
Mi�1

Mi

s

Dv
� Fi�1=2

� � Xn�1

j¼ i�1

Mjþ1

Mj

fj þ Fi�1=2 þ
s

Dv

� �Xi�1

j¼ 0

fj

þ
Mi�1

Mi

Xn�1

j¼ i�1

Mjþ 1

Mj

fjF jþ 1=2 �
Xi�1

j¼ 0

fjF jþ 1=2

�
ð41Þ

and for i ¼ 0, . . . , n2 1:

bi ¼
1

rDv

�
s

Dv
� Fiþ1=2

� �Xn�1

j¼ i

fjþ1 þ
Miþ1

Mi

Fiþ 1=2 þ
s

Dv

� �Xi
j¼ 0

Mj

Mjþ 1

f jþ1

þ
Xn�1

j¼ i

f jþ1Fjþ 1=2 �
Miþ1

Mi

Xi
j¼ 0

Mj

Mjþ 1

f jþ 1Fjþ 1=2

�
ð42Þ

Note that the coefficients ai and bi, can be evaluated in O(n) steps.

From Eqs. (38)–(40), we note that the system can be written as a differ-

ence of flows:

@t fi ¼ Giþ 1=2 � Gi�1=2

where Giþ1 þ 1/2 ¼ aiþ1 fiþ1 2 bi fi, the conservation of the mass is obvious.
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Properties 3.3.2

This scheme conserves mass and momentum (fi ¼ vi) for the system

(37), and decays of the discrete entropy E.

Proof.

By construction, the approximation of fiþ1/2 fjþ1/2 is positive. Thus start-

ing from Eq. (30) if we set fi ¼ 1 and vi respectively, we obtain the conserva-

tion of the mass r and the mean velocity u.

For the entropy, as for the continuous model we have

d

dt
E ¼

X
i

dfi

dt
ln fi þ

Hi

s

� �
¼
X
i

dfi

dt
ln

fi

Mi

� �

Thus by taken fi ¼ ln( fi/Mi) in Eq. (30) we have evidently (d/dt)E ¼ 0. B

If f is such that fi ¼ Mi thus we have (d/dt)E ¼ 0. For the existence of

such equilibrium, we refer to Benedetto et al. (1998), their proof remains

valid if we have a discrete measure instead of the Lebesgue measure.

3.3.3. Limit When s ! 0: a Third Discretization

If one considers the limit s ! 0 in the scheme (38)–(42), one gets the

form based on the weak formulation ff 0(F0 2 F) instead of jv2 v0j(v2 v0).

This scheme degenerates correctly when s ! 0, indeed, zj is positive,

defined by

exp
�zj

s
¼

Mjþ 1Mi

MjMiþ 1

So, when s ! 0, exp(2zj/s) ! 0 and the scheme becomes

Xn
i¼ 0

@t fifiDv ¼ �
1

2r

Xn�1

i;j¼ 0

ðDfiþ 1=2 � Df jþ 1=2Þ 	 ðFiþ 1=2 � Fjþ 1=2Þ

� ð f jþ 1fi 	 1f j. ig þ fiþ 1fj 	 1f j, igÞðDvÞ
2

ð43Þ

which is a discrete form of the weak symmetrized form (14) of the pure

granular operator.

Properties 3.3.4

The system limit conserves mass and momentum, and we have the decay

of energy and of the discrete entropy. Equilibrium states are such that fi ¼ 0

for i , i0 and i . i0 þ 1 and i0, fi0, fi0þ1 are determined from mass and

momentum, see Eq. (22).
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Proof.

By taking f ¼ 1, v in Eq. (43), mass and momentum conservation are

obtained. The sequence Fiþ1/2 is increasing in i and taking f ¼ v2 we have

the decay of the temperature

@tT ¼ �
Dv

r

Xn�1

i; j¼ 0

ðviþ 1=2 � v jþ 1=2Þ 	 ðFiþ 1=2 � Fjþ 1=2Þ

� ð f jþ 1fi 	 1f j. ig þ fiþ 1 fj 	 1f j, igÞðDvÞ
2

ð44Þ

where viþ1/2 ¼ (viþ viþ 1)/2. The sequence viþ1/2 is also increasing in i and

then all the terms (viþ1/2 2 viþ1/2) and (Fiþ1/2 2 Fjþ1/2) are non negative,

which gives the result.

For the entropy we have

@tE ¼ �
1

r

Xn�1

i;j¼0

ðFiþ1=2 � Fjþ1=2Þ
2
ð f jþ1fi 	 1f j. ig þ fiþ1fj 	 1f j, igÞ

� ðDvÞ2 ð45Þ

Concerning the equilibrium, we start from the entropy production term (45).

First let us verify that the sequence Fiþ1/2 is a strictly increasing sequence

in i. By the definition of Fiþ1/2 we have

Fiþ1=2 � Fi�1=2 ¼
1

Dv
ðHiþ1 þ Hi�1 � 2HiÞ

¼
1

Dv

X
j

f jðjviþ1 � vjj
3 þ jvi�1 � vjj

3 � 2jvi � vjj
3Þ

On can verify easily that we have the lowerbound

ðjviþ1 � vjj
2 þ jvi�1 � vjj

3 � 2jvi � vjj
3 � ðDvÞ2

so that

Fiþ1=2 � Fi�1=2 � ðrvÞ2r ð46Þ

Consider f such that the right hand side of Eq. (45) is null. Since the mass r of f is

not null there exist i0 such that fi0 . 0. All the terms involving in the right hand

side of Eq. (45) are null since they have all the same sign. Using then Eq. (46),

we obtain that fj ¼ 0 for j . i0 þ 1 and j , i0 2 1. And i ¼ i0 2 1 and j ¼ i0
gives fi0 þ 1 fi0 2 1 ¼ 0. In other words, one of the both terms is null. That

shows that f is as we have claimed it: the values of i0, fi0, and fi0 þ 1 are uniquely

determined by the values of the mass and the momentum. B
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3.4. Time Discretization

We shall present the time discretization of system in the form (38)–(40).

3.4.1. Explicit Scheme

In the explicit case, the system can be written:

f nþ1
i � f ni ¼ Dtðaniþ 1 f

n
iþ 1 � cni f

n
i þ bni�1 f

n
i�1Þf

nþ1
i � f ni ¼ DtQnf ni

i.e.,

f nþ1 ¼ Id þ Dt

�cn0 an1 0 	 	 	 	 	 	 0

bn0 �cn1 an2 0 	 	 	 0

0 . .
. . .

. . .
. ..

.

..

. . .
. . .

. . .
.

0

0 	 	 	 0 bnn�2 �cnn�1 ann
0 	 	 	 	 	 	 0 bnn�1 �cnn

0
BBBBBBBBB@

1
CCCCCCCCCA

2
6666666664

3
7777777775
f n

where ci
n ¼ ai

n
þ bi

n.

A sufficient condition to have a positive matrix is to take Dt satisfying

1 2 ciDt . 0 for all i. Therefore, we choose Dtmax ¼ (sup ci)
21.

Notice that Dtmax behave like O(Dv2/sþ (Dv)supijFiþ1/2j).

The properties of conservation of mass and momentum, of the system can

be checked easily (fi ¼ 1, vi).

3.4.2. Implicit Scheme

The implicit scheme reads:

f nþ1
i � f ni ¼ Dtanþ1

iþ1 f nþ1
iþ1 � Dtcnþ1

i f nþ1
i þ Dtbnþ1

i�1 f
nþ1
i�1

i.e.,

f n ¼ ðId � DtQð f nþ1ÞÞ f nþ1

where Q( f nþ1) is the previous matrix, at range nþ 1, instead of n. We use an

iterative method:

f n ¼ ðId � DtQð f nÞÞ f nþl
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and we define the process as:

ðId � DtQðgpÞÞgpþ1 ¼ f n

g0 ¼ f n

to resolve it, where gp is the pieme iterate.

At each iteration, mass and positivity are preserved. The conservation of

mass follows from structure of the matrix Q, which corresponds to a conser-

vative scheme. The last point follow from a classical algebra result (Berman

and Plemmons, 1994).

Let N be a matrix [ Rn
� Rn, tridiagonal, whose diagonal coefficients

are positives, the others negatives. Then N21 is positive, if and only if,

there exists a diagonal positive matrix D, such that D21 ND is diagonal

dominant. N ¼ (Id2 DtQ(gp)), take G [ Ker(Q) positive which is always

possible, then NG̃ ¼ G̃, where G̃ is the diagonal positive matrix formed

with the coefficients of G. Thus G̃21NG̃ ¼ Id which is a diagonal dominant

matrix. This concludes the proof.

One can also notice that if f n is an equilibrium then gp ¼ f n.

Lemma 3.4

For the implicit scheme the entropy is decaying.

Proof.

The entropy E can be written as:

Eð f Þ ¼ s

ð
ð f ln f þ

1

6

ð
jv� v0j3f ðvÞf ðvÞ0dv0Þdv ¼ s

ð
ðln f � lnNÞfdv

where N(v) ¼ exp(2(1/6s)
Ð
jv2 v0j f(v0)dv0) ¼ exp(23H(v)/2s). We get

E
nþ1

� E
n
¼ s

ð
f nþ1 ln

f

N

� �nþ1

dv�

ð
f n ln

f

N

� �n

dv

 !

¼ s

�ð
f n ln

f

N

� �nþ1

� ln
f

N

� �n
 !

dv

þ Dt

ð
Qnþ1f nþ1 ln

f

N

� �nþ1

dv

�
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with Qnþ1 ¼ Q( f nþ1),

E
nþ1

� E
n
� s

�ð
f n ln

f nþ1

f n

� �
�

ð
f n ln

Nnþ1

Nn

� �
dv

þ Dt

ð
Qnþ1f nþ1 lnðNÞnþ1 dv

�

Using the entropy decay on the weak form (18) with f ¼ ln( f/M) (M ¼ N2),

one gets

E
nþ1

� E
n
� s

�ð
v

f n lnðNÞn dvþ

ð
v

f nþ1 lnðNÞnþ1 dv

� 2

ð
v

f n lnðNÞnþ1 dv

�

� s

�ð
v

f nðlnðNÞn � lnðNÞnþ1 dvþ

ð
v

ð f nþ1 � f nÞ lnðNÞnþ1 dv

�

By definition of N, we have:

E
nþ1

� E
n
�

1

2

ð
v

ð
v0
jv� v0j3½ f nf 0nþ1 � f 0nÞ � f 0nþ1ð f nþ1 � f nÞ� dv dv0

� �
1

2

ð
v

ð
v0
jv� v0j3½ð f 0nþ1 � f 0nÞð f nþ1 � f nÞ� dv dv0

Since from lemma (2.2) the application

g !

ð ð
gðvÞgðv0Þjv� v0j3 dv dv0

is positive for functions g such that
Ð
g ¼

Ð
vg ¼ 0, we have the decay of

entropy.

The proof for the discrete formulation follow the same lines:

E
nþ1

� E
n
� s

X
i

f ni ðlnðNiÞ
n
� lnðNiÞ

nþ1

 !
Dv

þ
X
i

ð f nþ1
i � f ni Þ lnðNiÞ

nþ1Dv

�
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The definition of N gives:

E
nþ1

� E
n
� �

1

2

X
i

X
j

jvi � vjj
3½ð f nþ1

j � f nj Þð f
nþ1
i � f ni Þ�ðDvÞ

2
ð47Þ

By a discrete version of the lemma (2.2), which can be obtained by regulariz-

ing the sum of Dirac mass, we conclude to the decay of entropy. B

4. NUMERICAL RESULTS

We illustrate the method on two tests, a Dirac and a Gaussian for initial

data. For the two tests the velocity domains is [0, 12.5], the total mass is

one and the two initial data are centered at v ¼ 4. For the gaussian the variance

is 1. For all, the run of the time step is taken equals to 0.1. We use two uniform

grids of 50 and 200 points. For the explicit scheme, we use sub cycling

technique to respect the CFL constraint that guarantee positivity of the

scheme. For the implicit scheme, the iterative process is stopped when

the error on the relative velocity is smaller than 10212.

4.1. Computational Cost

Let us first compare the computational cost between explicit and implicit.

The costs correspond to s ¼ 1.

For the implicit scheme the number of iterates varies from 12, at the first

time step, to 1 after few time steps when starting from the gaussian, and from 5

to 1 when starting from the Dirac, and this with the two grids. The number of

iterates seems to does not depend of the number of points. For the explicit

scheme, the number of subcycles is nearly constant during the computation.

Starting from the gaussian or the Dirac we need 60 subcycles with 50 points

and 283 subcycles with 200 points. The cost of the iterations is the same for

the implicit and the explicit.

More the grid is fine, larger is the cost ratio explicit/implicit. For very

coarse grid (10 points) the cost of the explicit scheme when starting from

the gaussian is smaller than the cost of the implicit but only for the first-

time steps of the relaxation.

One interesting feature of the implicit scheme concerns its ability to reach

an equilibrium state, despite the fact that the iterative process is stopped, when

the error on the relative velocity is smaller than O(102n). This implementation

of the implicit scheme, strictly speaking, is not conservative for the mean vel-

ocity, but we observe that for any value of the allowed error, in long time, the

Buet, Cordier, and Dos Santos148



ORDER                        REPRINTS

scheme converge toward an equilibrium state for which, the mean velocity is

nearly those of the initial condition upto an error of O(102n). We plot the

difference between the average velocity after total relaxation and the initial

one, in function of the error, for the two types of initial condition, a Dirac

mass and a Gaussian, see Fig. 1.

Figure 1. Gaussian and Dirac initial condition: difference between the average

velocity after total relaxation and the initial one in function of the error, in log scale.
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4.2. Graphics

Figure 2 shows the evolution in time of the temperature starting from the

Dirac mass, with 50 meshes, s ¼ 1 and explicit and implicit scheme.

Figure 3 shows the evolution of the temperature starting from the Gaus-

sian, with 50 and 200 grid points and again with s ¼ 1 and using explicit and

implicit version of the scheme.

Figure 2. Initial condition: Dirac mass. Evolution of the temperature and the entropy,

50 points, s ¼ 1.
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Starting from the Gaussian, we can compare for s ¼ 1 and s ¼ 0.00001

the evolution of the distribution function in Fig. 4 and the relaxation of the

temperature Fig. 5. Implicit scheme is used with 50 grid points.

We can also show in Fig. 6, the relaxation of the temperature for the two

initial condition when s ¼ 1, using 50 grid points and implicit scheme.

To finish let us show the behavior of the equilibrium state f1: we compare

the Gaussian exp(2v2/2) with the equilibrium state obtained with this

initial data and corresponding to s ¼ 1 and which behave for large jvj as

Figure 3. Initial condition: Gaussian. Evolution of the temperature and the entropy,

50 and 200 points, s ¼ 1.
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exp(2ajvj3). We plot 2log f in function of v, in logarithmic scale, see Fig. 7. It

is easily seen in Fig. 7 that for large velocity, the distribution function has the

expected behavior, the slope of 2log f(v) tends to 3 for the steady states of

granular media, and to for Maxwellian.

5. CONCLUSION

In 1D, without friction term, the Chang–Cooper method allows us to con-

struct a discretization for the granular equation.

Figure 4. Initial condition: Gaussian. Evolution of the distribution function, 50 points,

s ¼ 1 and s ¼ 1025.
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Moreover, the discretization is performed at a linear cost in the number of

grid points. An implicit scheme has been used. It converges in large time to the

equilibrium state described by Benedetto et al., (1998) and it preserves the

properties of the equation. Moreover, the cost of such implicit scheme is

less than the explicit one. This implicit method could also be used for the

Figure 5. Evolution of the temperature starting from Gaussian with different values

of the temperature of the thermal bath, s ¼ 1 and s ¼ 1025, 50 points.

Figure 6. Evolution of the temperature starting from Dirac mass and Gaussian,

s ¼ 1, 50 points.
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numerical methods described by Buet and Cordier (1998b; 2002) for the

isotropic Fokker–Planck–Landau equation.

In this study, the friction term was ignored. Since the discretization’s

process is applied to a symmetric form of the equation, the friction term cannot

be included within the presented framework.

However, it should be possible to take it into account using splitting

technics.
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Görsch, D. (2002). Generalized discrete velocity models. Math. Models Meth.

Appl. Sci. 12:49–76.

MacNamara, S., Young, W. R. (1992). Inelastic collapse and clumping in a

one-dimensional granular medium. Phys. Fluids, A4 3:496.

MacNamara, S., Young, W. R. (1993). Kinetics of a one-dimensional granular

medium in the quasi-elastic limit. Phys. Fluids A5 1:1619.

MacNamara, S., Young, W. R. (1994). Inelastic collapse in two dimension.

Phys. Rev. E 50:R28.

Toscani, G. (2000). One dimensional kinetic models of granular flows.

M2 AN 34:6.

Received June 26, 2002

Revised February 17, 2003

Accepted June 4, 2003

Simplified Model of Granular Media 155















C. R. Acad. Sci. Paris, Ser. I 338 (2004) 951–956

Numerical Analysis

Asymptotic preserving scheme and numerical methods
for radiative hydrodynamic models

Christophe Bueta, Stéphane Cordierb

a Département sciences de la simulation et de l’information, Commissariat à l’énergie atomique, BP 12, 91680 Bruyères le Chatel, France
b UMR MAPMO, CNRS 6628, Université d’Orléans, BP 6759, 45067 Orléans, France

Received 30 March 2004; accepted 6 April 2004

Available online 7 May 2004

Presented by Philippe G. Ciarlet

Abstract

In this Note, we present a scheme for nonlinear radiative systems which are compatible with diffusive asymptotics. The
scheme is based on a splitting: firstly we use a relaxation step to change the problem into 2 identical systems of linear transport
systems and, secondly, we use a so-called ‘well balanced’ scheme for each of the 2 systems. The main advantages of our scheme
is that it is fully implicit and compatible with physical properties (positivity); it can be used with a nonconstant cross section
and for nonuniform mesh.To cite this article: C. Buet, S. Cordier, C. R. Acad. Sci. Paris, Ser. I 338 (2004).
 2004 Published by Elsevier SAS on behalf of Académie des sciences.

Résumé

Analyse asymptotique et méthodes numériques pour les méthodes de moments en hydrodynamique radiative. Dans
cette Note, nous présentons un schéma pour un modèle non linéaire de transfert radiatif, qui soit compatible avec la limite
diffusion. Ce schéma est composé de deux étapes : une étape de relaxation qui transforme le système non linéaire en deux
systèmes d’équation de transport linéaire identiques et un schéma « équilibre » pour chacun de ces systèmes. L’intérêt principal
de notre schéma est d’être totalement implicite, de préserver les propriétés physiques (positivité) et d’être utilisable avec une
section efficace variable et un maillage non uniforme.Pour citer cet article : C. Buet, S. Cordier, C. R. Acad. Sci. Paris, Ser. I
338 (2004).
 2004 Published by Elsevier SAS on behalf of Académie des sciences.

Version française abrégée

L’objectif de cette Note est de présenter une discrétisation d’un système hyperboliques de lois de conservation
qui soit compatible avec le régime asymptotique de diffusion. On s’intéresse à un système de la forme (1) oùε est
un petit paramètre.

En effet, lorsqueε → 0, le système (1) se comporte comme une équation de diffusion dont le coefficient de
diffusion est 1/3σ , σ étant la section efficace. Le modèle limite dont les vitesses de propagation sont infinies pose
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de sérieux problèmes notamment au niveau numérique et de nombreux travaux ont été réalisées pour lever ces
difficultés (limiteurs de flux, facteurs d’Eddington variables...). Cette problématique est très étroitement liée aux
études sur les termes sources raides pour les systèmes hyperboliques, les méthodes de relaxation, les schémas dits
‘asymptotic preserving’....

La méthode que nous présentons ici est constituée de deux étapes : la première consiste à transformer le système
de deux équations non linéaires en un double système (7) de deux équations, linéaires et découplées connus sous le
nom d’équations du télégraphe. Il s’agit d’une application des méthodes de relaxation [6] et cela conduit à doubler
le nombre d’inconnues. Pour chacun des systèmes obtenus, on utilise ensuite la discrétisation proposée dans [4]
que l’on généralise pour une section efficacenon constante et un maillage non uniforme.

Le schéma ainsi obtenu est totalement implicite et il a toutes les propriétés requises : consistance lorsque
�x → 0, comportement asymptotique lorsqueε → 0, préservation du domaine invariant (ce qui revient dans les
nouvelles variables à garantir la positivité des solutions). Un test numérique avecσ variant de 0 (au centre) à 100
(sur les bords du domaine) illustre cette discrétisation.

L’avantage de la méthode présentée ici est qu’elle peut être utilisée avec une section efficaceσ variable,
ce qui est très important en pratique car de tels problèmes de transfert radiatif sont couplés avec un modèle
hydrodynamique qui va déterminer la valeur deσ . Celle-ci sera d’ordre 1 dans les zones denses ou opaques et
pourra être très faible dans les zones dites transparentes. Pour pouvoir utiliser un schéma sans restriction sur les
valeurs deσ , il est donc indispensable que la discrétisation ait un bon comportement y compris dans les zones
transparentes.

Nous nous sommes également attachés à présenter une méthode utilisable avec un maillage non uniforme car
les codes de calcul utilisent des techniques de rafinement de maillage automatique et il est donc important de
pouvoir traiter de tels maillages. Par ailleurs, l’extension au cas multidimensionnel et à la prise en compte de
terme correctifs, par exemple pour tenir compte d’effet relativiste ou des échanges d’énergie entre les photons et la
matière, sera présentée dans [1].

