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Abstract

In this article, we show that for a particular linear Fokker-Planck op-
erator, the explicit Chang and Cooper scheme preserves the positivity
of the distribution and allows the distribution to converges toward the
thermodynamical equilibrium by preserving the decreasing of the entropy
under a classical CFL criteria.

Introduction

The Chang and Cooper scheme (cf. [1]) is a classical scheme (cf. [2], [3]
and [4]) used to solve a kinetic equation of the type

Of = S(f)

where S(f) is a Fokker-Planck operator. The main property of the Chang
and Cooper scheme is that, at least in the linear case, the numerical
fluxes are equal to zero when the distribution f is equal to the equilibrium
distribution: in other words, this scheme preserves the thermodynamical
equilibrium when it is reached.

Although, up to now, it exists no convergence properties in large time
toward this equilibrium. Then, we will show in that article that for a
particular linear Fokker-Planck operator, the explicit Chang and Cooper
scheme has good convergence properties.

The Fokker-Planck operator studed in that paper is defined by
— I T.
S(Hw) = Vo - | (v = Ue) f(v) + Vo f (1)

N
for the convection-diffusion form; U., T. > 0 (which respectively are the
velocity and the temperature of the medium), m > 0 and > 0 (