1. Introduction

In this Note, we are interested in systems arising from radiative hydrodynamic problems of the following form

ε∂tU + ∂xF (U) = 1

ε
R(U), (1)

whereU = (ρ, j), F(U) = (j, ρh(j/ρ)), R(U) = (0,−σj), σ(x) > 0 is the cross section,ε is a small parameter
andh is an odd, positive, convex function. The functionh represents, in the radiative transfert problem, the so
called Eddington factor. There exists many such functions. Let us mention, for example (see [7] and the reference
therein for other examples and more details)

h(u) = 3+ 4u2

5+ 2
√

4− 3u2
.

This function satisfies the following properties:

h(0) = 1

3
, u2 � h(u) � 1. (2)

Under hypothesis (2), it can be proven that the following properties are preserved under time evolution:

ρ � 0, ‖j‖ � ρ. (3)

This invariant property has a physical interpretation, sinceρ andj are the two first moments of the distribution
functionρ = ∫

f dω, j = ∫
f ωdω. From the numerical point of view, this property means that the fluxes are the

so-called limited fluxes.
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In the limit asε → 0, a formal asymptotic limit implies thatj = O(ε) due to the collision term and, at first order
in ε, using the second equation of (1), we get

j = − ε

σ
∂x

(
h(0)ρ

)
. (4)

Then, usingh(0) = 1/3 and dropping this ansatz into the first equation, we obtain the following diffusion
approximation

∂tρ − h(0)∂x

(
1

σ
∂xρ

)
= 0. (5)

Note that the solution forρ of the limit heat equation (5) andj given by (4) does not satisfy automatically
condition (3), because the gradient∂xρ can be arbitrarily large, e.g. if the initial data is discontinuous inρ.

The goal of this Note is to present a scheme that is compatible with the limitε → 0 and with the invariant
property (3) and is implicit. It is based on a time splitting, in two steps. The first step is based on a relaxation
method and the second on well-balanced schemes [4].

Various methods have been proposed to get rid of these difficulties, such as variable Eddington factors for
the so-calledP1-approximation, or flux limiters for the diffusion approximation (see [7] and references therein).
This is also related to a series of papers about asymptotic preserving schemes for kinetic problems, well balanced
schemes, stiff source terms and relaxation methods, in the context of hyperbolic systems [4–6,8].

2. The asymptotic preserving scheme

Let us now describe one iteration which is decomposedinto two steps, first a relaxation step which replaced
the nonlinear system by two uncoupled linear systems and, second, the resolution of these systems using a well
balanced scheme. This method permits the change of the nonlinear system into a system of two linear systems and
makes it possible to use direct implicit solvers.

2.1. The relaxed scheme

Let us describe one iteration fromt = 0 to t = �t . We follow the method proposed in [6] which led to the
introduction of an artificial vector valued variable (z,w) and to the expression of a linear system for the variables
(ρ, z,w, j). The first step is the so called zero relaxation limit, and it can be interpreted as a projection step onto
the equilibrium states:

z = j, w = ρh

(
j

ρ

)
. (6)

The second step consists in solving, during�t , the transport part:


∂tρ + 1

ε
∂xz = 0,

∂t z + a

ε
∂xρ + σ

ε2z = 0,

∂tw + a

ε
∂xj = 0,

∂t j + 1

ε
∂xw + σ

ε2
j = 0.

(7)

In the relaxation part, the original variables (ρ andj ) are unchanged. The coefficienta is constant in space but
has to be chosen at each time step in order to recover the correct diffusion coefficient and to insure the stability
condition (see Proposition 2.1 in [6]).
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Let us emphasize that (7) is just two linear and identical systems, which are uncoupled, one for the quantities
(ρ andz), the second for (w and a new variablēj = aj ) which are in the form (1) but withh ≡ a.

Note that this system i.e. (1) withh ≡ a, once diagonalized, is the well-know Goldstein–Taylor or Telegraph
equation with speed±√

a:


∂tu +
√

a

ε
∂xu = σ

2ε2
(v − u),

∂tv −
√

a

ε
∂xv = σ

2ε2
(u − v).

(8)

SettingU = √
aρ +z+w+√

aj , V = √
aρ −z+w−√

aj , �U = √
aρ +z−w−√

aj , �V = √
aρ −z−w+√

aj ,
(U,V ) and(�U, �V ) satisfy (8), and we show that for the transport part, the invariant domain (3) comes from the
positivity of U,V, �U, �V for a sufficiently large value ofa, [1]. We prove that the choice

a = h
(
max
x∈R

∥∥u(x)
∥∥)

,

ensures the positivity of the initial data forU , V , �U , �V and then of the solutionU , V , �U , �V of system (7). This
choice also provides stability for the relaxed system. In the diffusive limit (ε → 0), or for large time behaviour, we
expect that maxx∈R ‖u(x)‖ → 0 and therefore,a is close to 1/3, i.e. we obtain the right asymptotic (5).

2.2. The well-balanced scheme for the transport part

We have now to discretize sytems (8) for(ρ, z) and similarly for(w,
√

aj). We introduce a non-uniform mesh:
we note byxi , the center of the cell of size�xi with i ∈ Z and define�x

i+ 1
2

= (�xi + �xi+1)/2. The proposed

discretization is a so called well balanced scheme, which is a extension of the scheme described in [4].


dui

dt
+ Mi− 1

2

√
a

ε�xi

(ui − ui−1) = Mi− 1
2

�x
i− 1

2

�xi

σ
i− 1

2

2ε2 (vi − ui),

dvi

dt
− M

i+ 1
2

√
a

ε�xi

(vi+1 − vi) = M
i+ 1

2

�x
i+ 1

2

�xi

σ
i+ 1

2

2ε2
(ui − vi),

(9)

where the coefficientM
i+ 1

2
is defined by

M
i+ 1

2
= 2

√
aε

σi+ 1
2
�xi+ 1

2
+ 2

√
aε

, (10)

andσ
i+ 1

2
is an arbitrary average ofσ at the interface (e.g. arithmetic, harmonic...). The above scheme corresponds

to that proposed in [4] for a uniform mesh,σ = 2 and a diffusion coefficient in the limit heat equation equal
to 1

2. Note that, in our case, the cross section is not assumed to be constant, which is the main interest from an
applications point of view.

We can show that (9) is a monotone scheme and then (3) remains an invariant domain during the transport
part. It is readily seen that, in the limit maxi (�xi) → 0, the coefficientMi+ 1

2
tends to 1, and the consistency of

scheme (9) with the continuous system (8) is satisfied, provided that, in the limit, the mesh is smooth enough, i.e.
maxi (

�xi+1
�xi

) → 0.

The scheme (9) can be written in the original variables(ρ, z) and the same for(w, j̄ )


dρi

dt
+ 1

ε�xi

(M
i+ 1

2
z
i+ 1

2
− M

i− 1
2
z
i− 1

2
) = 0,

dzi

dt
+ a

ε�xi

(M
i+ 1

2
ρ

i+ 1
2
− M

i− 1
2
ρ

i− 1
2
) = −λi

2aε2
zi +

M
i+ 1

2
− M

i− 1
2

ε�xi

(aρi)
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with

zi+ 1
2

= (zi + zi+1 + ρi+1 − ρi)/2, ρi+ 1
2

= (ρi + ρi+1 + zi+1 − zi)/2,

and

λi =
�x

i+ 1
2

�xi

M
i+ 1

2
σ

i+ 1
2
+

�x
i− 1

2

�xi

M
i− 1

2
σ

i− 1
2
.

Note that the formulae can be simplified for a uniform mesh and constant cross section. In this case,λ = 2σM and
M is given by (10) withσi = σ and the mesh size being constant; the second term of the right-hand side vanishes
sinceM

i− 1
2

= M
i+ 1

2
. Then, the proposed scheme reduces to a classical Godunov scheme

ε
dUi

dt
+ M(F

i+ 1
2
− F

i− 1
2
)/�x = M

ε
R(Ui), (11)

where the fluxes at the interfaces are given by

F
i+ 1

2
= [−aiFi+1 + ai+1Fi − aiai+1(Ui+1 − Ui)

]
/(ai+1 − ai), (12)

which are just the upwind fluxes for (8) withai+1 = −ai = √
a the characteristic speeds.

This form is useful because it is expressed in the original variable and this can be easily generalized to the
nonlinear case. The discretization is a sum of a diffusive term and classical convective term. Thus, this discretization
can be interpreted as a particular choice of adding a numerical viscosity term depending onε.

Moreover, whenε → 0, we show that the scheme is an approximation of the heat equation with a diffusion
coefficient equal to 1/3 for radiative hydrodynamic applications.

2.3. Time discretization

We claim that a fully implicit time discretization is suitable. Indeed, a partial implicit time discretization as
described in [4] led to a prohibitive parabolic CFL (time step restriction)σ�t � (�x)2 to ensure monotonicity.
Note that the expected time step restriction with an explicit method for the transport part (CFL condition) is much
more restrictive�t

�x
� ε, and, similarly, the characteristic relaxation time is such that�tσ � ε2. The method

proposed here allows us to use a fully implicit time discretization for the system of linear equations. Moreover,
we prove that the properties of the invariant domain and asymptotic behaviour are the same as for time continuous
discretization (9) (see [1] for more details).

3. Numerical results

We now illustrate our scheme on the following test. The domain is[0,2]. The cross section is vanishing in the
middle of the domain and is very large at the boundary.

σ(x) = 100(x − 1)4, x ∈ ]0,2[.
The initial data is a characteristic function, forρ with support in[1

2, 3,
2 ]. The initial flux j is equal to 0. The

simulated time isT = 0.1 and the small parameter value takes the following values:ε = 0 (diffusion), 10−2,1,0.
The mesh is uniform with either 100 or 1000 points and the time step is chosen such that�t/�x = 0.05 – see
Fig. 1.
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Fig. 1. Numerical example using test data.

Fig. 1. Exemple numérique avec des données d’essai.

4. Conclusions

It is also possible to extend this approach to multi-dimensional problem (including Adaptive Mesh Refinement).
Lastly, it is also possible to take into account more complex source terms, such as the terms coming from relativistic
effects, presented in [2], or the coupling with a hydrodynamical model due to energy transfert.

Let us also mention that the above method can be used for collisional kinetic model in diffusive regimes (like
the Lorentz model presented in [3]) at least in the case of constant cross section and uniform mesh in space.
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Abstract

In this Note, we present a result concerning the non existence of linear monotone schema with fixed stencil on regular meshes
for some linear parabolic equation in two dimensions. The parabolic equations of interest arise from non isotropic diffusion
modelling. A corollary is that no linear monotone 9 points-schemes can be designed for the one-dimensional heat equation
emerged in the plane with an arbitrary direction of diffusion. Some applications of this result are provided: for the Fokker–
Planck–Lorentz model for electrons in the context of plasma physics; all linear monotone scheme for the one-dimensional
hyperbolic heat equation treated as a two-dimensional problem are not consistent in the diffusion limit for an arbitrary direction
of propagation. We also examine the case of the Landau equation.To cite this article: C. Buet, S. Cordier, C. R. Acad. Sci.
Paris, Ser. I 340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Sur la non existence de schémas linéaires monotones pour certaines équations paraboliques linéaires.Dans cette Note,
nous présentons un résultat de non existence de schémas linéaires monotones avec un stencil fixé sur un maillage carré pour
certaines équations paraboliques en dimension 2. Les équations paraboliques que l’on considère proviennent de modèles de
diffusion anisotrope. Une conséquence du résultat est qu’il n’existe pas de schémas linéaires monotones à neuf points pour
l’équation de la chaleur monodimensionnelle immergée dans le plan, avec une direction arbitraire. Nous présentons quelques
applications : à l’équation de Fokker–Planck–Lorentz pour les électrons dans le contexte de la physique des plasmas ; Un schéma
linéaire monotone pour l’équation de la chaleur hyperbolique monodimensionnelle et traité comme un problème bidimensionnel
ne peut pas être consistant dans la limite de diffusion pour une direction arbitraire de propagation. On examine aussi le cas de
l’équation de Landau.Pour citer cet article : C. Buet, S. Cordier, C. R. Acad. Sci. Paris, Ser. I 340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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Version française abrégée

On s’intéresse à l’approximation numérique de l’équation parabolique de la forme (1).
Dans le cas oùc = ab, cette équation représente l’équation de la chaleur monodimensionnelle immergée en

dimension 2. La diffusion agit donc uniquement dans la direction(a, b). Il est bien connu que cette équation vérifie
un principe du maximum : soit deux données initiales telles quef0 � g0 alorsf � g.

On considère une grille de calcul cartésienne à mailles carrées de pas d’espaceh.
Nous montrons alors (Proposition 2.2) que, pour un stencil fixe de la forme (5), il existe toujours des directions

(a, b) de diffusion pour lesquelles on ne peut construire de schéma linéaire monotone. La preuve est basée sur
l’analyse de l’erreur de consistance.

Ce résultat est encore valide pour une matrice de diffusion dépendant de la variable d’espace (Proposition 3.1)
donc en particulier pour l’équation de Fokker–Planck–Lorentz (11) issue de la physique des plasmas et représentant
un modèle simplifié des collisions avec les ions pour les électrons. Nous montrons de plus que, pour l’équation du
télégraphe (13), il ne peut y avoir de schémas linéaires monotones consistant avec la limite de diffusion (1) avec
c = ab, pour une direction arbitraire de propagation.

Nous indiquons enfin comment ce résultat pourrait signifier que pour l’équation de Fokker–Planck–Landau (14),
il ne peut y avoir de schémas positif pour une discrétisation de la forme naturelle c’est à dire de schémas quadra-
tiques positifs, ce qui justifierait l’emploi d’algorithmes vraiment non linéaires par exemple basés sur la forme dite
logarithmique (16), voir par exemple [3].

1. Introduction

In this Note, we are interested in two-dimensional linear parabolic equations of the following form

∂tf − 1

2
∇ · K∇f = 0, (1)

in R
2 for the space variable i.e. withf (x, y). The matrixK is supposed symmetric positive which ensure that the

solutions of the Cauchy problem for Eq. (1) verify the principle of maximum

f0 � g0 ⇒ f � g. (2)

For a constant matrix

K =
(

a2 c

c b2

)
, (3)

with c = ab Eq. (1) is just a monodimensional heat equation with diffusion along the(a, b) direction.

2. Main result

Let us assume that the matrixK is constant positive i.e. the coefficients verifyc2 � a2b2. We consider Cartesian
mesh ofR2 of sizeh. The quadrature points are of the form(x, y)i = ih with i = (i1, i2) ∈ Z

2 and we notefi the
approximated value off at the pointsih. We consider a generic linear scheme for Eq. (1) of the form

d

dt
fi = 1

h2

∑
j∈S

aj (h)fi+j (4)

with the functionaj (h) continuous andS represents the stencil,

S = {j such that− N � jk � N, k = 1,2}, (5)
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N is an integer which relies on the size of the stencil.N = 1 represents 9-points scheme andN = 2 a 25-points
scheme.

All type of linear schemes for Eq. (1) such as finite volume, finite elements or finite differences schemes can be
rewritten in the form (4).

We recall the definition of the consistency (see by example [8] or [6]):

Definition 2.1.Let us define the consistency error for the scheme (4) for a sufficiently smooth functionf as

E(f,h) = 1

h2

(∑
j∈S

aj (h)

)
f + 1

h

[(∑
j∈S

j1aj (h)

)
∂xf +

(∑
j∈S

j2aj (h)

)
∂yf

]

+
[(∑

j∈S

j2
1aj (h) − a2

)
∂xxf + 2

(∑
j∈S

j1j2aj (h) − c

)
∂xyf +

(∑
j∈S

j2
2aj (h) − b2

)
∂yyf

]

+ O(h). (6)

A scheme is called consistent for Eq. (1) provided that the consistency error (6) is a o(1) i.e. tends to 0 ash → 0.

Our main result concerning the monotonicity of the scheme (4) is the following:

Proposition 2.2.For every size of the stencilN , there is no linear monotone consistent scheme for a matrixK such
thatN min(a2, b2) < |c| � |ab|.

Proof. We consider only the case 0� a � b andc > 0, the other cases are obtained by symmetry.
Using the definition of the consistency for some particular choice off , the leading order term in (6) for constant

function gives
∑

j∈S aj (h) = o(h2). Then, using functions of the formCx andCy respectively, one gets∑
j∈S

j1aj (h) = o(h),
∑
j∈S

j2aj (h) = o(h). (7)

Whenh → 0, the zeroth order term in the consistency error gives necessarily∑
j∈S

j2
1aj (0) = a2, (8)

∑
j∈S

j1j2aj (0) = c, (9)

∑
j∈S

j2
2aj (0) = b2. (10)

Subtracting1
N

×(9) from (8) gives

∑
j∈S

j1

(
j1 − j2

N

)
aj (0) = a2 − c

N
.

Note that all termsj1(j1− j2
N

) are positive and are not identically vanishing. On the other side, we havea2− c
N

< 0.
Thus, this implies that there is at least one indexj0 �= (0,0) such thataj0(0) < 0.

By continuityaj0(h) < 0 for sufficiently smallh < h0. Thus, for allh < h0, considering an initial data of the
form fi = 0 for any indexi except at the pointi0 at which it is strictly positive, the solution of (4) is negative fort

sufficiently small at pointi0 − j0.
In conclusion, forh < h0 the scheme is not positive and, since it is linear, it is not monotone. This ends the

proof. �
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Remark 1. In the casec = ab, there is no linear monotone consistent 9-points(N = 1) scheme except for a
direction of diffusion aligned with the axis direction or with the principal diagonal i.e.(a, b) ∈ {(±1,0), (0,±1),

(±1,±1)}.
Always in the casec = ab, there is no 25-points linear monotone and consistent scheme if 4 min(a2, b2) <

max(a2, b2) and this is half of the possible directions. For the others cases, we have no response. Note that
25-points are rarely used for diffusion equations in 2-D.

Remark 2. Another way of to view this result is: if one wants to construct a monotone consistent scheme for an
arbitrary matrixK one must consider a nonlinear scheme or use an infinite stencil, for example a stencil growing
when refining the mesh size.

Remark 3. In the casec = ab, for the directions that are not concerned with Proposition 2.2, we can always con-
struct a linear monotone and consistent scheme using points in the stencil which belongs to the direction(±1,±N)

and(±1,±1).

3. Applications

3.1. The Fokker–Planck–Lorentz equation for electrons

We consider now the case ofK depending of the space variablesx, y. A particular example of such an equation
comes from the plasma physics: the Lorentz operator. Lorentz operators appear for example when considering
elastic collisions of heavy particles (e.g. ions) against light ones (e.g. electrons). It is the first order term of the
inter-species collision operator representing the collisions of the heavy particles on the light one. An asymptotic
expansion in terms of the small mass ratio can be found in [4,5]. In this case, in 2-D, the matrixK is of the form

K(x,y) = Ψ

(
1

x2 + y2

)(
Id − (x, y)t ⊗ (x, y)

)
(11)

whereΨ is a positive function. This can be interpreted as the heat equation over each sphere centered at 0 and is
also called Laplace–Beltrami operator. The natural way to discretize such an equation would to consider a spherical
mesh. The question we shall address here is what happens when a Cartesian grid is used.

The result of Proposition 2.2 is still valid for the matrix, depending on the space variables:

Proposition 3.1.For a fixed stencilN , there is no linear monotone consistent scheme provided that there exists
some open set in which the matrixK(x,y) is such thatN min(a2, b2) < |c| � |ab|.

The result also holds for any mesh obtained using a smooth map from the uniform grid.

Proof. We consider only the case 0� a � b; the other cases are obtained by symmetry. Without loss of generality,
we consider a point(x0, y0) which belongs to all the meshes and such that min(a2, b2) � N |c| at this point.

We write the diffusion operator in the following (expanded) form.

∇ · K∇f = a2∂xxf + 2c∂xyf + b2∂yyf + d∂xf + e∂yf

the truncature error is as in the constant case, except that now the functionsaj depends now onx and y and
relations (7) are replaced by∑

j∈S

j1aj (h) − d = o(h),
∑
j∈S

j2aj (h) − e = o(h) (12)

but we still have relations (8)–10). At point(x0, y0) , we conclude as for the constant case.�
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The matrixK of Fokker–Planck–Lorentz model, see (11), satisfies the hypothesis of Proposition 3.1. Thus, for
the Lorentz equation on a square mesh, there is no linear consistent monotone scheme.

3.2. Asymptotic preserving schemes for the hyperbolic heat equation

Let us consider the following hyperbolic heat equation in 2-D:

ε∂tu + a∂xu + b∂yu = 1

ε
(v − u),

(13)
ε∂tv − a∂xv − b∂yv = 1

ε
(u − v)

with a andb constant such thata2 + b2 = 1. This is just the monodimensional hyperbolic heat equation along
the direction(a, b). The monodimensional system is also referred to as telegraph equations or Goldstein–Taylor
equation.

It is well known that the asymptotic regime, whenε → 0 of this system is of the type (1) for the function
f = u+ v with the matrixK , c = ab. In 1-D, or with a direction aligned with one of the axes of the meshes in 2-D,
it is possible to construct a monotone linear scheme which is ‘asymptotic preserving’, that is, in the limitε � 1,
the scheme gives a linear monotone discretization of the 1-D heat equation; see, for example, [7].

Let us now assume that one uses a first order monotone finite volume method on a square mesh of sizeh to
solve (13). Naturally, this scheme is a 9-point schemes. In the diffusive regime, that is forh � ε or for h

ε
fixed and

ε � 1, one obtains, at most, a 25-point scheme forf = u + v, and this scheme is also monotone.
However, Proposition 2.2 implies that there is no monotone linear consistent scheme for Eq. (1) with a direction

of diffusion (a, b) such that 4 min(a2, b2) < max(a2, b2). Consequently, the scheme we used for the hyperbolic
heat equation (13) cannot be asymptotic preserving for an arbitrary direction(a, b): it leads to a non consistent
scheme forf = u + v if 4 min(a2, b2) < max(a2, b2), or in other words, there is an isotropic numerical diffusion
of size O(1) in these cases.

3.3. The Landau equation

Let us consider now the Fokker–Planck–Landau equation modeling self collisions for charged particles:

d

dt
f = ∇v ·

∫
v′

φ(v − v′)(f ′∇vf − f ∇v′f ′)dv′ (14)

with f ′ = f (v′), f = f (v), v, v′ ∈ R
3 and

φ(v − v′) = 1

|v − v′|3
(|v − v′|2Id − (v − v′) ⊗ (v − v′)

)
is indeed symmetric and positive.

Solutions of (14) are expected to be positive sincef is the function of distribution of the charged particles. This
equation can also be written as

d

dt
f = ∇v · K(f )∇vf + ∇v · (C(f )f

)
(15)

and the matrixK and the vectorC (which are derivatives of the potentials of Rosenbluth), are defined by

K(f )(v) =
∫
v′

φ(v − v′)f ′ dv′,

C(f )(v) =
∫
v′

φ(v − v′)∇v′f ′ dv′
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and the matrixK is indeed symmetric positive. The collision term is quadratic, thus a natural discretization of (14)
is quadratic that is, at each point of the discretization, the discretized Landau operator reads:

∑
j∈S

( ∑
k∈Z3

ai+j,k(h)fk

)
fi+j .

Proposition 3.1 suggests that such a scheme could never be a positive scheme, see [1] for such an example. This
would justify the use of the fully nonlinear writing of the Landau equation, the so called Log form

d

dt
f = ∇v ·

∫
v′

ff ′φ(v − v′)
(∇v log(f ) − f ∇v′ log(f ′)

)
dv′ (16)

in order to derive a positive scheme (see [3,2]).
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Abstract

In this article, we show that for a particular linear Fokker-Planck op-
erator, the explicit Chang and Cooper scheme preserves the positivity
of the distribution and allows the distribution to converges toward the
thermodynamical equilibrium by preserving the decreasing of the entropy
under a classical CFL criteria.

Introduction

The Chang and Cooper scheme (cf. [1]) is a classical scheme (cf. [2], [3]
and [4]) used to solve a kinetic equation of the type

∂tf = S(f)

where S(f) is a Fokker-Planck operator. The main property of the Chang
and Cooper scheme is that, at least in the linear case, the numerical
fluxes are equal to zero when the distribution f is equal to the equilibrium
distribution: in other words, this scheme preserves the thermodynamical
equilibrium when it is reached.

Although, up to now, it exists no convergence properties in large time
toward this equilibrium. Then, we will show in that article that for a
particular linear Fokker-Planck operator, the explicit Chang and Cooper
scheme has good convergence properties.

The Fokker-Planck operator studed in that paper is defined by

S(f)(v) = Ω∇v ·
»
(−→v −

−→
Ue)f(v) +

Te

m
∇vf

–
(1)

for the convection-diffusion form;
−→
Ue, Te > 0 (which respectively are the

velocity and the temperature of the medium), m > 0 and Ω > 0 (which
respectively are the atomic mass of the particle and the collision frequency

1



of the particle on the medium) are constants. Let us note that this oper-
ator is the linear version of the non linear ion-electron collision operator

studied in [5] in which Ω,
−→
Ue and Te depends upon the time. By defining

the equilibrium distribution

M
N,
−→
Ue,Te

(v) =
N

(2πTe/m)3/2
exp

"
−m(−→v −

−→
Ue)

2

2Te

#
,

we can also define S(f) with the two equivalent forms that is to say with

S(f) = Ω
Te

m
∇v · [f∇v log(f/M

N,
−→
Ue,Te

)]

which is called the Landau form, and with

S(f) = Ω
Te

m
∇v · [MN,

−→
Ue,Te

∇v(f/M
N,
−→
Ue,Te

)] (2)

which is called the non logarithmic Landau form. The explicit Chang and
Cooper scheme (cf. [1]) is built in order to make the discretised fluxes

(−→v −
−→
Ue)f(v) + Te

m
∇vf equal to zero when f = M

N,
−→
Ue,Te

which implies
that this scheme preserves the thermodynamical equilibrium when it is
reached.

In this article, we will show that by using the explicit Chang and
Cooper numerical scheme to discretize the Fokker-Planck operator (1),
the distribution f converges toward the thermodynamical equilibrium
M

N,
−→
Ue,Te

in large time under a classical CFL criteria. For a seak of

simplicity, we define the Fokker-Planck operator S(f) in cartesian geome-
try, the microscopic velocity having only one dimension. Then, we replace
now (2πTe/m)3/2 with

p
2πTe/m and ∇v with ∂v.

The velocity space is discretized with the series (vj) where j ∈ {1, ..., jmax};
the velocity step is constant and equal to ∆v and finally, we define

< g >≡
X

j

g(vj)∆v.

The time subscript is n and the time step is defined with ∆t.

1 The explicit Chang and Cooper scheme

The explicit Chang and Cooper scheme is defined by

1

∆t
(fn+1

j − fn
j ) = S(fn)j (3)

with
S(fn)j =

Ω

∆v

h
(vj+1/2 − Ue) efn

j+1/2 − (vj−1/2 − Ue) efn
j−1/2

i
(4)

+
ΩTe

m∆v2
(ajf

n
j+1 − bjf

n
j + cjf

n
j−1)

where aj = cj = 1 et bj = 2 except at the frontier of the velocity domain

(see below). efn
j+1/2 is an approximation of f(t = tn, v = vj+1/2) defined

with the following definition (cf. [1]):

2



Definition The Chang and Cooper average efj+1/2 of the quantities fj

and fj+1 is defined byefj+1/2 = δj+1/2fj + (1− δj+1/2)fj+1

with

δj+1/2 =
1

wj+1/2

− 1

exp(wj+1/2)− 1

where

wj+1/2 =
m∆v

Te
(vj+1/2 − Ue).

Boundary conditions and the mass conservation To make the scheme
conservative, we have to impose boundary conditions of the type Robin
that is to say we impose on the boundary velocity domain

(v − Ue)f +
Te

m
∂vf = 0

which is equivalent to define for the numerical scheme8>><>>:
aj = 1 si j 6= jmax,
bj = 2 si j ∈ {2, ..., jmax − 1},
cj = 1 si j 6= 1,
b1 = bjmax = 1 and ajmax = c1 = 0

(5)

and ef1/2 = efjmax+1/2 ≡ 0. (6)

We have the following conservation property:

Property 1.1
< fn+1

j >=< fn
j > .

Let us now introduce the following notations:

Notation We define

cMf0,j+1/2 =
Mf0,j+1Mf0,jfMf0,j+1/2

where fMf0,j+1/2 is the entropic average of Mf0,j+1 and of Mf0,j that is
to say fMf0,j+1/2 =

Mf0,j+1 −Mf0,j

logMf0,j+1 − logMf0,j

.

The entropic average was firstly introduce to discretize the ion-electron
collision operator (see [5]) and the isotropic ion-ion collision operator (see
[6]; see also the first part of [7] for more details). Now, we establish the
following property and lemma:

Property 1.2 When efn
j+1/2 is the Chang and Cooper average of fn

j and

of fn
j+1, we can define efn

j+1/2 in the following way

efn
j+1/2 =

fn
j+1 − fn

j

logMf0,j+1 − logMf0,Te,j

(7)

+

„
fn

j

Mf0,j

−
fn

j+1

Mf0,j+1

«
·
Mf0,j+1Mf0,j

Mf0,j+1 −Mf0,j

.

3



Lemma 1.1 When efn
j+1/2 is the Chang and Cooper average of fn

j and of
fn

j+1, the operator S(fn)j defined with (4) can be written with

S(fn)j =

ΩTe
m∆v2

n cMf0,j+1/2[(f
n/Mf0)j+1 − (fn/Mf0)j ]

− cMf0,j−1/2[(f
n/Mf0)j − (fn/Mf0)j−1]

o (8)

where the boundary conditions (5) and (6) are replaced with the boundary
conditions

fn
0 ≡ fn

1 ·
Mf0,0

Mf0,1

and fn
jmax+1 ≡ fn

jmax ·
Mf0,jmax+1

Mf0,jmax

. (9)

In other words, the Chang and Cooper average makes equivalent from
a discretized point of view the convection-diffusion form (1) and the non
logarithmic Landau form (2). More over, let us remark that the boundary
conditions (9) are equivalent from a discretized point of view to the Robin
type boundary conditions

∂v(f/Mf0) = 0.

Proof of the property 1.2 We easily verify that

wj+1/2 ≡
m∆v

Te
(vj+1/2 − Ue) = −

ˆ
(logMf0)j+1 − (logMf0)j

˜
. (10)

Then

δj+1/2 = − 1

logMf0,j+1 − logMf0,j

+
Mf0,j+1

Mf0,j+1 −Mf0,j

.

Then

efn
j+1/2 =

fn
j+1 − fn

j

logMf0,j+1 − logMf0,j

+Mf0,Te,j+1·
fn

j − fn
j+1

Mf0,j+1 −Mf0,j

+fn
j+1

which shows that

efn
j+1/2 =

fn
j+1 − fn

j

logMf0,j+1 − logMf0,j

+

„
fn

j

Mf0,j

−
fn

j+1

Mf0,j+1

«
·
Mf0,j+1Mf0,j

Mf0,j+1 −Mf0,j

.

�

Proof of the lemma 1.1 By using (7), we obtain that when j /∈ {1, jmax}

S(fn)j =
Ω

∆v

„
fn

j

Mf0,j

−
fn

j+1

Mf0,j+1

«
·
Mf0,j+1Mf0,j

Mf0,j+1 −Mf0,j

`
vj+1/2 − Ue

´
− Ω

∆v

„
fn

j−1

Mf0,j−1

−
fn

j

Mf0,j

«
·
Mf0,jMf0,j−1

Mf0,j −Mf0,j−1

`
vj−1/2 − Ue

´
+

Ω

∆v

»
fn

j+1 − fn
j

logMf0,j+1 − logMf0,j

`
vj+1/2 − Ue

´
−

fn
j − fn

j−1

logMf0,j − logMf0,j−1

`
vj−1/2 − Ue

´–
+

ΩTe

m∆v2

`
fn

j+1 − 2fn
j + fn

j−1

´
.

But, by taking into account (10), we can write that

Mf0,j+1Mf0,j

Mf0,j+1 −Mf0,j

`
vj+1/2 − Ue

´
= − Te

m∆v
cMf0,j+1/2

4



and that `
vj+1/2 − Ue

´
logMf0,j+1 − logMf0,j

= − Te

m∆v
.

Then, we have

S(fn)j =
ΩTe

m∆v2

»„
fn

j+1

Mf0,j+1

−
fn

j

Mf0,j

«
·cMf0,j+1/2

−
„

fn
j

Mf0,j

−
fn

j−1

Mf0,j−1

«
·cMf0,j−1/2

–
− ΩTe

m∆v2

`
fn

j+1 − 2fn
j + fn

j−1

´
+

ΩTe

m∆v2

`
fn

j+1 − 2fn
j + fn

j−1

´
that is to say

S(fn)j =
ΩTe

m∆v2

n cMf0,j+1/2[(f
n/Mf0)j+1 − (fn/Mf0)j ]

− cMf0,j−1/2[(f
n/Mf0)j − (fn/Mf0)j−1]

o
.

If j ∈ {1, jmax}, we easily verify that the equality (8) remains true when

fn
0 ≡ fn

1 ·
Mf0,0

Mf0,1

and fn
jmax+1 ≡ fn

jmax ·
Mf0,jmax+1

Mf0,jmax

.

�

2 Positivity of the scheme

Let us introduce some new notations:

Notation Let us define

∆tn = ∆t01 ·
hn

min

hn
max

where ∆t01 =
m

4ΩTe
· ∆v2

M0
,

8>>><>>>:
hn

max = maxj

“
fn

M
f0

”
j
,

hn
min = minj

“
fn

M
f0

”
j
,

Mf0 =
N0p

2πTe/m
exp[−m(v − Ue)

2

2Te
],

M0 = max
j

„Mf0,j±1

Mf0,j

«
and

Hn =<
ˆ
fn log

`
fn/Mf0

´˜
j

> .

We have the following proposition:

Proposition 2.1 For all strictly positive initial condition, when efn
j+1/2

is the Chang and Cooper average of fn
j and of fn

j+1, the explicit scheme
defined with (3) and with (4) verifies the inequality

hn
min ≤ hn+1

min ≤ hn+1
max ≤ hn

max

5



when
∆t < 2∆t01.

More over, the time step ∆tn verifies

∆tn ≤ ∆tn+1 ≤ ∆t01.

Let us note that this proposition implies that

inf
j,n

fn
j > 0

and allows to establish that the time step will never be equal to zero.
Then, the numerical scheme preserves the positivity of the distribution
under a CFL criteria, it exists h∞min and h∞max such that the series (hn

min)
and (hn

max) admits the respective limits h∞min and h∞max when n goes to
+∞. But, we do not have still proove that h∞min = h∞max, equality which
would imply that it would exist a constant C > 0 such that

lim
n→∞

`
fn

j

´
= C ·

`
Mf0,j

´
.

Proof of the proposition 2.1 By defining hn
j = fn

j /Mf0,j and by using
the lemma 1.1, we can say that

fn+1
j = fn

j +
∆tΩTe

m∆v2

h cMf0,j+1/2

`
hn

j+1 − hn
j

´
+ cMf0,j−1/2

`
hn

j−1 − hn
j

´i
.

Then, it is obvious that

hn
j −

∆tΩTe

m∆v2
·

cMf0,j+1/2 + cMf0,j−1/2

Mf0,j

`
hn

j − hn
min

´
≤ hn+1

j

and that

hn+1
j ≤ hn

j +
∆tΩTe

m∆v2
·

cMf0,j+1/2 + cMf0,j−1/2

Mf0,j

`
hn

max − hn
j

´
.

Let us suppose that ∆t is such that

∀j, ∆t ≤ m∆v2

ΩTe
·

Mf0,jcMf0,j+1/2 + cMf0,j−1/2

.

Then, we obtain that

∀j : hn
min ≤ hn+1

j ≤ hn
max.

More over, we havecMf0,j+1/2 + cMf0,j−1/2

Mf0,j

=
log

`
Mf0,j/Mf0,j+1

´
Mf0,j/Mf0,j+1 − 1

+
log

`
Mf0,j/Mf0,j−1

´
Mf0,j/Mf0,j−1 − 1

.

ThencMf0,j+1/2 + cMf0,j−1/2

Mf0,j

≤ 1

min(1,Mf0,j/Mf0,j+1)
+

1

min(1,Mf0,j/Mf0,j−1)

since ∀x ≥ 0 : min(1, x) ≤ (x− 1)/ log x. But

1

min(1,Mf0,j/Mf0,j+1)
+

1

min(1,Mf0,j/Mf0,j−1)
≤ 2

mink(Mf0,k±1/Mf0,k)

= 2max
k

(Mf0,k±1/Mf0,k)

= 2M0.
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Finally, we can then write that

∀j :
1

2M0
≤

Mf0,jcMf0,j+1/2 + cMf0,j−1/2

(11)

which allows to state that

∆t ≤ 2∆t01 → hn
min ≤ hn+1

min ≤ hn+1
max ≤ hn

max.

More over, it is obvious that

hn
min ≤ hn+1

min ≤ hn+1
max ≤ hn

max =⇒ ∆tn ≤ ∆tn+1.

�

3 Convergence toward the thermodynam-
ical equilibrium

The following proposition shows that the distribution fn converges toward
the thermodynamical equilibrium:

Proposition 3.1 For all strictly positive initial condition, when efn
j+1/2

is the Chang and Cooper average of fn
j and of fn

j+1 and when

∆t < ∆tn,

the explicit scheme defined with (3) and with (4) verifies the entropic in-
equality

Hn+1 ≤ Hn

and

lim
tn→+∞

`
fn

j

´
=

N0

< Mf0,j >
·

`
Mf0,j

´
Then, we have

lim
tn→+∞

∆tn = ∆t01.

Proof of the proposition 3.1 Since ∆t < ∆t01, we have fn+1
j > 0 by

using the proposition 2.1: then, we can evaluate Hn+1. And, by using the
inequality

∀x > 0 : log (x + 1) < x,

we easily obtain that

Hn+1 ≤ Hn + ∆t
X

j

"
S(fn)j log

„
fn

Mf0

«
j

+ ∆t
S(fn)2j

fn
j

#
∆v. (12)

More over, by applying the Schwarz’s inequality, we obtain that

S(fn)2j ≤ ΩTe

m∆v2

“ cMf0,j+1/2 + cMf0,j−1/2

”
·

ΩTe

m∆v2

h cMf0,j+1/2

`
hn

j+1 − hn
j

´2
+ cMf0,j−1/2

`
hn

j−1 − hn
j

´2
i

where we have define hn
j = fn

j /Mf0,j . And, by using (11), we obtain

X
j

S(fn)2j
fn

j

≤ ΩTe

m∆v2
· 2M0

hn
min

· 2ΩTe

m∆v2

X
j

cMf0,j+1/2

`
hn

j+1 − hn
j

´2
.

7



And since

∀x ≥ 0,∀y ≥ 0 :
x− y

log(x/y)
≤ max(x, y),

we haveX
j

S(fn)2j
fn

j

≤ ΩTe

m∆v2
·2M0

hn
min

· 2ΩTe

m∆v2

X
j

cMf0,j+1/2

`
hn

j+1 − hn
j

´
·
`
log hn

j+1 − log hn
j

´
hn

max.

More over, we have X
j

S(fn)j · log(fn/Mf0)j =

ΩTe

m∆v2

X
j

cMf0,j+1/2[(f
n/Mf0)j+1 − (fn/Mf0)j ] log(fn/Mf0)j

− ΩTe

m∆v2

X
j

cMf0,j−1/2[(f
n/Mf0)j − (fn/Mf0)j−1] log(fn/Mf0)j

that is to say X
j

S(fn)j · log(fn/Mf0)j = (13)

− ΩTe

m∆v2

X
j

cMf0,j+1/2 (hj+1 − hj) ·
`
log hn

j+1 − log hn
j

´
≤ 0

by using the convexity property of x 7→ log x. Then, we can write thatX
j

S(fn)2j
fn

j

≤ − 4ΩTe

m∆v2
· hn

max

hn
min

M0
X

j

S(fn)j log

„
fn

Mf0

«
j

.

Finally, we obtain

Hn+1 ≤ Hn+∆t

„
1− 4∆tΩTe

m∆v2
·M0hn

max/hn
min

«
·
X

j

S(fn)j log

„
fn

Mf0

«
j

∆v.

Then, when ∆t < ∆tn, by using the inequality (13), we obtain the in-
equality

Hn+1 ≤ Hn + ∆t

„
1− ∆t

∆tn

«
·

X
j

S(fn)j log

„
fn

Mf0

«
j

∆v ≤ Hn. (14)

(...)�

Conclusion

In that paper, we have shown that for a particular Fokker-Planck linear
operator, the explicit Chang and Cooper scheme has very good prop-
erties: under a classical CFL criteria, it preserves the positivity of the
distribution, the entropy decreases and the distribution converges toward
the thermodynamical equilibrium.

This theoretical results are similar to those obtained with this linear
Fokker-Planck operator by replacing the Chang and Cooper average with
the entropic average introduced in [5]. But, we have to focus on the fact
that all these results are obtained in the linear case.

8



Although, by using the entropic average, it is possible to obtain sim-
ilar theoretical results in the non linear case (cf. [5]) which is not at all
the case when we use the Chang and Cooper average (cf. [7], first part).
This is underlined by the fact that when it is simulated ion-electron colli-
sions under very hard conditions (as those met in the field of the Inertial
Confinement Fusion: see the last chapter of the second part of [7]) with
the non linear version of the linear Fokker-Planck operator discretized in
that paper, it is possible to go to the end of the simulation without any
computer error only by using the entropic average. Then, it seems that it
will be very difficult to obtain good theoretical results in the non linear
case for the Chang and Cooper average.
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Summary In this paper, we shall propose a numerical scheme con-
sisting of two steps: the �rst based relaxation method and the second
on the so called well balanced scheme. The derivation of the scheme re-
lies on the resolution of the stationnary Riemann problem with source
terms. The obtained scheme is compatible with the di�usive regime
of hydrodynamics radiative transfert models. Some numerical results
are shown.

1 Introduction

In this article , we are concerned with a model arising from radiative
transfert modelling. It is well known that in very rare�ed regions, the
physically relevant model is a free transport one whereas in the dense
regions, the radiative transfert becomes a di�usion equation. The aim
of this work is to design a scheme for the two-moment systems that
can be obtain, for example using maximum entropy technics. We refer
to [23] for a recent presentation of the various closures.
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2 Christophe Buet, Stéphane Cordier

The requierement for the scheme are to be used with a non uniform
grid in space, to deal with varying scattering cross sections, to have
the correct asymptotics behabiour in di�usive regimes, to be implicit
in order to avoid too restrictive time steps limitations.

The solution we should described has been announced in [5] and
it consists of two main steps : the �rst one is a relaxation method
which permits to transform the nonlinear hyperbolic system into two
independant linear systems, known as the Goldstein Taylor system
or Telegraph equations; the second step is to use the so called well
balanced scheme for each of the two systems. Moreover, we shall pro-
pose a new interpretation of the well balanced schemes as a Godunov
scheme when dealing with source terms. This interpretation is more
convenient in order to extend the well balanced schemes for multi di-
mensional problem.

The paper is organized as follows : in section 2, we recall the model
of interest and its main properties, namely an invariant domain or
equivalently the positivity of some quantities which are of great phys-
ical importance and the di�usive asymptotics i.e. regimes where the
solutions behave like solution of a parabolic equation. In section 3,
we describe the proposed numerical scheme and its derivation in two
steps (relaxation method in subsection 3.1 and well balanced scheme
in subsection 3.2). In section 4, we present two numerical results :
the �rst one is concerned with a varying cross section and the second
one to a coupled system with a heat equation for the temperature of
material.

2 Radiative transfert hydrodynamical models

The models, we are interested in, arise from the radiation transport
equation, which is a kinetic equation for the speci�c intensity of pho-
tons I(Ω, ν, r, t) after integration over the angular variable Ω and the
frequency ν. We refer to [18,6] for a detailled presentation.

In this paper, we are concerned with systems of conservation laws
for the two �rst moments of the intensity, namely (ρ, ρu) :{

∂tρ+∇x(ρu) = 0
∂t(ρu) +∇x · P = 0 , (1)

where P is the pressure tensor of the form

P = ρ

(
h(|u|)Id + (1− 3h(|u|))u⊗ u

‖u‖2

)
,
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where h(x) = x
g−1(x)

, x > 0 with

g(x) = coth(x)− 1
x
,

the so called Langevin function.

2.1 Eddington factors

In monodimensional case (the velocity is parallel to the �rst axis) the
above system reduces to{

∂tρ+ ∂x(ρu) = 0
∂t(ρu) + ∂xρh(u) = −σρu , (2)

where the function h has several forms, which are called Eddington
factors. We refer to [18] or to [23] for a detailled presentation. For
example, Kershaw suggests,

h(x) =
1 + 2x2

3
. (3)

Minerbo uses entropy arguments to obtain the Eddington factor ,

h(x) = 1− 2x
g−1(x)

, (4)

which was called the maximum entropy Eddington factor.

Also, Minerbo [19] suggested that any intensity may be approximated
as a linear function, so the Eddington factor Minerbo linear is:

h(x) =

{ 1
3 , x ∈

[
0, 1

3

]
,

1
2(1− x)2 + x2 , x ∈

(
1
3 , 1
]
.

(5)

Using a Chapman-Enskog approach, we have the following Eddington
factor sugested by Levermore :

h(x) = cothx
(

cothx− 1
x

)
.. (6)

Another Eddington factor is Levermore-Lorentz [19,18]:

h(x) =
1
3

+
2x2

2 +
√

4− 3x2
. (7)
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Let us propose another function, with the same properties of Ed-
dington factors, called Minerbo rational, which is de�ned by:

h(x) =
1
3

+
2x2

5− |x| − x2
. (8)

This Eddington factors is obtained by making some assumptions for
the function

h(x) =
1
3

+
a|x|+ b

cx2 + d|x|+ e
, (9)

namely:
h(0) = 1

3 ,
h′(0) = 0 ,
h′′(0) = 2

5 .

and
h(1) = 1 ,
h′(1) = 2 .

We remark that these Eddington factors are increasing and convexe
functions.Let us assume the following hypothesis on the h function :
h is a increasing, convex function

u2 < h(u) ≤ 1 , h(0) =
1
3
, h(1) = 1 . (10)

Remark 1 Let us mention that for h ≡ 1 , the system (2) is known
as the Goldstein-Taylor equation or as the telegraph equation. This
particular system will be used in the construction of the solution of
the nonlinear system of interest.

Remark 2 Note also that some two dimensional closure have been pro-
posed [24] where the pressure is a function of ρ and j separately in-
stead of a function of the form ρh(j/ρ) as in (2).

2.2 Invariant domain

Let us now give some properties of the solutions of the nonlinear hy-
perbolic system (2).

First, for any physically admissible state (ρ, j) such that

ρ > 0, ‖j‖ ≤ ρ, (11)

the system (2) is hyperbolic i.e. the matrix of transpport coe�cient is
diagonalizable (see [27] for detailled de�nitions). Second, the solution
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of the Riemann problem without source terms lies in the set of ad-
missible state. Assuming that a Godunov type numerical scheme with
a splitting of the source terms converges, the solution will remain in
the admissible set is invariant.

From the physical point of view, the admissible state comes from
the fact that ρ represents a number of photons which has to be non
negative and that the mean velocity of the photons j/ρ is smaller than
the speed of light (which is normalized to 1 in the choosen scaling).

Note that the proof of convergence of the scheme is behind the
scope of this paper. We shall verify on the numerical results in the
last section that this convergence is expected.

Let us rewrite the system in variable U = (ρ, u) with j = ρu. The
admissible states are characterized by ρ ≥ 0 and ‖u‖ ≤ 1. The matrix
of transport coe�cient A(U) such that system (18) reads

∂tU +A(U)∂xU = R(U) , x ∈ R , t > 0 (12)

is given by

A(U) =

(
u ρ

h(u)−u2

ρ h′(u)− u

)
, (13)

Its eigenvalues λ± are given by

λ± =
1
2

(
h′(u)±

√
(h′ − 2u)2 + 4(h− u2)

)
(14)

which are both real using hypothesis (10) on the h function .
The invariant property of the approximated solution is based on a

splitting argument between the transport part and the source terms.
We claim that both of the two operators preserve the properties (11),
then the composition of the two will have the same property. It re-
mains to prove that the splitting procedure converges as the time step
goes to zero using a argument related to Trotter formula

exp(A+B)t = lim
n→∞

(exp(At/n). exp(Bt/n))n

The invariant property is obvious on the source terms. Indeed, ρ re-
mains constant whereas ‖j‖ decreases. For the transport part i.e. the
system (2) with σ = 0, it can be checked that the properties hold
true for the Riemann problem i.e. considering two states Ul and Ur,
we verify that the 1-wave curve that contains Ul (and which consists
of half shock curve and half rarefaction wave) intersects the 2-wave
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curve that contains Ur in a so called intermediate state that is in the
invariant domain.

More precisely, it can be proved that the 1-wave has the follow-
ing behaviour in the ρ, u plane : the curve can be parametrized by u
and the parametrization ρ(u) is decreasing and satisfaies ρ(u) → +∞
as u → −1, ρ(u) ≤ 0,∀u ∈] − 1, 1[ and by construction ρ(ul) = ul.
Similarly, the 2-wave can also be parametrized by u and is increas-
ing, positive and limu→1 ρ(u) = +∞ , ρ(ur) = ρr. Using the above
properties of the 1 and 2-wave curves, one obtain the existence of an
intermediate state (ρ∗, u∗) which satisfy the required properties (11).
We refer to [3] for the details on the construction of the solution for
the Riemann problem of system (2).

Then, if the Godunov type scheme converges, the invariant prop-
erty will be satisfaied for the continuous solution of the transport
part.

Remark 3 This invariant property (11) has a physical interpretation,
since ρ and j the two �rst moments of the distribution function on
the unit sphere ρ =

∫
fdω, j =

∫
fωdω). From numerical point of

view, this property means that the �ux are so-called limited.

2.3 Asymptotic limit - di�usive regimes

Let us formally present the asymptotic limit of the system in so called
di�usives regimes. In such scaling, the system (18) can be written in
the form

ε∂tU + ∂xF (U) =
1
ε
R(U), (15)

where U = (ρ, j), F (U) = (j, ρh(j/ρ), R(U) = (0,−σj), σ(x) > 0,
the cross section and ε is a small parameter.

In the limit ε → 0, a formal asymptotic gives that j is O(ε) due
to the collision term. At �rst order in ε, using the second equation of
(15), we get

j = − ε
σ
∂x(h(0)ρ). (16)

This corresponds to suppress the time derivative term into the equa-
tion on j. Then, using h(0) = 1/3 and using (16) into the �rst equa-
tion, we obtain the following di�usion approximation

∂

∂t
ρ− ∂

∂x
(

1
3σ

∂

∂x
ρ) = 0. (17)
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Note that the solution for ρ of the limit heat equation (17) and j
given by by (16) does not satisfy automatically the condition (11),
because the gradient ∂xρ can be arbitrarily large e.g. if the initial
data is discontinuous in ρ. Note also that j or ∂xρ are also solution
of the same heat equation.

Our aim is now to design an implicit scheme compatible with the
limit ε→ 0 and with the invariant property (11).

Various methods have been proposed to get ride of these di�culties
such as variable Eddington factors for the so-called P1-approximation
or �ux limiters for di�usion approximation (see [18] and ref. therein).
This is also related to a series of papers about asymptotic preserving
schemes for kinetic problems, well balanced schemes, sti� source terms
and relaxation methods in the context of hyperbolic systems [12,8].

3 Numerical method for radiative model

Our method is based on a time splitting in two steps. The �rst step is
based on a relaxation method [12] and the second on a well-balanced
schemes [8].

Our goal is to solve the nonlinear problem while preserving pos-
itivity. Linearizing the equation is not suitable since the invariance
domain will not be preserved and it will give wrong results when
using implicit method.

3.1 The relaxed system.

Let us brie�y recall the relaxation method according to [12]. Consid-
ering a system of the form

∂tu+ ∂xf(u) = 0,

it becomes in the relaxation limit α→ 0

∂t(u, v) + ∂x(v, au) = (0,−(f(u)− v)/α).

This can be written in the form

∂tU +A∂xU = R(U), (18)

where A is a constant matrix of transport coe�cient and R(U) is a ,
possibly nonlinear, source term.
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Let us now apply this method to our system. The �rst step is to
rewrite system (15) as the limit (α → 0 ) of the following relaxation
system 

∂tρ+ 1
ε∂xz = 0

∂tz + a
ε∂xρ+ σ

ε2 z = − 1
α(j − z)

∂tw + a
ε∂xj = 1

α(ρh( j
ρ)− w)

∂tj + 1
ε∂xw + σ

ε2 j = 0.

(19)

Note that, formally, the relaxed system is equivalent to (15) as the
limit (α→ 0 ) since the equilibrium states are given by

z = j, w = ρh(
j

ρ
). (20)

At this point, the coe�cient a remains to be choosen.

Our method consists in splitting the transport part or left hand
side of system (19) and the relaxation term i.e. the right hand side.
In the relaxation part, the original variables (ρ and j) are unchanged
whereas the new variables (z and w) converge to the equilibrium state
given by (20) in the limit α → 0. Thus, the relaxation part reduces
into a projection on equilibrium states. The coe�cient a is constant
in space but has to be choosen at each time step in order to recover
the correct di�usion coe�cient.

The transport part writes:
∂tρ+ 1

ε∂xz = 0
∂tz + a

ε∂xρ+ σ
ε2 z = 0

∂tw + a
ε∂xj = 0

∂tj + 1
ε∂xw + σ

ε2 j = 0.

(21)

Let us point out that the relaxation term on the equation over z is
not classical. However, this term is very important in order to get the
right asymptotic behaviour in di�usives regimes i.e. when ε→ 0.

Let us also emphasize that (21) is just two linear and identical
systems. These systems are uncoupled : one for the quantities (ρ and
z), the second for (w and a new variable j̄ = aj) which are equivalent
to the system (15) with h ≡ a.

Note that this system i.e. (15) with h ≡ a once diagonalized is a
well-know Goldstein-Taylor or Telegraph equation with speed ±

√
a
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i.e. two transport equations in opposite direction coupled by a relax-
ation term {

∂tu+
√

a
ε ∂xu = σ

2ε2 (v − u)
∂tv −

√
a

ε ∂xv = σ
2ε2 (u− v).

(22)

Let us mention that the invariant domain property (11) can be seen
as the positivity of the transported quantities ρ± j > 0. In the above
system, the transport quantities (u or v) are ρ±z/

√
a (or j±w/

√
a).

We shall choose the coe�cient a in such a way that the transport
quantities remain positive.

Using the following change of variable

U =
√
aρ+ z + w +

√
aj,

V =
√
aρ− z + w −

√
aj,

Ū =
√
aρ+ z − w −

√
aj,

V̄ =
√
aρ− z − w +

√
aj,

(23)

we verify that (U, V ) and (Ū , V̄ ) satisfy a system of the form (22).
We will show that for the transport part, the invariant domain (11)
comes from the positivity of U, V, Ū , V̄ for su�ciently large value of a.

The initial data for the new variables verify, using the equality of
the projected variable at initial time z = j and w = ρh(u) , become

U = ρ(
√
a+ h(u)) + j(

√
a+ 1),

V = ρ(
√
a+ h(u))− j(

√
a+ 1),

Ū = ρ(
√
a− h(u))− j(

√
a− 1),

V̄ = ρ(
√
a+ h(u)) + j(

√
a− 1).

(24)

Then, using that j = ρu and ρ ≥ 0, we obtain that U at t = 0 is
positive provided that

√
a+ h(u) + (

√
a+ 1)u ≥ 0.

Let us assume that u (at initial time) lies in the interval [−b, b] with
some b < 1. We have to choose a. Note that , for any a > b and any
u ∈ [−b, b],

√
a+ h(u) + (

√
a+ 1)u ≥

√
a+ h(b)− (

√
a+ 1)b.

Thus, the following value

√
a =

h(b)− b

1− b
,

insurses positivity. Any larger value of a will also be convenient, for
example

a
def
= h(b). (25)
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Indeed, it can be easily verify that this choice preserves positivity :
√
a+h(u)+(

√
a+1)u ≥

√
h(b)+h(b)−(

√
h(b)+1)b = (

√
h(b)+1)(

√
h(b)−b) ≥ 0,

since h(y) ≥ y2. The properties hold also the the other three quanti-
ties V, Ū , V̄ .

Thus, we prove that the following choice for the coe�cient a

a = h(max
x∈R

‖u(x)‖),

ensurses the positivity of the initial data for U, V, Ū , V̄ and then of
the solution U, V, Ū , V̄ of the system (21). The sketch of the proof
for the positivity is similar to the one of section 2.2. We consider the
two independant systems of the form (22). We construct the solution
of such system as the limit of a approximated solution based on a
splitting. For the transport part (as speed ±

√
a) the positivity of

both u and v is obvious. For the source terms, we easily check that
the solution of the relaxation

∂tu =
σ

2ε2
(v − u), ∂tv =

σ

2ε2
(v − u),

also preserves positivity. Thus, the approximation satisfy the proper-
ties and so does its limit. We assume the convergence of such splitting
based algorithms, which is reasonnable for any �xed ε.

In this case, we can prove directly the above result : For any solu-
tion of (22) with positive initial data, the solution remains positive.
We de�ne the postive and negative part of a fonction f and denote it
by f+ and f−

f+ = (f+ | f |)/2, f− = (f− | f |)/2.

We multiply the equations of (22) by u− and v− respectively and we
integrate for x ∈ R{

∂t

∫
u−udx+

√
a

ε

∫
u−∂xu =

∫
σ

2ε2u
−(v − u)

∂t

∫
v−vdx−

√
a

ε

∫
v−∂xv =

∫
σ

2ε2 v
−(u− v).

We have u−u = (u−)2 and the integral of ∂x(u−)2 is zero assuming
u(x, t) → 0 when x→ ±∞. Thus,

∂t

∫
(u−)2 + (v−)2dx =

∫
σ

2ε2
(u−(v − u) + v−(u− v)) ≤ 0.
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Indeed,

u−(v−u)+v−(u−v) = u−(v++v−−u−)+v−(u++u−−v−) = u−v++u+v−−(u−−v−)2.

The �rst two terms are non positive by de�nition of (u−, v+) and
(u+, v−) respectively.

The initial data being positive implies u−(t = 0) = v−(t = 0) = 0
and the above inequality proves that the L2 norm of u− and v− decay.
This proves that u− and v− vanish for any time i.e. that the solution
u and v remain positive.

Remark 4 The proposed choice for a is not satisfactory since it de-
pends on the whole solution u(x) for x ∈ R. We refer to [6] for a
variant of the solution proposed here that overcomes this di�culty.

In the di�usive limit (ε→ 0) or for large time behaviour, we expect
that maxx∈R ‖u(x)‖ → 0 and therefore, a will become close to 1/3 i.e.
we obtain the right asymptotic (17).

Remark 5 Despite its linear structure, the system (22) give raise to
severe numerical problems. It can also be seen as a very simple model
of kinetic theory of gases where particles can only have velocity ±

√
a.

In this context, the limit ε→ 0 corresponds to a di�usion limit which
a di�usion coe�cient equal to a

σ .

3.2 An interpretation of the Well Balanced scheme

We shall now solve numerically the system (22) for (ρ, z) (and simi-
larly for the other identical system in variable (w, aj)).
We introduce a non-uniform mesh : we note xi, the center of the cell
of size ∆xi with i ∈ Z and de�ne ∆xi+ 1

2
= (∆xi +∆xi+1)/2.

In this part, we shall present an interpretation of the WB scheme
for the so called telegraph equation and/or Goldstein-Taylor model

∂tu+ ∂xu = −σ(v − u), ∂tv − ∂xv = σ(v − u). (26)

This system, with source term , can be rewritten in a more compact
form

∂tU +A∂xU = R(U).
One possible way to recover the WB scheme is to approximate the
source term using a quadrature formulae that localize the source at
interface i.e. R(U) is replaced by∑

i

δ(x− xi+ 1
2
)∆xi+ 1

2
R(Ui+ 1

2
).



12 Christophe Buet, Stéphane Cordier

Let us now introduce an extended non conservative hyperbolic sys-
tem (without source term) for (U, id) where id represents the identity
function (constant in time){

∂tU +A∂xU = R(U)∂xid,
∂tid = 0, (27)

with the matrix

B =
(
A −R
0 0

)
.

Note that since A is diagonlizable, B too and its spectrum consists
of the eigenvalues of A and zero. Let us now assume that the matrix
A is diagonal. Then, using a piecewise constant approximation of the
auxillary function id(x) (and thus its derivative becomes sum of delta
function localized at interfaces xi+ 1

2
with weights ∆xi+ 1

2
) yields to

the quadrature formulae proposed above.

This way of introducing the localization of the source at interfaces
permits to extend naturally this approach to non uniform mesh and
to multi-dimensional problem.

We have now to solve the Riemann problem including the source
term. Thus, we localize the analysis near the interface, assuming the
time step small enough such that the waves will not interact from one
cell to another. We have assumed A is diagonal, thus we can treat
each component separately i.e. consider that U is a scalar and the
matrix A reduces to a real number. Let us assume A > 0 for example.

Let us now introduce a molli�er sequence χβ of the Dirac measure,
for example, we can choose characteristic function with vanishing sup-
port χβ(x) = 1

β for any ‖x‖ < β/2 and 0 elsewhere. The regularized
local Riemann problem with source reads for ‖x‖ < β/2

∂tUβ +A∂xUβ =
1
β
R(Uβ)∆xi+ 1

2
,

and the initial data U(x, t = 0) = UL for x < 0 and U(x, t = 0) = UR

for x > 0. Since a > 0 the transport propagates to the right, the
solution of this Riemann problem satisfaiesU(x, t) = UL, ∀(x, t)s.t.x < −β/2,

U(x, t) = UR, ∀(x, t)s.t.x > At+ β/2,
U(x, t) = U∗, ∀(x, t)s.t.β/2x < At+ β/2,
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where U∗ is the outgoing value of U associated to the entering value
UL after crossing the interval [−β/2, β/2]. Note that we do not detail
the solution inside the interval since this interval is vanishing in the
limit β → 0, but we need to compute the outgoing value U∗. When
rescaling the interval y = x/β, the problem becomes

β∂tU(y, t) +A∂yU(y, t) = R(U)∆xi+ 1
2
,

and formally, when β → 0 the problem becomes stationnary. Thus,
in the limit β → 0 the outgoing value U∗ is given by the stationnary
solution.

Let us now solve the stationary problem for the telegraph equation
of interest and an arbitrary molli�er. Setting ρ = (u + v)/2 and j =
(u − v)/2, the stationnary equation (in variable y) associated with
(26) reads (let us assume σ = 1 for simplifying the notations).

∂yρ = −χ(y)j, ∂yj = 0.

The current j is constant (equal to uL − vL and to uR − vR) and the
equation for ρ gives

ρR − ρL = j

∫ 1/2

−1/2
χ(y)dy = j.

Thus, the stationnary solution is characterized by the equations

ρR − ρL = j = jR = jL.

These equations are independent of the choosen molli�er.

For the telegraph equation (A = 1), the eigenvalues are ±1 and
the Riemann invariant are the functions u and v respectively. Then,
the solution of the Riemann problem with a localized source terms is
de�ned by

U(x, t) = UL = (uL, vL), ∀(x, t)s.t.x < −t,
U(x, t) = U∗L = (uL, v

∗
L), ∀(x, t)s.t.− t ≥ x < 0,

U(x, t) = U∗R = (u∗R, vR), ∀(x, t)s.t.0 ≥ x < t,
U(x, t) = UR = (uR, vR), ∀(x, t)s.t.x ≥ t,

Indeed, the Riemann invariant uL is constant through the left wave
with speed −1. The intermediate states U∗L and U∗R are connected by a
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stationnary wave and thus satisfy the above relations. Once expressed
in the original variable ρ and j, the solution is uniquely de�ned by j∗R = j∗L = j0, ρ∗R − ρ∗L = −j0∆x,

ρ∗L + j0 = uL,
ρ∗R − j0 = vD.

The �rst equations are nothing but the relations for states connected
by a stationnary wave. The last two equations come from the conser-
vation of the u (resp. v ) through the wave of speed −1 (resp. +1).
The solution of this linear system is

j0 =
uL − uR

2 +∆x
, ρ∗L = uL − j0, ρ∗R = vD + j0.

Then, one can write a Godunov scheme using these exact solution for
the Riemann problem.

When performing the same analysis i.e. solving the Riemann prob-
lem with a cross section σ/ε instead of σ), we �nd

j0 =
uL − uR

2 + σ∆x
ε

,

and with velocity ±
√
a (as in (22) instead of ±1 (as in (26), we have

to replace ∆x by ∆x/
√
a and, thus, the coe�cient becomes

j0 = M(uL − uR), M =
2ε
√
a

2ε
√
a+ σ∆x

.

Last, we have to project onto piecewise constant solution at iter-
ation n+ 1. The average value over the cell is given by

Un+1
i+ 1

2

=
A∆tU∗ + (∆xi+ 1

2
−A∆t)Ui+1

∆xi+ 1
2

.

We have a similar formula with Ui instead of Ui+1 in the case A < 0.

Let us now integrate - in time and space - the obtained solution
onto the cell without the thin boundary layer near interfaces i.e. we
integrate the equation onto [xi− 1

2
+ ε/2, xi+ 1

2
− ε/2] × [tn, tn+1[. By

construction, the time derivative gives the di�erence Un+1
i − Un

i and
the source term is identically zero. We obtain

Un+1
i − Un

i +
1
∆xi

∫ ∆t

0
F (U ε

i− 1
2

(s))− F (U ε
i− 1

2

(s))ds = 0.
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The obtained scheme is a direct extension of the, so called well
balanced scheme described in [8] for telegraph equation with velocity
±
√
a, variable cross section σ and non uniform mesh:

∆ui
∆t +Mi− 1

2

√
a

ε∆xi
(ui − ui−1) = Mi− 1

2

∆x
i− 1

2
∆xi

σ
i− 1

2
2ε2 (vi − ui)

∆vi
∆t −Mi+ 1

2

√
a

ε∆xi
(vi+1 − vi) = Mi+ 1

2

∆x
i− 1

2
∆xi

σ
i+1

2
2ε2 (ui − vi).

(28)

where ∆ui
∆t denotes either the partial derivative of ui with respect to

t i.e. a semi-discretized system or a time discretization (e.g un+1
i −un

∆t )
and the coe�cient Mi+ 1

2
de�ned by

Mi+ 1
2

=
2
√
aε

σi+ 1
2
∆xi+ 1

2
+ 2

√
aε
, (29)

with
√
a is the constant value of the limit di�usion coe�cient as de-

�ned above and σi+ 1
2
is an arbitrary average of σ at interface (e.g.

arithmetic, harmonic...). The above scheme corresponds to the one
proposed in [8] for a uniform mesh, σ = 2 and a di�usion coe�cient
in the limit heat equation equal to 1

2 . Note that, in our case, the cross
section is not assumed to be constant, which is of main interest from
applications point of view.

We can show that (28) is a monotone scheme and then (11) re-
mains an invariant domain during the transport part. It is readily
seen that, in the limit maxi(∆xi) → 0, the coe�cient Mi+ 1

2
tends to

1 and the consistency of the scheme (28) with the continuous system
(22) is satis�ed provided that, in the limit, the mesh is smooth enough
i.e. that is locally an uniform mesh (∆xi+1

∆xi
) → 1 when maxi(∆xi) → 0.

Note that the proposed scheme (28) can be simpli�ed for an uni-
form mesh and constant cross section. In this case, the coe�cient M
is also constant and the equation for ∆ui

∆t reads

∆ui

∆t
+M

√
a

ε∆x
(ui − ui−1) = M

σ

2ε2
(vi − ui)

can be equivalently writen as

∆ui

∆t
+
√
a

∆xε
ui = M(

σ

2ε2
vi +

√
a

ε∆x
ui−1). (30)

This form is suitable for insuring the positivity of the solution or,
equivalently, the condition ‖j‖ ≤ ρ) i.e. ui(t = 0) > 0∀i ∈ Z ⇒
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ui(t) > 0, ∀i, ∀t > 0 either for the semi-discretized system (when
∆ui
∆t represents ∂ui

∂t ) or for semi-implicit schemes (when it represents
un+1

i −un

∆t ). For semi-discretized system we have

ui(t) ≥ ui(0) exp(−
√
a

∆xε
t).

A similar argument holds for the positivity of v.
Let us mention a last equivalent forms of the scheme with uncen-

tred source terms like in [1]

∆ui

∆t
+
√
a

∆xε
(ui − vi) = M

√
a

∆xε
(ui−1 − vi). (31)

These equivalences come from the equality

M(
√
a

∆xε
+

σ

2ε2
) =

√
a

∆xε
.

3.3 Interpretation as HLL scheme

Let us now interpret the obtained scheme in terms of the so called
Harten-Lax-Van Leer scheme described in [27].

Indeed, the scheme (28) can be writen in the original variables
(ρ, z) and the same for (w, j̄)

∂ρi

∂t + 1
ε∆xi

(Mi+ 1
2
zi+ 1

2
−Mi− 1

2
zi− 1

2
) = 0,

∂zi
∂t + a

ε∆xi
(Mi+ 1

2
ρi+ 1

2
−Mi− 1

2
ρi− 1

2
) = −λi

2ε2 zi +
M

i+1
2
−M

i− 1
2

ε∆xi
(aρi),

(32)
with

zi+ 1
2

= (zi + zi+1 + ρi+1 − ρi)/2, ρi+ 1
2

= (ρi + ρi+1 + zi+1 − zi)/2,

and

λi =
∆xi+ 1

2

∆xi
Mi+ 1

2
σi+ 1

2
+
∆xi− 1

2

∆xi
Mi− 1

2
σi− 1

2
.

Once again, the consistency of the scheme (when ∆x→ 0 for �xed ε)
requires a asymptotically regular mesh . More precisely, this means

that, when the mesh is re�ned, it becomes locally regular
∆x

i− 1
2

∆xi
→ 1

as maxi∆xi → 0.

One can also check the asymptotics ε → 0 (with �xed ∆xi pre-
sumably non uniform) using the above form. It is readily seen that z
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has to remain small and, more precisely, of the order of magnitude of
O(ε). On the other hand, the limit behaviour of M is given by

Mi+ 1
2
∼ 2ε

√
a

σi+ 1
2
∆xi+ 1

2

,

and for the λ coe�cient

λi ∼
4ε
√
a

∆xi
.

Moreover, the last term of the r.h.s. is small and the leading order of
the equation for z is

a

ε∆xi
(

2ε
σi+ 1

2
∆xi+ 1

2

ρi+ 1
2
− 2ε
σi− 1

2
∆xi− 1

2

ρi− 1
2
) =

−4ε
2
√
aε2∆xi

zi.

Furthermore, in the limit ε→ 0, we have (since zi is of order ε)

zi+ 1
2

= (ρi+1 − ρi)/2.

Then, reporting the last expressions in the equation for ρi, one obtain
the discretization of the heat equation on a nonuniform grid. Indeed,
retaining only the �rst order terms in the preceeding expressions, the
equation for ρi in (32) becomes

∂ρi

∂t
+
√
a

∆xi
(
ρi+1 − ρi

∆xi+ 1
2

− ρi − ρi−1

∆xi− 1
2

) = 0.

Note that the formulae can be simpli�ed for uniform mesh and
constant cross section : in this case, we have λ = 2σM and the sec-
ond term of the right hand side vanishes. Then, the proposed scheme
reduces to a classical Godunov scheme

ε
∂Ui

∂t
+M(Fi+ 1

2
− Fi− 1

2
)/∆x =

M

ε
R(Ui), (33)

where the �ux at interfaces are given by

Fi+ 1
2

= [biFi+1 + bi+1Fi + bibi+1(Ui+1 − Ui)]/(bi + bi+1), (34)

which are just upwind �uxes for(22) with bi =
√
a The multiplicative

coe�cientM = 2Dε
σ∆x+2Dε comes from the well balanced scheme where

D is the expected di�usion coe�cient i.e. h(0).

This form is useful because it is expressed in the original variable
and this can be easily generalized to nonlinear case. The discretiza-
tion is a sum of a di�usive term and classical convective term. Thus,
this discretization can be interpreted as a particular choice of adding
numerical viscosity depending of ε.
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3.4 Comparison

Let us now detail the comparison with other proposed scheme for
similar models.

For example, the scheme proposed in [15] can be written, using
our notations, as an interpolated scheme between an upwing scheme
and a centrered one. Starting from the system in the form (2) with
h = 1 i.e. the telegraph equation, we set j = εj̄{

∂tρ+ ∂xj̄ = 0
∂tj̄ + (1 + (1− ε2)/ε2)∂xρ = −σ

ε2 j̄.
(35)

Let us split the system into a transport part with velocity ±1 which
is discretized using a upwind scheme (in variable u and v) and the
remaining part of the term ∂x(ρh) is taken as a source term, using
a centrered scheme. Once back into the original variable (ρ, j̄), the
semi-discretized system, on a uniform grid in space, reads

∂tρi + 1
2∆x(j̄i+1 − j̄i−1 − (ρi+1 + ρi−1 − 2ρi)) = 0

∂tj̄i + 1
2∆x(ρi+1 − ρi−1 − (j̄i+1 + j̄i−1 − 2j̄i)) =

−1
ε2

[
σj̄i + (1− ε2)(ρi+1 − ρi−1)/(2∆x)

]
.

(36)

The above discretization can be written equivalently in ρ, j as{
∂tρi + 1

ε
1

2∆x(ji+1 − ji−1)− 1
2∆x(ρi+1 + ρi−1 − 2ρi) = 0

∂tji + 1
ε

1
2∆x(ρi+1 − ρi−1)− 1

2∆x(ji+1 + ji−1 − 2ji) = −σ
ε2 ji

(37)

or, 
∂tρi + 1

ε
1

2∆x [(1− ε)(ji+1 − ji−1)+
+ε(ji+1 − ji−1 − (ρi+1 + ρi−1 − 2ρi))] = 0

∂tji + 1
ε

1
2∆x [(1− ε)(ρi+1 − ρi−1)+

+ε(ρi+1 − ρi−1 − (ji+1 + ji−1 − 2ji))] = −σ
ε2 ji

(38)

i.e. a centered scheme for the (1− ε) part and the upwind scheme for
the ε part.

The proposed scheme can also be related to scheme proposed re-
cently in [1,20] and compared with previous works like [11,17,15].

4 Numerical results

We shall now present 2 numerical tests. The �rst is a validation of
our method with a strongly variable cross section. The second case is
a more complex case with a coupling with heat equation for material.
The scheme is implicit in time which leads to the solving of a band
matrix system.
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4.1 Variable opacity coe�cient

Let us consider the case

x ∈ [0, 2], σ(x) = 100(x− 1)4.

This corresponds to a case of transparent media in the center (σ = 0
for x = 1) with opaque walls at boundary (x = 0 and x = 2).

The initial data is a characteristic function, for ρ with support in
[12 ,

3,
2 ]. The initial �ux j is equal 0. The simulated time is T = 0.1

and the small parameter value takes the following values : ε = 0 (i.e.
the di�usion case ) and the following values 10−2, 0.1, 1. The mesh is
uniform with either 100 or 1000 points and the time step is chosen
such that ∆t/∆x = 0.05. Note that the expected time step restriction
for the transport part (C.F.L. condition) is much more restrictive
∆t
∆x ≤ ε, and, similarly, the characteristic relaxation time is such that
∆tσ ≤ ε2.

0 0.5 1 1.5 2
0

0.5

1

1.5

2

2.5

3

epsilon=0,01 1000 mailles
epsilon=0,1 1000 mailles
epsilon=1  1000 mailles
diffusion 1000 mailles
epsilon=0,01 100 mailles
diffusion 100 mailles

The computation using various number of discretization points in-
dicates that the solution converges when the mesh size (and thus the
time step) goeas to 0. This is some kind of numerical consistency re-
sult. On the other hand, when ε goes to 0, we obtain a solution that
converges toward the one of a di�usion equation with the di�usion co-
e�cient 1/3. This illustrates that the proposed scheme is compatible
with the di�usive asymptotics.
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4.2 Coupling with material

Let us consider the system coupled with an heat equation for some
material. This test can be seen as a simpli�ed model of laser-plasma
interaction ε∂tρ+ ∂xj = τ

ε (K − ρ)
ε∂tj + ∂xρh(j/ρ) = − τ+σ

ε j
Cv∂tT = −τ

ε2 (K − ρ),
(39)

σ is the scattering coe�cient for photons, τ is the absorption coe�-
cient of the material. K can be either given or equal to T 4 following
Stefan law. We have τ = Cv

T 3ε2 .

The choosen closure relation is the Levermore-Lorentz one [19,18]
given by (7). We are using a time splitting :one time step for the mo-
ment systems in (ρ, j) with �xed temperature T and then, the system
for (ρ, T ). The �rst test consists of a domain, scaled to [0, 2], between
2 walls. Let us summarize the scaled parameters of the simulation

x<0.1 0.1 < x < 0.2 0.2 < x < 1.8 1.8 < x < 1.9 x > 1.9
σ + ∞ 0 0 0 +∞
C 0 10 0 10 0
ρ0 0 16 0 10−4 0
j0 0 0 0 0 0
T 0 0 2 0 10−1 0

0 0.02 0.04 0.06 0.08 0.1
0

0.5

1

1.5

2
diffusion x=1.8 epsilon=.001
diffusion  x=1.84 epsilon=.001
x=1.8     epsilon=.001
x=1.84   epsilon=.001
x=1.8     epsilon=.003
x=1.84   epsilon=.003
x=1.8     epsilon=.01
x=1.84   epsilon=.01

VEF  Levermore
time evolution of the  temperatures

Initially, the left wall is hot and, then, by radiation, it warms the
right one. We plot the evolution of temperature due to this heating
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at the surface x = 1.8 , and inside the right wall for x = 1.84.The
computations were made with ∆x = 1/500 and ∆t = 10−4.

We observe on �gure 2 that the solution converges toward those
of the di�usion model when ε→ 0 as expected. Note that the depen-
dance with respect to ε is weaker in the material (at x = 1.84) than
at the surface (at x = 1.8). The front of heating reaches the surface
x = 1.8 at time t = 0.012 for ε = 0.01 and this time goes to zero as
ε→ 0 as expected for a di�usive equation. The oscillations (in time)
of the temperature at x = 1.8 (surface of the material) are due to the
heat wave that rebounds between the walls. The speed of the wave
goes to in�tnity as ε → 0 and in the di�usive limit, the heat propa-
gates instantaneously and, thus, the oscillations disappear. The front
of heat is less sharp within the material and the delay to warm the
material increases as ε → 0 (from t = 0.05 at ε = 0.01 to t = 0.075
when ε→ 0).

The second test is taken from [21], page 625, with a constant
opacity but with Cv = αT 3 and a source term S = 1 localized in
‖x‖ ≤ 1/2. All coe�cients in (39) are taken to one thus the system
of equations to solve is

∂tρ+ ∂xj = (K − ρ) + S
∂tj + ∂xρh(j/ρ) = −j
∂tK = −(K − ρ).

(40)

The computations were made with ∆x = 3/50 and ∆t = 1/100. Solu-
tions, with di�erent Eddington factors are viewed at times t = .1, 1, 3
and t = 10.

At early time, the discrepancies between various variable Edding-
ton factors (VEF) and di�usion are important since di�usion is a less
accurate model for short time. These di�erences, as expected , tend to
reduce to zero as the time growing. At time t = 10, these discrepancies
are negligible. We also show the results for the P1 model withh = 1/3
and for the, so called, P1/3 model derived from the P1, (see [21] for
a detailled presentation), by taken h = 1 and by multiplying the
opacity by a factor 3. For these two constant Eddington factors, the
discrepancies with di�usion results, still exist at time t = 10. This
proves that is is important to use the correct closure relation or Ed-
dington factor in order to recover the right behaviour of the solutions
in particular at early time but also after rather long time.
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Moreover, our results are very close to those obtained in [21], with
a important di�erence : our scheme for variable Eddington factors
gives no noisy solutions, in contrast with the corresponding results
presented in [21]. This fact illustrates the robustness of our scheme.

We also show the pro�le of the Levermore-Lorentz Eddington fac-
tor at the same times.
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for which we can give the same conclusion as for the precedent �gure:
no noisy solution for variables Eddington factors with our scheme.
Thus, the instability or noise observed for the VEF calculations in
[21] are certainly due to a bad discretization of nonlinear hyperbolic
problem.

5 Conclusions

The proposed scheme has all the required properties announced in
the introduction.

The scheme consists of two steps : �rst to replace the nonlinear
into two independant and identical linear system of telegraph equa-
tions and, second, the use of a well balanced scheme for each of the
two systems. The interpretation of the well balanced scheme as a Go-
dunov scheme using the Riemann solution of hyperbolic system with
source term (section 3.2) can be extended to more complex relaxation
term.

A �rst example arises from relativistic e�ect as presented in the
models described in [4]. The obtained equation is, in such case, a
Burgers equation with di�usion instead of the heat equation in the
case considered here. It can also be extended to discrete velocity mod-
els of kinetic equation in the di�usive regime with a linear collision
operator of Lorentz type (see [2] for a detailled presentation). A third
extension is to consider two dimensional (in space) model. The use of
alternate direction (i.e. a splitting between the x and y direction) is,
in di�usive regime, not suitable. Our method yields to choose distincts
quadrature points for the transport in direction x and y respectively,
or, in other words, it yields to localize the source terms at interfaces.

Moreover, the proposed approach can be combined with adapta-
tive mesh re�nement technics since it requires to evaluate the �ux
at interface by solving stationnary Riemann problem as explained in
subsections 3.2 and 3.3. These are, in our opinion, promissing direc-
tion for forthcoming developpements of the proposed scheme.

The main drawback of the proposed scheme is that the choice of the
velocity a for the relaxed system (2) is non local and thus, the di�usive
regime is obtain only when the whole domain is in isotropic equilib-
rium. This is a rather severe limitation for the use of this scheme in
complex situations. One possible solution is to use domain decompo-
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sition and to use a di�erent value of a in the di�erent domains. We
also mention a forthcoming paper [6] that proposed a variant of the
proposed scheme for which the choice of the coe�cient a is no more
local.
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Asymptotic Preserving and Positive Schemes

for Radiation Hydrodynamics
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Abstract

In view of radiation hydrodynamics computations, we propose an implicit and
positive numerical scheme that captures the diffusion limit of the two-moments
approximate model for the radiative transfer even on coarses grids. The positivity
of the scheme is equivalent to say that the scheme preserves the limited flux property.
Various test cases show the accuracy and robustness of the scheme.

Key words: radiation hydrodynamics, diffusion limit, flux limited and monotone
scheme.

1 Introduction

The aim of this work is about accurate discretization of radiation hydrody-
namics by means of Eulerian finite volume methods. In this direction we study
and discretize a non linear two-moments model (2) for radiation in the Eu-
lerian frame written in one space dimension. The model, called in the next
M1, derives from a maximum entropy principle as in [10,28,19,20,27,5,1]. This
model and the related ones are stiff models, the stiffness parameter is ε small.
For ICF (inertial confinement fusion applications) ε ≈ 10−3, for example see
[31]. There are some regions of the space with very little interactions between
the radiation and the matter and other regions with strong interactions with
the matter. The case of little interactions is called the streaming regime. For
strong interaction it is possible to derive diffusion approximations of (2). This
is called the diffusion regime. Among the numerical methods that have been
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proposed for the discretization of simplified radiation models, we distinguish
between discretization of diffusion approximations and direct discretization of
two-moment models. Concerning numerical method for the discretization of
diffusion approximations we quote [18] in which a technique of flux limiting
is discussed in details. The technique of flux limiting somehow extends the
domain of validity of these diffusion approximations to the streaming regime.
We exhibit a new intermediate interaction regime, of pure hyperbolic type, for
which the limit equation can be written in divergent form or in non divergent
form. We privilege the divergence form of this equation. This is different from
the work of [9] where the non divergent formulation is used for the radiation
energy. This is important for the numerics since a non divergent discretiza-
tion may converge to wrong discontinuous solutions [17]. It has been noticed
since a long time, in the work of Mihalas [25] for example, that a direct dis-
cretization of a two-moments models can help to get a better discretization for
both streaming and diffusion regimes. It is also possible that higher moments
models could treat more efficiently the anisotropy of radiation in dimension
greater than one.

In this direction, a preliminary question is how to discretize ”correctly” a
two-moments model for the radiation in the non relativistic case in dimension
one, that is for ε small, and at the matter scale. That is, we desire to adapt
the grid according to the length scale of the matter. From the point of view
of photons the grid is coarse. Among the works dedicated to this specific
problem we point out [22–24,2]. We show on a simple example that freezing
naively the Eddington factor during the time step gives a non positive implicit
linear discretization of the problem. This is based on the fact that the linear
implicitation of the HLL solver is non positive if the equation is non-linear,
that is if the Eddington factor is not constant. The new method we propose
has the following features
Positivity of the scheme: the scheme guarantees the positivity in 1D

−Er ≤ Fr ≤ Er

where Er is the energy of radiation and Fr is the radiation flux. This is equiv-
alent to say the scheme is flux limited

|Fr|
Er

≤ 1. (1)

The physical meaning of flux limitation is more natural with (1). This prop-
erty is useful essentially in the streaming regime for which |Fr| ≈ Er. This flux
limiting has nothing to do with the numerical tricks used for the discretization
of diffusion approximations of two-moments models.
Correct diffusion limits: the equilibrium and non equilibrium diffusion lim-
its of the scheme are correct even for a coarse mesh,
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Correct hyperbolic limit: the numerical treatment of the purely hyperbolic
limit (9) is compatible with the divergent form of the equation.
Time step requirement: the scheme is explicit for the hydrodynamic part
and totally implicit for the radiation part. Therefore the only CFL limitation
comes from the hydrodynamic part.
The first three properties are true at the PDE level for the basic two-moments
model. Since the basic two-moments model considered in this paper is highly
non-linear (see (2)), a direct implicit discretization of this model may be tricky
if the material velocity v is non zero. We now describe the strategy we propose
to obtain these properties at the numerical level. We think this approach is
simpler.

The first ingredient to obtain all these properties is what we call a splitted ap-
proximation. Usually this kind of model is called a co-moving frame radiation
hydrodynamics model, see [26,21,2]. The model consists in transporting the ra-
diation entropy and the radiation entropy flux at velocity v, then to discretize
with the matter at rest with v = 0. This splitted approximation has almost
zero additional numerical cost. The maximal hyperbolic wave velocity of the
splitted approximation is 1

ε
± v which slightly exceeds the physical maximal

wave velocity 1
ε

which is the velocity of light in non-dimensional variables.
This is shared with other co-moving frame radiation hydrodynamics model
like [26,21,2]. We think that slight violation of the velocity of light in very
rare cases is much better than diffusion approximations without flux limiting
of the diffusion coefficient. Even with flux limiting of the diffusion coefficient
it is difficult to guarantee a correct velocity for the front propagation in trans-
parent materials. In this work we only consider an explicit discretization of
the hydrodynamics part. On the other hand, the radiative step of the splitted
model is discretized by an implicit method. The reason is the high speed of the
radiation signal which is much greater than the mean velocity of the matter.
Since we are interested in the time scale of the matter, the radiation must be
treated implicitly.

The second ingredient lies in the discretization of the radiative step. The nu-
merical scheme for the radiative step must be consistent with the diffusion
approximation in opaque region and must preserve the flux limited property.
It is well known, [14,15,29], that in opaque regions standard finite volume
schemes lead to a wrong coefficient of diffusion for coarse grids. It is illumi-
nating to consider the hyperbolic heat equation

∂tu+
1

ε
∂xv = 0, ∂tu+

1

ε
∂xv = − 1

ε2
u.

The asymptotic regime ε → 0+ is the heat equation ∂tu − ∂xxu = 0. The
problem stressed in [14,15,29] is that a discretization with stable upwinded
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schemes of the hyperbolic equation has the asymptotic limit

∂tu−
(
1 +

C∆x

ε

)
∂xxu = 0, C > 0.

Therefore the discretization of the hyperbolic equation on a coarse grid may
have the limit

∂xxu = 0

which is wrong. Last decade ”asymptotic preserving schemes” (AP scheme),
[14,15,29,12], have been developed in order to recover the correct diffusion
asymptotic limit. Thus AP schemes seems to be the good tool for radiative
two-moment models. But actual AP schemes suffer of some limitations. Semi
implicit AP scheme like those proposed in [15,14] can handle non-linear sys-
tem but are, in the best case, only positive and stable under a parabolic CFL
condition and this not acceptable for our purpose since we do not want such
time step limitation. The AP scheme proposed by Gosse in [12] has a bet-
ter stability property, but it is difficult to extend this scheme for non linear
systems: Moreover the method used in [12] seems quite impossible to extend
for a resonant problem like the one we study in this work. Therefore we have
developed a new discretization of radiation part of the model. This implicit
discretization is unconditionally positive, and has the correct diffusion limit.
It is based on two basic schemes. The first one is a ”relaxation” scheme, see
for example[16], which has the advantage to transform the initial non linear
problem into a linear one: this is why we solve two linear systems at each
time step. The second one is the AP scheme described [12], in order to ob-
tain the right asymptotic diffusion limit with no time step limitation for the
positivity. This discretization of the radiative step is an improved version of
the one proposed in [7], it can handle more efficiently opaque and transparent
zones. Concerning the cost of such a discretization, let us mention that in one
dimension the matrix can be inverted by the a low cost algorithm like the LU
one.

The plan is as follows. In the second section we study the M1 model for
the radiation and recall various diffusion approximations of this model. In the
third section we derive what we call splitted approximations for the M1 model.
Numerical schemes for each part of the splitting are proposed and analyzed
in the fourth section. In the fifth section we show some numerical results to
demonstrate the features of the scheme, with application to the full system
of hydrodynamics coupled with radiation. The final section is the conclusion.
We sketch future developments of the method.
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2 Basic equations

2.1 The two-moments model M1

The starting point of the analysis is the the following two-moments model for
radiation in the Eulerian frame and written with non dimensional variables in
one space dimension (see [1] for a full derivation)



∂
∂t
Er + 1

ε
∂
∂x
Fr = γσa

ε2 (T 4 − Er + εvFr)− γσs

ε
vF 0

r ,

∂
∂t
Fr + 1

ε
∂
∂x
Pr = −γσa

ε2 (Fr − εv(T 4 + Pr))− γσs

ε2 F
0
r ,

Pr = χEr, χ = 3+4f2

5+2
√

4−3f2
, f = Fr/Er.

(2)

In this model Er is the energy of radiation, Fr is the flux of radiation, Pr is
the pressure of radiation and χ is called the Eddington factor. f measures
the anisotropy of radiation. For physical reasons the modulus of f is bounded
by one, |f | ≤ 1. This Eddington factor was proposed first by Levermore [18]
and can be recovered from a maximum entropy principle as in [28,19,20,27,5].
For a matter at rest, it can be checked, by means of the Godunov method,
that solutions of the system (2) for a general Eddington factor χ verify this
flux limited property provided that the initial condition satisfy it and if the
Eddington factor χ is a even convex positive function satisfying χ(±1) = 1.
The Eddington factor considered here have these properties 1 .

This system has two exterior parameters. The first one is T the temperature
of the matter. ε is a small parameter that measures the velocity of light versus
the sound velocity in the matter. For non relativistic plasmas the velocity
of the matter can be assumed of the same magnitude than sound velocity
in the matter, therefore is also small with respect to the velocity of light.
The second exterior parameter is v the velocity of the matter. Therefore γ =

1/
√

1− ε2|v|2 ≥ 1 is very close to one for non relativistic plasmas. F 0
r is the

radiation flux energy measured in the co-mobile reference frame that moves
with the matter F 0

r = γ2((1+ε2v2)Fr−εv(Er+Pr)). The particular form of the
right hand side is due to the underlying compatibility of the relaxation source
terms with the Lorentzian invariance of radiation. The absorption-emission
opacity σa and the scattering opacity σs are mean opacities. In practice there
are functions of T and the density of the matter. This model, (2), comes

1 Let us mention that an approximation of (2) is called the P 1 model, for which the
Eddington factor is a constant function χ = 1/3. This value comes from the choice
f = 0 in (2). Since the P 1 model is linear, it is trivial to check that the solutions of
this model do not verify the flux limited property.
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from a maximum entropy principle with Lorentzian invariant source terms
[1]. In particular one can take γ = 1 in (2). Other simpler sources have been
proposed in the literature [21]. The conclusions of the present study are easy
to generalize to the source terms of [21] which are very close to the ones used
in this work.

2.2 Hyperbolicity and entropy of the radiation

The M1 model (2) is strictly hyperbolic for 0 ≤ f 2 < 1 and 1 < f 2 < 4
3
. For

f 2 = 4
3

is non more differentiable. For f = 1 the Jacobian matrix of the flux is

∂(Fr,Pr)
∂(Er,Fr)

=

 0 1

0 2

 . Therefore the system is only weakly hyperbolic at f = ±1.

We notice that f = ±1 corresponds to a strongly non isotropic radiation flux.
Since the eigenvalues coincide for f = ±1 it means the system is resonant for
|Fr| = Er.

The method of moment assumes the intensity of the radiation is the gener-
alized Planckian 4π5

15
I
ν3 = 1

e
ν

Tr
+ νbn

Tr −1
. The energy of radiation and the radi-

ation flux can also be computed with respect to Tr and b. One has Er =∫ ∫
I(ν, n)dνdn, Fr =

∫ ∫
nI(ν, n)dνdn and Pr =

∫ ∫
n ⊗ nI(ν, n)dνdn. After

some standard calculations [28,1] one gets

Er = T 4
r

3 + b2

3(1− b2)3
, Fr = −T 4

r

4b

3(1− b2)3
. (3)

Let Sr and Qr be the entropy and entropy flux of the radiation defined by Sr =
− 15

4π5

∫ ∫
ν2 (n log n− (n+ 1) log(n+ 1)) dνdn and Qr = − 15

4π5

∫ ∫
ν2 (n log n

−(n+ 1) log(n+ 1))ndνdn. One gets the simplified expressions

Sr =
4

3

T 3
r

(1− |b|2)2
, Qr = −bSr. (4)

The mapping (Er, Fr) 7→ (Tr, b) is degenerate for b = ±1. Since Fr

Er
= f =

− 4b
3+b2

, then b = ±1 is equivalent to f = ∓1. It has been proved in [1] (anyway
this is compatible with the theory of moment for hyperbolic system of conser-
vation laws, see [18]) that an algebraic combination of the two equations of
the system (2) gives the equation ∂

∂t
Sr + 1

ε
∂
∂x
Qr = 1

Tr
SE + b

Tr
SF . This comes

from the second principle of thermodynamic for the moment model, namely
TrdSr = dEr + bdFr.
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2.3 Equilibrium diffusion limit

Very classically [21,22] the equilibrium diffusion limit of (2) is recovered with
the scaling σa = O(1) and σs = O(1). Then of course the dominant contri-
bution in the right hand side of (2) is due to σa. One gets Er = T 4 + O(ε),
Fr = −ε 1

σa+σs

∂
∂x
Pr + ε4

3
T 4 + O(ε2) and Pr = 1

3
T 4 + O(ε). Since Fr = O(ε)

then χ ≈ 1
3
. Assuming v = 0 a typical diffusion equilibrium model for the

temperature is [21]

∂

∂t
(T + T 4) = ∂x

(
1

3(σa + σs)
∂xT

4

)
. (5)

This type of model is valid only in opaque materials, but is also used out-
side of its natural validity domain in transparent materials for which σa and
σs are very small. To see what is the problem in transparent materials it is
sufficient to notice that the model is degenerate parabolic and admits finite
speed of propagation for the fronts T = 0. At the front the temperature can
be expanded like T ≈ C1|x − xf (t)|

1
3 . The speed of propagation of the front

is x′f (t) = C2

3(σa+σs)
∂xT

3. Provided ∂xT
3 = O(1) the propagation of the front

is highly non physical in transparent materials since the |x′f (t)| → ∞. In any
cases |x′f (t)| should be smaller than 1

ε
.

2.4 Non-equilibrium diffusion limit

It has recently been noticed that the scaling σa = O(ε) and σs = O(1) helps to
get a non-equilibrium diffusion limit of the M1 model. Here non-equilibrium
means that Er 6= T 4. It explains why σa needs to be small. On the other
hand σs is kept of order one, so that the M1 model admits a diffusion limit.
Thus the model we presents hereafter is a simple non trivial model for the
coupling of radiation and hydrodynamics. With the above scaling one gets
Er = T 4

r +O(ε), Fr = −ε 1
σs

∂
∂x
T 4

r + ε4
3
vT 4

r +O(ε2) and Pr = 1
3
T 4

r +O(ε). With
these asymptotics and definitions, then the equation for Er becomes

∂

∂t
Er +

∂

∂x

(
− 1

σs

∂

∂x
Er +

4

3
vEr

)
= σa(T

4 − Er) + v
∂

∂x
(
1

3
Er). (6)

One gets

∂

∂t
Er +

∂

∂x
(vEr) +

Er

3

∂

∂x
v = σa(T

4 − Er) +
∂

∂x

(
1

σs

∂

∂x
Er

)
. (7)
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Thus the radiation energy Er is the solution of a fluid like equation with
pressure Pr = 1

3
Er. In (7) the velocity is a given function of time and space

v = v(t, x): ∂
∂x
v 6= 0 a priori. Therefore v may be discontinuous. Other ap-

proximations of the two-moments model exist in the literature. One commonly
used consists in using (7) with another definition of the radiative pressure and
with σt = σa + σs in the right hand side. One gets

∂

∂t
Er +

∂

∂x
(vEr) +

Er

3

∂

∂x
v = σa(T

4 − Er) +
∂

∂x

(
1

σa + σs

∂

∂x
Er

)
. (8)

It means that σa is no more considered as a very small quantity with respect
to σs. We will use this model in the numerical section. The interest of such
models is clear. Paraphrasing [26]: The radiation temperature Tr can be quite
different from the material temperature. The spectrum of the radiation field
can be non-Planckian.

The model (8) has the same limitation than equilibrium diffusion approxima-
tion like (5) in transparent materials, that is σa and σs small. However a new
intermediate regime appears. Let us assume that σa is small and σs large. For
example σa = O(ε) and σs = O(ε−1). In this case the equation becomes

∂

∂t
E

3
4
r +

∂

∂x
vE

3
4
r = 0⇐⇒ ∂

∂t
Er +

∂

∂x
vEr +

Er

3

∂

∂x
v = 0. (9)

The equation is written in divergence form on the left and in non divergence
form on the right. The Er

3
term in the non divergence form is the thermo-

dynamic pressure of radiation [26]. The divergence form of the equation if a

conservation equation for E
3
4
r which is the number of photons at equilibrium.

Assuming the matter encounters a shock, the velocity v is the discontinuous.
Therefore a continuous radiation energy Er is required to give a non ambigu-
ous value to the non conservative product Er

3
∂
∂x
v. Unfortunately the hypothesis

σs = O(ε−1) implies a vanishing diffusion and possible discontinuity of Er at
the limit. So the non conservative product Er

3
∂
∂x
v can be ambiguous. On the

other hand the divergence form of the equation is non ambiguously defined for
a discontinuous velocity. The Rankine Hugoniot relations for the divergence
formulation of (9) are

−D[T 3
r ] + [vT 3

r ] = 0, Er = T 4
r .

D is the shock velocity. Assuming radiation is at equilibrium the radiation
entropy is Sr = T 3

r and is also equal to the number of photons. Therefore the
physical meaning of this RH relation is that the integrated number of photons∫
T 3

r is conserved through the discontinuity. This is compatible with what is
proposed at the numerical in [26], where no numerical viscosity is used for
radiation. The situation is very closed to ion-electron fluid models, for which
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the correct Rankine Hugoniot relation is obtained with the entropy of electron,
see [36] and [8]. There is no entropy deposit on electrons or photons at shocks.
This principle is compatible with the conservation of total energy, the total
energy being the sum of the radiation energy and the fluid energy. For contact
discontinuities D = vL = vR the Rankine Hugoniot vanishes.

2.5 Splitting method for the non-equilibrium diffusion limit

We begin with a preliminary remark about the discretization in time of the
non equilibrium diffusion limit equation (7). The idea is to solve (7) with a
splitting technique. This is we solve separately during the same time step

∂tSr + ∂xvSr = 0, Sr = 4
3
T 3

r

followed by

∂tEr = σa(T
4 − Er) + ∂

∂x

(
1

3σt

∂
∂x
Er

)
, Er = T 4

r .

(10)

The first equation in (10) is, for smooth solutions, algebraically equivalent to
∂tEr +∂xvEr + 1

3
T 4

r ∂xv = 0. Therefore (10) is indeed a convenient way to split
(7) into two separate parts. Note that the first equation in (10) is a first order
conservation law, that can be easily discretized with a finite volume technique,
while the second equation is of parabolic type and is easily discretized with a
symmetric positive diffusion matrix. The implicit linear system can be solved
with a conjugate gradient algorithm, which reveals very powerful (both in
term of accuracy and speed) for this problem.

3 Splitted approximations of the M1 model

Our aim is at the description of splitted approximation of the M1 model, in
view of the discretization of (2) such that (7) is by construction an asymptotic
limit of the scheme. We also take care of the natural reality condition that

says that |Fr|
Er
≤ 1. This comes from |Fr|

Er
=
|
∫ ∫

nI(ν,n)dνdn|∫ ∫
I(ν,n)dνdn

≤ 1 for a smooth

smooth intensity I. Straightforward but lengthy calculations show that

Proposition 1 Assuming that Tr > 0 then

|b| < 1⇐⇒ |Qr|
Sr

< 1⇐⇒ |Fr|
Er

< 1. (11)

9



From (3) and (4) it is sufficient to prove that : −1 < b < 1 implies −1 < 4b
3+b2

<
1. The range −1 < b < 1 is the physical range in which the physical solution
is searched. The inequalities are strict because the map (Er, Fr)→ (Sr, Qr) is
singular at b = ±1. A convenient way to extend the range to −1 ≤ b ≤ 1 is
proposed in section 3.2.

3.1 Splitting method for the M1 model

We generalize the splitting method of (10). The first part of the splitting is
written as

∂
∂t
Sr + ∂

∂x
vSr = 0,

∂
∂t
Qr + ∂

∂x
vQr = 0.

(12)

The first equation is natural, in the sense that it is the first equation of (10).
The second equation is arbitrary : notice however that a consequence will be
the compatibility with the realizability condition (11).

Proposition 2 Assume the velocity filed v is smooth. Assume that |Qr|
Sr

< 1

for all x at t = 0. Then |Qr|
Sr

< 1 for all x and for all t > 0.

A algebraic consequence of (12) is ∂
∂t

Qr

Sr
+v ∂

∂x
Qr

Sr
= 0. So the parameter b = −Qr

Sr

is just transported by the equation. It ends the proof.

Proposition 3 The system (12) is algebraically equivalent to
∂
∂t
Er + ∂

∂x
vEr + 1

3
Er

∂
∂x
v = 0,

∂
∂t
Fr + ∂

∂x
vFr + 1

3
Fr

∂
∂x
v = 0.

(13)

A proof is as follows. The system (12) is also ∂
∂t
Sr + v ∂

∂x
Sr + Sr

∂
∂x
v = 0 and

∂
∂t
Qr + v ∂

∂x
Qr +Qr

∂
∂x
v = 0. Since one has dEr = ∂Er

∂Sr
dSr + ∂Er

∂Qr
dQr then

∂

∂t
Er + v

∂

∂x
Er +

(
∂Er

∂Sr

Sr +
∂Er

∂Qr

Qr

)
∂

∂x
v = 0. (14)

From its definition one has Er = S
4
3
r ϕ(Qr

Sr
). Then

∂Er

∂Sr

Sr +
∂Er

∂Qr

Qr =

(
4

3
S

1
3
r × ϕ(

Qr

Sr

)− S
4
3
r
Qr

S2
r

ϕ′(
Qr

Sr

)

)
Sr

10



+
(
S

4
3
r

1

Sr

ϕ′(
Qr

Sr

)
)
Qr =

4

3
Er.

Using this in (14) it gives the first equation of (13). Concerning the second

equation in (13) we note that Fr = S
4
3
r ψ(Qr

Sr
). Therefore a similar algebra ends

the proof of the proposition.

Now we subtract (13) to the M1 model (2). This subtraction allows to recon-
struct (2) using the splitting method. The subtraction is valid only for the
derivatives in space, and not in time. We get

∂
∂t
Er + ∂

∂x

(
Fr

ε
− vEr

)
− Er

3
∂
∂x
v = SE,

∂
∂t
Fr + ∂

∂x

(
Pr

ε
− vFr

)
− Fr

3
∂
∂x
v = SF ,

(15)

We claim that the non-equilibrium diffusion limit of (15) is (6) but with v ≡ 0.
This property means that the splitting method has really subtract the drift
effect due to the Lorentzian compatibility of the model.

Proposition 4 Whatever v is, the non-equilibrium diffusion limit (σa = O(ε2)
and σs = O(1)) of the system (15) is the second equation of (10), that is

∂

∂t
Er +

∂

∂x

(
− 1

σs

∂

∂x
Er

)
= σa(T

4 − Er). (16)

This property means that if we set v = 0 in (15) then we respect the non-
equilibrium diffusion limit of the M1 model, provided we use the splitting
method. If v ≡ 0 the system (15) is the standard radiation M1 model with
the matter at rest.

The splitted model is made of (12) followed by (15) where we have set v = 0.
This model is composed of (12) followed by

∂
∂t
Er + ∂

∂x

(
Fr

ε

)
= σa

ε2 (T 4 − Er),

∂
∂t
Fr + ∂

∂x

(
Pr

ε

)
= −σa+σs

ε2 Fr.
(17)

In the numerical section we will show how to derive accurate and robust
schemes for the discretization of (12)-(17).

3.2 Elimination of the singularity near |f | = 1

The method of moment is singular near f = ±1 since in this case Tr is zero
for finite Er, see formula (3). It simply means that, far from isotropy, Tr is not
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a temperature and is only a parameter of the generalized Planckian. At the
numerical level we prefer to use non singular equation near f = ±1. We think
this is important to get accurate numerical results if f is close to 1, because
singular equations are most of time difficult to discretize correctly.

We notice that it is sufficient to redefine Sr = E
3
4 and Qr = −bE 3

4 , because
(12) is equivalent to (∂t + v∂x)b = 0 and ∂tT

3
r + ∂x(vT

3
R) = 0. This transfor-

mation is a smooth map between (Er, Fr) and (Sr, Qr) = (E
3
4 ,−bE 3

4 ). From
now on the splitted approximation we use is


∂
∂t
Sr + ∂

∂x
vSr = 0, Sr = E

3
4
r

∂
∂t
Qr + ∂

∂x
vQr = 0, Qr = −bE

3
4
r .

(18)

followed by


∂
∂t
Er + ∂

∂x

(
Fr

ε

)
= σa

ε2 (T 4 − Er),

∂
∂t
Fr + ∂

∂x

(
Pr

ε

)
= −σa+σs

ε2 Fr.
(19)

3.3 Extension for radiation hydrodynamics

Written in non dimensional variables the model we use is



∂
∂t

(ρ) + ∂
∂x

(ρv) = 0,

∂
∂t

(ρv) + ∂
∂x

(ρv2 + p+ Er

3
) = 0,

∂
∂t

(ρE + Er) + ∂
∂x

(ρEv + pv + Er

3
v + 1

ε
Fr) = 0,

1
ε

∂
∂t
Er + ∂x(vEr) + Er

3
∂xv + ∂

∂x
Fr = σa

ε2 (T 4 − Er),

1
ε

∂
∂t
Fr + ∂x(vFr) + Fr

3
∂xv + ∂

∂x
Pr = −σa+σs

ε2 Fr,

(20)

where the source terms are O( 1
ε2 ) in opaque materials and are negligible in

transparent materials. In view of the previous analysis, we propose to split the
radiative solver from the hydrodynamics solver. It means that (20) is solved
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using

∂
∂t

(ρ) + ∂
∂x

(ρv) = 0,

∂
∂t

(ρv) + ∂
∂x

(ρv2 + p+ Er

3
) = 0,

∂
∂t

(ρE + Er) + ∂
∂x

(ρEv + pv + Er

3
v) = 0,

∂
∂t
Sr + ∂

∂x
(uSr) = 0, Sr = E

3
4
r ,

∂
∂t
Qr + ∂

∂x
(uQr) = 0, Qr = −bSr,

(21)

with b defined by (3), and followed by
∂tEr + 1

ε
∂xFr = σa

T 4−Er

ε2

∂tFr + 1
ε
∂xPr = −σt

Fr

ε2 , σt = σa + σs

ρCv∂tT = σa
Er−T 4

ε2 .

(22)

It is possible to treat directly the radiative moment system. We think our
approach is simpler to capture the diffusion limit of the model.

4 Derivation of the numerical schemes

The time step is ∆t > 0, the mesh size is ∆x > 0, the value of the radiative
energy and flux in the cell ](j− 1

2
)∆x, (j+ 1

2
)∆x[ and at time step n is denoted

as (Ej,n
r , F j,n

r ). Similarly the radiative entropy and radiative entropy flux are
(Sj,n

r , Qj,n
r ). The velocity un

j+ 1
2

is assumed to be known at each interface and

at each time step.

4.1 Discretization of (18)

The discretization is quite natural in the context of finite volume method.
Many methods exist. For the sake of completeness we describe the most simple
one. We assume that un

j+ 1
2

≥ 0 for all (j, n), so that the up-winding is uniform.

With this hypothesis, the scheme is

Sj,n+1
r −Sj,n

r

∆t
+

un

j+1
2

Sj,n
r −un

j− 1
2

Sj−1,n
r

∆x
= 0,

Qj,n+1
r −Qj,n

r

∆t
+

un

j+1
2

Qj,n
r −un

j− 1
2

Qj−1,n
r

∆x
= 0.

(23)
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Proposition 5 Assume that
|Qj,n

r |
Sj,n

r
≤ 1 for all j. Assume the CFL condition(

maxj u
n
j+ 1

2

)
∆t ≤ ∆x. Then one has

|Qj,n+1
r |

Sj,n+1
r

≤ 1 for all j.

Let us use simplified notations for the sake of convenience : α = Sr −Qr and
β = Sr +Qr. Then α and β satisfy the same equation which are positive under
CFL.

4.2 Discretization of the radiative step (22)

In this part we explain the main features of the scheme we propose for the
discretization of the (22). First we show that a direct linear implicitation of
the HLL like solvers leads to a non positive linear implicit problem. Second
we modify the HLL solver and introduce a new scheme. We show that the
modification fixes the positivity of the scheme. For expository purposes we
take σa = σs = 0 when dealing with the HLL solver and σa = 0, σs ≥ 0 for
the new scheme. Finally we consider the general case σa ≥ 0 and σs ≥ 0. The
general method is to use the theory of M -matrices.

Since we describe and analyze implicit schemes, the boundary conditions are
important because the boundary conditions modify the coefficients of the lin-
ear system. Therefore a bad discretization can pollute the M -matrix structure.

4.2.1 A basic example of a non positive implicit solver

We begin with a simple basic example which shows that a direct implicitation
is a priori non positive. Let us freeze the Eddington factor in (22) and take
σ ≡ 0

∂
∂t
Er + ∂

∂x

(
Fr

ε

)
= 0,

∂
∂t
Fr + ∂

∂x

(
a2Er

ε

)
= 0.

(24)

Here the coefficient a is the square root of the Eddington factor defined by a2 =
Pr

Er
∈ [1

3
, 1]. Then we discretize (24) with a standard approximate Godunov

method, the so-called HHL scheme which is described in [35] page 298. Since
the maximum wave speed is 1

ε
the scheme is

Ej,n+1
r −Ej,n

r

∆t
+ 1

ε
F

j+1
2 ,n+1

r −F
j− 1

2 ,n+1
r

∆x
= 0,

F j,n+1
r −F j,n

r

∆t
+ 1

ε
(a2E)j+1

2 ,n+1−(a2E)j− 1
2 ,n+1

∆x
= 0.

(25)
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The inter-facial flux is given by the first order finite volume approximation
(a2E)j+ 1

2
,n+1 =

(a2
jEj,n+1

r +a2
j+1Ej+1,n+1

r )+F j,n+1
r −F j+1,n+1

r

2
,

F
j+ 1

2
,n+1

r = F j,n+1
r +F j+1,n+1

r +Ej,n+1
r −Ej+1,n+1

r

2
.

(26)

This is an implicit linear system that we solve with a direct solver in dimension
one. A conjugate gradient solver can be used if needed in dimension two and
more. Unfortunately this scheme does not necessarily respect the flux limiting
property. The scheme may be non positive. To show this, we rely on the the-
ory of M matrices [3]. This theory provide necessary and sufficient conditions
such that the solution of a general linear system Ax = b gives a non negative
solution x ≥ 0 for all b ≥ 0. Here x ≥ 0 means that xi ≥ 0 for all i. We retain
the simple condition on A

if aij ≤ 0 ∀i 6= j, and

∑
j

aij > 0 ∀i or
∑

i

aij > 0 ∀j


then A is an M -matrix with x = A−1b ≥ 0 for all b ≥ 0. The flux limited
condition |Fr| ≤ Er is equivalent to the positivity of u = Er + Fr and v =
Er − Fr. Therefore we check the property of M matrix for the system (25)
with the flux defined by (26) and for the unknown x = (uj,n+1, vj,n+1)j and the
right hand side b = (uj,n, vj,n)j. For the sake of simplicity assume that σ ≡ 0
so that M ≡ 1. The equation for vj,n+1 is

vj,n+1 − vj,n

∆t
+

1

4ε∆x

(
(1− a2

j+ 1
2
)uj+1,n+1 + (a2

j− 1
2
− 1)uj−1,n+1

+(−3− a2
j+ 1

2
)vj+1,n+1 + (−1− a2

j− 1
2
)vj−1,n+1 + 4vj,n+1

)
= 0.

If aj+ 1
2
< 1 the extra-diagonal coefficient in front of uj+1,n+1 has the wrong

sign. There is a similar property for the equation that gives uj,n+1. Therefore
the solution of the linear system can be non positive.

It is worthwhile to notice that the explicit scheme is positive. The equation
becomes

vj,n+1 − vj,n

∆t
+

1

4ε∆x

(
(1− a2

j+ 1
2
)vj+1,n + (a2

j− 1
2
− 1)vj−1,n

+(−3− a2
j+ 1

2
)vj+1,n + (−1− a2

j− 1
2
)vj−1,n + 4vj,n

)
= 0.

One can check that (1 − a2
j+ 1

2

)uj+1,n + (a2
j− 1

2

− 1)uj−1,n ≤ 0 because a2
j =

a
(

F j,n
r

Ej,n
R

)2

≥ 2
∣∣∣∣F j,n

r

Ej,n
R

∣∣∣∣ − 1. Nevertheless the explicit scheme is restricted by the
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explicit CFL condition ∆t
ε∆x

≤ 1. This is why we propose in the following a
new linear implicit AP and unconditionally positive scheme.

4.2.2 AP and positive discretization of (22) with σa = 0

The idea is to use use a strategy that has been proposed and used in [6,7]. It
consists in a linearization of the system combined with a well balanced scheme.
Depending on the linearization, it is possible to design different numerical
schemes with slightly different theoretical properties. In order to simplify the
presentation, we consider (24). We will indicate later on how to deal with the
temperature relaxation. Here we use a strategy that has been first proposed
and used in [6,7]. It consists in the use of a relaxation method(see for example
[16] for principle of relaxation method) to “linearize” the system and a ”well-
balanced” scheme. This combination gives stability and preservation of the
asymptotic limit.

Let us first define the relaxation method. We introduce the intermediate re-
laxation unknowns X = Fr

a
and Y = Pr

a
and we consider the system


∂
∂t
Er + 1

ε
∂
∂x
aX = 0,

∂
∂t
X + 1

ε
∂
∂x
aEr = − σ

ε2X + 1
λ

(
Fr

a
−X

)
,

(27)

and 
∂
∂t
Y + 1

ε
∂
∂x
aFr = 0,

∂
∂t
Fr + 1

ε
∂
∂x
aY = − σ

ε2Fr + 1
λ

(
Pr

a
− Y

)
.

(28)

The coefficient a is the square root of the Eddington factor defined by a2 = Pr

Er
.

the additional variables are X ≈ Fr

a
and Y ≈ Pr

a
. More exactly if the relaxation

coefficient λ tends to 0, then X → Fr

a
and Y → Pr

a
, and the asymptotic limit

is indeed (19). In the original work [6,7], the relaxation variables were X = Fr

and Y = Pr. Our choice has better properties.

As it is usually done, we consider the relaxed version of (27). This is no more
that using a splitting technique to solve (27), by splitting the relaxation source
from the rest and let formally λ tends to 0 in the relaxation step. This leads
to the following transport-projection algorithm:

-Transport step: let a =
√
χn Xn = F n

r

a
and Y n = P n

r

a
at the beginning of the
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time step. Then we solve the systems


∂
∂t
Er + 1

ε
∂
∂x
aX = 0,

∂
∂t
X + 1

ε
∂
∂x
aEr = − σ

ε2X,
(29)

and


∂
∂t
Y + 1

ε
∂
∂x
aFr = 0,

∂
∂t
Fr + 1

ε
∂
∂x
aY = − σ

ε2Fr,
(30)

during one time step. So we know the initial conditions at n∆t and we use
(29-30) to compute all quantities at (n+1)∆t : that is En+1

r , F n+1
r , Xn+1 and

Y n+1.

-Projection step: we drop Xn+1 and Y n+1 and reinitialize a =
√
χn+1, Xn+1 =

F n+1
r

a
and Y n+1 = P n+1

r

a
.

Therefore it remains to explain how we discretize (29-30) and what advantages
come from this strategy. One can remark that (29) and (30) are decoupled.

The method we use for (29) or (30), comes from the work [11–13] about
well-balanced schemes for hyperbolic systems with source terms. Originally
the goal of this technique was to preserve stationary solutions. Essentially
it consists in collapsing the source terms at interfaces and to write down
the Godunov method. This step needs the computation of the solution of a
Riemann problem with a Dirac source term at the interface. This is quite easy
to for linear equations. We refer to [12] for the construction of the method,
and to [7] for a simple explanation in the linear case. In what follows we only
describe the result of the application of the method to our case.

We have decided to present the scheme with natural notations, such that the
consistency of the scheme becomes clear. The coefficient Mj+ 1

2
is defined on

the interfaces by

Mj+ 1
2

=
2aj+ 1

2
ε

σj+ 1
2
∆x+ 2aj+ 1

2
ε

(31)

where quantities of the type qj+ 1
2

are mean value of qj and qj+1. Then we
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discretize (29) with

Ej,n+1
r −Ej,n

r

∆t
+ 1

ε

M
j+1

2
a

j+1
2

Xj+1
2 ,n+1−M

j− 1
2

a
j− 1

2
Xj− 1

2 ,n+1

∆x
= 0,

Xj,n+1−Xj,n

∆t
+ 1

ε

M
j+1

2
a

j+1
2

Ej+1
2 ,n+1−M

j− 1
2

a
j− 1

2
Ej− 1

2 ,n+1

∆x

= −1
2

(
Mj+ 1

2

aj

a
j+1

2

σ
j+1

2

ε2 +Mj− 1
2

aj

a
j− 1

2

σ
j− 1

2

ε2

)
Xn+1

i

+
M

j+1
2
−M

j− 1
2

ε∆x
aiE

n+1
i .

(32)

The initial value of the additional unknown X is Xj,n = F j,n
r

aj
. The fluxes are


aj+ 1

2
Ej+ 1

2
,n+1 = ajEj,n+1+aj+1Ej+1,n+1

2
+ ajXj,n+1−aj+1Xj+1,n+1

2
,

aj+ 1
2
Xj+ 1

2
,n+1 = ajXj,n+1+aj+1Xj+1,n+1

2
+ ajEj,n+1−aj+1Ej+1,n+1

2
.

(33)

The linear scheme (32-33) is implicit and can easily be solved in 1D. For the
system (30), the scheme is exactly the same except that Er is replaced by Y
and that X is replaced by Fr. Nevertheless the initialization of the Y variable

is Y j,n = P j,n
r

aj
.

Proposition 6 The scheme is AP Assume that σ = O(1) and ε is small.
Then the diffusion limit of the scheme (25) is

Ej,n+1
r − Ej,n

r

∆t
−

1
3σ

j+1
2

(Ej+1,n+1
r − Ej,n+1

r )− 1
3σ

j− 1
2

(Ej,n+1
r − Ej−1,n+1

r )

∆x2
= 0.(34)

The second equation in (25) implies that F j,n+1
r is small of order ε : F j,n+1

r =
O(ε). Since this is true for all j and n, then the Eddington factor is close to
one third a2 = 1

3
+O(ε) for all j and n. Then

Mj+ 1
2

=
2 1√

3
ε

σj+ 1
2
∆x

+O(ε
3
2 ). (35)

So the flux that matters in (25) is up to O(ε)

Mj+ 1
2

ε
F

j+ 1
2
,n+1

r =

1√
3

2 1√
3
ε

σ
j+1

2
∆x

(Ej+1,n+1
r − Ej,n+1

r )

2
=
Ej+1,n+1

r − Ej,n+1
r

3σj+ 1
2
∆x

.
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It ends the proof.

It is particularly convenient to use the diagonal form of the system. Let u =
Er+X and v = Er−X. The equations can be written as a system in x = (u, v).

uj,n+1−uj,n

∆t
+

M
j− 1

2

ε

ajuj,n+1−aj−1uj−1,n+1

∆x

= Mj− 1
2

aj

a
j− 1

2

σ
j− 1

2

2ε2 (vj,n+1 − uj,n+1),

vj,n+1−vj,n

∆t
−

M
j+1

2

ε

aj+1vj+1,n+1−ajvj,n+1

∆x

= Mj+ 1
2

aj

a
j+1

2

σ
j+1

2

2ε2 (uj,n+1 − vj,n+1).

(36)

In view of (36) the natural discrete boundary conditions are j = 1 : aj−1u
j−i,n+1 = α1ajv

j,n+1 + α2 with α1, α2 ≥ 0,

j = N : aj+1v
j+i,n+1 = α3aju

j,n+1 + α4 with α3, α4 ≥ 0.
(37)

Plugging the boundary conditions (37) inside the scheme (36) the linear system
can be written as

Ax = b, A = I −∆tMS −∆tMBC (38)

where MS is the matrix of the scheme, and MBC is for the boundary condi-
tions. TheA is not symmetric. The right hand side is b = xn+∆t(α2, 0, ..., 0, α4).
By construction one has the propertyMS

ii ≤ 0, MS
ij ≥ 0 for i 6= j and

∑
iM

S
ij ≤

0 and (this is trivial) MBC
ii ≤ 0, MBC

ij ≥ 0 for i 6= j and
∑

iM
BC
ij ≤ 0. The

inequality
∑

iM
S
ij ≤ 0 is an equality inside the domain :

∑
iM

S
ij = 0 for

2 ≤ j ≤ N − 1. Therefore the diagonal of A is strictly dominant with respect
to the columns inside the domain. It is of particular interest to show that
diagonal of A is also dominant at the boundaries. It is the case for incoming
boundary conditions for which α1 = α3 = 0. For transparent conditions one
has also α2 = α4 = 0. For general boundary conditions the property is guar-
anteed if 0 ≤ α1 ≤ 1 and 0 ≤ α3 ≤ 1 : we note this property comes from the
dissipative nature of the boundary conditions. From now on, we assume that

Aij ≤ 0 for i 6= j, and
∑

i

Aij > 0 ∀j.

Therefore the matrix A is an M -matrix. A general reference is [3]. That is A
is invertible and A−1 ≥ 0.

Proposition 7 The scheme is positive Assume that Ej,n
r ± F j,n

r ≥ 0 for
all j. Then Ej,n+1

r ± F j,n+1
r ≥ 0 for all j.
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This flux limited property is the reason why we prefer to use this relaxation
method rather than the direct approach (26). The price to pay is that we
need to solve two linear systems with twice the number of unknowns when
compared with (26). The linear systems are absolutely identical. We divide
the proof of proposition 7 in three steps.

a) Claim that Ej,n+1
r ±Xj,n+1 ≥ 0 The proof consists in writing the equa-

tion for u = Er + X and v = Er − X. This set of equations of linear
equations can be rewritten as Ax = b where A is the matrix of the system,
x = (uj,n+1, vj,n+1) is the unknown of the linear system and b = (uj,n, vj,n)
is the right hand side of the linear system. To prove the claim it is suffi-
cient to prove that all component of x are non negative. First we assume
that all component of b are non negative, which is due to the hypothesis :
|Xj,n|
Ej,n

r
=
|F j,n

r |
ajEj,n

r
≤ 1. Second we us the M -matrix property. It proves the

claim uj,n+1 = Ej,n+1
r +Xj,n+1 ≥ 0 and vj,n+1 = Ej,n+1

r −Xj,n+1 ≥ 0.
b) Claim that Y j,n+1

r ± F j,n+1
r ≥ 0 We use the same method. Let w = Y +

Fr and z = Y−Fr. Then wj,n = Y j,n+F j,n
r = P j,n

r

aj
+F j,n

r = ajE
j,n
(
aj + F j,n

r

Ej,n

)
.

Since aj is a function of the non dimensional radiation flux F j,n
r

Ej,n , then it is suf-

ficient to study the function f 7→ a =
√
χ. Since χ− f 2 =

(
1−
√

4−3f2

)2

3
≥ 0,

then a ≥ |f | and therefore wj,n ≥ 0. Similarly zj,n ≥ 0. The new values
x′ = (wj,n+1, zj,n+1) are solutions of the same linear linear system, Ax′ = b′

where b′ = (wj,n, zj,n). Since b′ ≥ 0 then x′ also. Therefore wj,n+1, zj,n+1 ≥ 0.
c) Claim that Ej,n+1

r ± F j,n+1
r ≥ 0. Let us define r = E − Y + X − F and

s = E−Y − (X−F ). Since E,X and Y, F are by definition solutions of the
same linear system (32) but with a different initialization of course, then
the same method can be used to study the non negativity of rj,n+1, sj,n+1.
It is sufficient to check that rj,n, sj,n are non negative at the beginning of
the time step. One has

 r
n = En

r − aEn
r + F n

r

a
− F n

r = (1− a)(En
r + F n

r

a
) ≥ 0,

sn = En
r − aEn

r −
F n

r

a
+ F n

r = (1− a)(En
r + F n

r

a
) ≥ 0.

Therefore rn+1 ≥ 0 and sn+1 ≥ 0. At the end of the time step

 2(En+1
r − F n+1

r ) = rn+1 + zn+1 + vn+1 ≥ 0,

2(En+1
r + F n+1

r ) = sn+1 + wn+1 + un+1 ≥ 0.
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4.3 Discretization of the full system (22)

Now we describe the scheme for the full system (22). The main tool is, indeed,
the discretization described in the previous section (4.2.2). Let us define the
quantities u, v, w, z as u = Er +X, v = Er −X, w = Y +Fr and z = Y −Fr.

and let also αj− 1
2
(σ) = 2Mj− 1

2
(σ) aj

a
j− 1

2

σ
j− 1

2

2ε2 where Mj− 1
2
(σ) is defined in (31).

The transport part of the AP-relaxation scheme described in (4.2.2) can be
written now, in its diagonalized form, as



ρjCv
T j,n+1−T j,n

∆t
=

α
j− 1

2
(σa)+α

j+1
2
(σa)

2

(
uj,n+1+vj,n+1

2
− (T j,n+1)4

)
uj,n+1−uj,n

∆t
+

M
j− 1

2
(σt)

ε

ajuj,n+1−aj−1uj−1,n+1

∆x

= αj− 1
2
(σa) ((T j,n+1)4 − uj,n+1) +

(
αj− 1

2
(σt)− αj− 1

2
(σa)

)
vj,n+1−uj,n+1

2
,

vj,n+1−vj,n

∆t
−

M
j+1

2
(σt)

ε

aj+1vj+1,n+1−ajvj,n+1

∆x

= αj+ 1
2
(σa) ((T j,n+1)4 − vj,n+1) +

(
αj+ 1

2
(σt)− αj+ 1

2
(σa)

)
uj,n+1−vj,n+1

2
.

(39)



wj,n+1−wj,n

∆t
+

M
j− 1

2
(σt)

ε

ajwj,n+1−aj−1wj−1,n+1

∆x

= αj− 1
2
(σa) (aj(T

j,n+1)4 − wj,n+1) +
(
αj− 1

2
(σt)− αj− 1

2
(σa)

)
zj,n+1−wj,n+1

2
,

zj,n+1−zj,n

∆t
−

M
j+1

2
(σt)

ε

aj+1zj+1,n+1−ajzj,n+1

∆x

= αj+ 1
2
(σa) (aj(T

j,n+1)4 − zj,n+1) +
(
αj+ 1

2
(σt)− αj+ 1

2
(σa)

)
wj,n+1−zj,n+1

2
.

(40)

This discretization remains AP, the proof is as in section (4.2.2). For an infinite
domain, one can also easily check the conservation of the total energy ρjCvTj+
Er,j.

During the time step the systems (39) and (40) are, as before, decoupled.
But now (39) is a non-linear system. The iterative procedure we use to solve
system (39) is based on a fixed point procedure proposed first in [34] for
non equilibrium diffusion model. The basic idea of this fixed point procedure
is to use Θ = T 4 as unknown instead of T . In [34], it has been reported
good convergence behavior of this method. For convenience the index n at the
beginning of the time step has been dropped. Our iterative procedure for (39)
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is 

ρjCvµ
q
j

Θj,q+1−Θj

∆t
=

α
j− 1

2
(σa)+α

j+1
2
(σa)

2

(
uj,q+1+vj,q+1

2
−Θj,q+1

)
uj,q+1−uj

∆t
+

M
j− 1

2
(σt)

ε

ajuj,q+1−aj−1uj−1,q+1

∆x

= αj− 1
2
(σa)

(
Θj,q+1 − uj,q+1+vj,q+1

2

)
+ αj− 1

2
(σt)

vj,q+1−uj,q+1

2
,

vj,q+1−vj

∆t
−

M
j+1

2
(σt)

ε

aj+1vj+1,q+1−ajvj,q+1

∆x

= αj+ 1
2
(σa)

(
Θj,q+1 − uj,q+1+vj,q+1

2

)
+ αj+ 1

2
(σt)

uj,q+1−vj,q+1

2
.

(41)

The coefficient µq
j is defined by µq

j = T j,q−T j

Θj,q−Θj . By construction we have to solve
at each iteration on q a linear system

Ãqx̃q = b̃q

where x̃q = (ρCvµ
qΘq+1, uq+1, vq+1) and b̃q = (ρCvµ

qΘ, u, v). The matrix Ãq

is an M -matrix.

Therefore at each iteration q one has the positivity of the material temperature
and the flux limited property. Next we show that the algorithm is strictly
contracting. By computing the difference between two successive iterates of
(41) one has the relation

Ãqỹq = c̃q

where ỹq = (ρCvµ
q(Θq+1 − θq), uq+1 − uq, vq+1 − vq) and c̃q = (ρCv(µ

q −
µq−1)Θq, 0, 0). The structure of Ãq is similar to the structure of A, that is
there exists a matrix M q such that Ãq = I −∆tM q. The important property
of M q is

M q
ij ≥ 0 for i 6= j,

∑
i

M q
ij ≤ 0.

A consequence 2 is as follows: the matrix
(
Ãq
)−1

≤ 1 is contracting in l1.
Therefore

∑
j

(
ρCvµ

q
j

∣∣∣Θq+1
j −Θq

j

∣∣∣+ 1

2

∣∣∣uq+1
j − uq

j

∣∣∣+ 1

2

∣∣∣vq+1
j − vq

j

∣∣∣)

2 Consider Ax = b where A = I −M and M is such that mij ≥ 0 for i 6= j and∑
i mij ≤ 0. The linear system is equivalent to (1 −mii)xi = bi +

∑
j 6=i mijxj . So

(1−mii)|xi| ≤ |bi|+
∑

j 6=i mij |xj |. We get

∑
i

(1−mii)|xi| ≤
∑

i

|bi|+
∑

i

∑
j 6=i

mij |xj | =
∑

i

|bi|+
∑

j

∑
i6=j

mij

 |xj |.

So
∑

i |xi| ≤
∑

i |bi|+
∑

j (
∑

i mij) |xj | ≤
∑

i |bi|. The property is proved.
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≤
∑
j

(
ρCvµ

q−1
j

∣∣∣Θq
j −Θq−1

j

∣∣∣ |βq
j |
)
≤
(
max

j
|βq

j |
)
×
∑
j

(
ρCvµ

q−1
j

∣∣∣Θq
j −Θq−1

j

∣∣∣) .
where βq

j =
µq

j−µq−1
j

Θq
j−Θq−1

j

× Θq
j

µq−1
j

Using the definition of the quantities µq
j , one can

easily check that, at convergence, this quantity scales like βq
j ≈ 1

4

3(T q
j )3+2(T q

j )2Tj,n+T q
j T 2

j,n

(T q
j )3+(T q

j )2Tj,n+T q
j T 2

j,n+T 3
j,n

,

so |β| < 3
4
. Since this number β is the asymptotic value of contraction ratio of

the fixed point procedure, it explains why this algorithm is strictly contract-
ing in any neighborhood of the solution. Moreover all steps of the fixed point
procedure are positive (this property was already stressed in the work [34]).
In our context it is also a consequence of the M matrix property.

5 Numerical results

All test cases have been performed with the algorithm proposed in this work.
The boundary have been chosen so that the results are indepedant of the way
the boundary conditions are enforced. In the Su-Olson test case, the problem is
symmetric. For the streaming test problem we use free boundary conditions as
described in equation (37). For the transfer test case we use infinite opacities
near the boundaries. The boundary conditions for the other test cases have
been treated with a combination of such boundary conditions.

5.1 Su-Olson test case

This test case come from [33]. It is a basic non-equilibrium radiative transfer
consisting of an initially cold, homogeneous, infinite, and isotropically scatter-
ing medium with an internal radiation source turned on at time zero [30].

The opacity is taken constant but with Cv = αT 3. The source term S = 1
localized in |x| ≤ 1/2. The system of equations to solve reduced to, see [30]
for a precise derivation of the model,

∂tEr + ∂xFr = (T 4 − Er) + S

∂tFr + ∂xPr = −Fr

∂tT
4 = Er − T 4.

(42)

The problem is symmetric. The solution has not the time to reach the exterior
boundary. This test problem has been used to benchmark various strategies
about the analytical definition (Er, Fr) 7→ Pr, diffusion approximations, and
numerical algorithms to solve the problem. In [30] it has been claimed that
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t=.1,  M1 Levermore VEF
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t=3,   M1 Levermore VEF
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t=.1,  Diffusion
t=1,   Diffusion
t=3,   Diffusion
t=10, Diffusion

Fig. 1. Variable Eddington factor versus diffusion (Fr = −1
3∂xEr) at different times.

Radiative energy (log-scaled) versus the optical depth (log-scaled)

the variable Eddington factor gives non smooth and oscillating solutions. On
the contrary our results show that it is probably the numerical schemes used
in [30] that were unstable for this test case, since our results are stable (i.e.
non oscillating) and accurate.

In figure 1 we plot the result given by scheme for the solution of (42) versus
the solution of the diffusion approximation of the same model, that is

∂tEr −
1

3
∂xxEr = (T 4 − Er) + S.

The solution of the diffusion approximation has been computed with a stan-
dard parabolic implicit finite difference scheme. For small time, we see a dif-
ference between diffusion and variable Eddington factor. For large time, both
methods give the same result, as predicted by the theory. In all cases the
solution of the variable Eddington model (42) is free of oscillations. It illus-
trates the stability and robustness of the algorithm proposed in this work. For
large time the variable Eddington model admits theoretically the diffusion
model as asymptotic limit. At the numerical level this is also true because
Mj+ 1

2
= 2

2+∆x
≈ 1 in the scheme, see equation (35).

In figure 2 we plot the Eddington factor f = Fr

Er
at different times. The result

is free of oscillations. One can compare with the results of [30] page 629.
Moreover −1 ≤ f ≤ 1 as stated in proposition 7.
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Fig. 2. Eddington factor χ(f) where f = Fr
Er

versus the optical depth (log-scaled).
Same times as in figure 1.

cells 100 200 400 800 1600

error in L1 norm 0.3 0.21 0.15 0.109 0.077
Table 1
Error in L1 norm for the streaming test case. The order is approximatively 0.5.

5.2 Streaming

This numerical test case illustrates the ability of the scheme to be accurate
and stable for streaming. We solve (2) with σa = σs = v = 0 and ε = 1. The
initial data is

E1 = Fr = 1 if 0.4 < x < 0.6, E1 = Fr = 0 otherwise.

We use free boundary conditions, standard for advection problems. Since the
velocity is one, the analytical solution at time t = 0.2 is

t = 0.2 : E1 = Fr = 1 if 0.6 < x < 0.8, E1 = Fr = 0 otherwise.

The error in L1 norm is given in table 5.2. One sees that the scheme is of
order 0.5 in L1 norm. Since the scheme is implicit the price to pay is the
extra numerical diffusion compared with an explicit discretization of the same
model. However an implicit scheme is absolutely needed for real applications
where the velocity of light is very large. The numerical solution of figure 3
has been computed with the same code as for the Sue-Olson text case, with
exactly the same scheme. The time step is ∆t = 1

2
∆x.
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Fig. 3. Radiation energy versus x

5.3 Stationary case

We solve ∂tEr + 1
ε
∂xFr = σa(x)

T 4−Er

ε2 and ∂tFr + 1
ε
∂xPr = −σt(x)

Fr

ε2 . The
temperature T is prescribed T = 1 if 1.5 < x < 1.8, T = 0 otherwise. The
opacity σt is σt = σ = 1 if 1 < x < 1.5, σt = 0 otherwise. The opacity σa is
σa = 1 if 1.5 < x < 2, σa = 0 otherwise. The light’s velocity is 1

ε
= 103. The

boundary condition on the right is a prescribed source term with an infinite
opacity. On the left it is a free boundary condition. Moreover the support of
the solution does not reach the right boundary.

For this problem it is possible to compute a quasi-analytical solution in the
region 0 < x < 1.5. For x = 1.5 one has a boundary condition Er = T1.5+ = 1.
For x < 1.5 the stationary solution of the system is given by 1

ε
∂xFr = 0

and 1
ε
∂xPr = −σt

Fr

ε2 . Therefore Fr is constant Fr ≡ F . On the other hand
Pr(1.5)− Pr(1) = −dσ F

ε
, d = 1.5− 1. Since σa = 0 for x < 1 the stationary

regime is an outgoing regime with Fr = −Er, x < 1. Therefore Pr(1.5) ≈
Er(1.5)

3
= 1

3
, Pr(1) = Er(1), F = −Er(1). Note that Pr(1.5) ≈ Er(1.5)

3
is a very

accurate approximation because ε is small. Therefore one solves for Er and
gets Er(1) = 1

3+3σdε−1Er(1.5) ≈ 0. In between 1 < x < 1.5 one can solve for Pr

which is affine with respect to x. Since Pr ≈ Er

3
is a very good approximation,

then a quasi-analytical solution is

Er(1) = 0, Er(1.5) = 1, Er is affine in between. (43)

We plot the result of our algorithm in figure 4. One sees a very good agreement
between the numerical solution of figure 4 and the quasi-analytical solution
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Fig. 4. Numerical solution for the stationary case. Er and Fr versus x. The station-
nary source is for x ≥ 1.5

(43).

5.4 Transfer

In this test case a transparent material is in between a hot opaque material
on the left and a colder (but the temperature is non zero) opaque material on
the right. The physical solution is a radiative flow that comes from the left to
the right, so that the right material becomes hotter and the left one becomes
colder due to the conservativity of energy. We solve (22). The opacity σa is a
function of the material and of the temperature

σa =
σ0

T 3
with σ0 = 0 for 0.2 < x < 1.8 and σ0 = 1 otherwise.

The opacity σt does not play a important role in the simulation, and is here
only to mimic totally opaque boundary conditions

σt = 0 for 0.1 < x < 1.9 and σt = 104 otherwise.

The initial data is Er ≡ 0, Fr ≡ 0 and

T = 1 for 0.1 < x < 0.2, T = 0 for 0.2 < x < 1.8, T = 0.1 for 1.8 < x < 1.9.

The computation is done with 1000 cells. We use infinite opacities near the
boundaries. The result is plotted in figure 5. As noticed in the legend of figure
5, the results are the same with the diffusion approximation. The reason is
that for t = 3, which is quite a large time for this test problem, the radiative
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flux is almost zero in the transparent region. This is due to the multiple
bounces of the radiative energy on both sides of the transparent region. To see
a difference between the variable Eddington factor approach and the diffusion
approximation, it is necessary to look at transitory regime around x = 1.8.
This is done in figure 6 where we plot the history of temperature T (almost
equal to the radiative temperature T ≈ Tr because the material is opaque) at
x = 1.8 (in the first opaque cell) and at x = 1.84 (in the opaque material).
One sees a difference between the results depending on the model (which can
be the diffusion approximation, the variable Eddington factor with ε = 0.01
and the variable Eddington factor with ε = 0.001) and on the point (x = 1.8
or x = 1.84). Essentially the variable Eddington factor with ε = 0.001 is very
close to the diffusion approximation. However the variable Eddington factor
with ε = 0.01 is slightly different. Oscillations have appeared that we interpret
as the result of multiple radiative bounces between the opaque materials. For
longer time, all models have the same history.

0 0.5 1 1.5 2
0

0.1

0.2

0.3

0.4

0.5

diffusion Er
diffusion  total energy
M1  eps=.001 Er
M1 eps=.001 total energy
M1 eps=.01 Er
M1 eps=.01 total energy

Fig. 5. Er = T 4
r and the total energy T + Er = T + T 4

r versus x at time t = 3,
computed with the variable Eddington factor model and ε = 10−3. For this test
problem the result is the same with the diffusion approximation.
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M1, second cell epsilon=.001
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M1, second cell  epsilon=.01

Fig. 6. Heating history in the opaque material : temperature T versus the time t for
different models at x = 1.8 or x = 1.84.

5.5 Coupling with hydrodynamics

5.5.1 Radiative Riemann problem

If now we set σa = 0 and σs = +∞ then we obtain the simplified hyperbolic
set of equations



∂
∂t

(ρ) + ∂
∂x

(ρv) = 0,

∂
∂t

(ρv) + ∂
∂x

(ρv2 + p+ pr) = 0, pr = Er

3
,

∂
∂t

(ρE + Er) + ∂
∂x

(ρEv + pv + prv) = 0, Er = T 4
r ,

∂
∂t
Sr + ∂

∂x
(uSr) = 0, Sr = T 3

r .

(44)

For this system we study a standard Riemann problem. The initial data are
ρ = 1, u = 0, p = 1, Tr = 1 for x < 0.5, and ρ = .125, u = 0, p = 0.1, Tr =
0.1 for x > 0.5. The solution consists in a rarefaction fan, a contact disconti-

nuity and a shock. Across the shock and the rarefaction fan T 3
r

ρ
is preserved.

A lot of hydrodynamic solvers can be used for the numerical resolution. We
have used a standard Lagrange+remap solver with an acoustic flux. We use
standard free boundary conditions weel adapted for pure hyperbolic problems.

The results, which are exactly the same for the diffusion approximation and
the variable Eddington factor model, are displayed in figure (7) for the density,

velocity and total pressure, and in (8) for T 3
r

ρ
= Sr

ρ
, see [36,1].
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Fig. 7. Density, velocity and total pressure versus the position x at t = 0.1 with
1000 cells : CFL=0.5.
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Fig. 8. Radiative entropy T 3
r
ρ = Sr

ρ versus x at t = 0.1 with 1000 cells : CFL=0.5. One
notices the exact preservation of this quantity across the shock and the rarefaction
fan

5.5.2 Radiation hydrodynamics

For this test problem we solve the full radiation hydrodynamics (20) (using
the splitting scheme (21) and (22)) and with the variable Eddington factor
given in (2). The initial data are

x < .4 and x > 1.6 : ρ = 0.1, u = 0, phydro = 0.002, Tr = T = ε/cv, Fr = 0,
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Fig. 9. T and Tr versus the position x for diffusion and the variable Eddington
factor, 100 cells, T = 0.005

.4 < x < .8 and

1.2 < x < 1.6

 ρ = 0.01 u = 0, phydro = 0.0002, Tr = T = ε/cv, Fr = 0,

.8 < x and x < 1.2 : ρ = 0.1, u = 0, phydro = 0.001, Tr = 1., , Fr = 0.

The opacities are

σ ≡ 0, τ = 0.2 in the left, central and right regions, and τ = 0.2×10−7 otherwise.

An energy deposit is made at each time step in the central region

ε⇐ ε+ 50000×∆t.

Since the central region is hotter, then a flow a radiative energy passes through
the transparent intermediate regions, and arrived at the borders of the opaque
extreme two regions. The time of obervation is such that the solution has not
reach the exterior boundaries.

A zoom around x = 0.4 is given in figure 9. One sees that diffusion is in
advance with respect to the variable Eddington factor. An interpretation is
that diffusion propagates instantaneously the radiation since the equation is
global. Therefore the radiation is over-predicted with the diffusion model. On
the other hand the variable Eddington factor is an hyperbolic model with
finite speed of propagation. The radiation takes some time to arrive in the
region, coming from the central region. Our results are stable.

We give a global view of the radiative quantities, Er, Fr and f = Fr

Er
in figure

10. The result is limited since |f | ≤ 1 everywhere. In figure (11) we plot the the
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Fig. 10. Er, Fr and f = Fr
Er

versus the position x : 100 cells, T = 0.005
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Fig. 11. Convergence study of the radiative energy plotted versus the position x :
100 and 400 cells.

radiative energy Er in the interval 0 < x < 1 for 100 and 400 cells, to illustrate
the stability and convergence of the diffusion approximation and the variable
Eddington factor method. Both schemes are equally stable. The diffusion gives
a flat profile due to the infinite propagation speed of this model.

In figure (12) we plot the velocity obtained with the diffusion approximation
and with the variable Eddington factor method. The physics of the problem
is the following : an energy deposit his made by the radiation at the interface
opaque/transparent x = 0.4. Therefore the pressure increases and pushes the
opaque material on the left (u < 0 for x < 0.4) and the transparent material
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Fig. 12. Material velocity u versus the position x at a given time

on the right (u > 0 for 0.4 < x < 0.4 + ε). Nevertheless there are some
differences. Essentially the velocity profile is flat and equal to 0 for 0.5 < x <
0.8 computed with the diffusion approximation. A possible interpretation is the
infinite speed of propagation of the diffusion approximation which enforces a
constant pressure (therefore no acceleration in this region). On the other hand
the propagation of speed is finite with the variable Eddington factor method :
it explains the smooth acceleration on the left of the material in the region
0.5 < x < 0.8. However the time scale is the time scale of radiation, which
is much smaller than the hydrodynamics time scale. So the impact of these
velocity fields is absolutely negligible on the density.

In the final test case, figure 13, we have zeroed the energy deposit. The velocity
is v = 0 and v = 200, everywhere at time t = 0. Therefore we expect the
solution with v = 200 to be equal to the solution with v = 0, but with a shift.
The results show it is indeed the case. For this particular test problem, we
found necessary to advect the opacity with an exact method. If not numerical
diffusion smear the opacity profiles at the interfaces opaque/transparent which
give bad results. Here the results are good.

6 Conclusion and perspectives

We think that the method proposed in this work gives good results in 1D. At
least the method is stable and accurate for diffusion limits, the code is robust,
and the numerical results are satisfactory for a large variety of test cases. One
could also think about coupling the scheme proposed in this work with higher
order schemes with a θ-method. The interest could be a less dissipative scheme
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Fig. 13. Shifted versus non shifted calculations. Er versus x

in free streaming regions.

The method does not depend on the particular Eddington factor used for
radiation, and therefore can be used in other areas, for neutrinos [32], electrons
and all models with the same structure where the diffusion limit is somehow
the isotropization of a more general system of partial differential equations [4].

Currently we work on the extension for multidimensional problems. The in-
terest of moment models for multidimensional problems could be a better
treatment of the anisotropy of radiation.
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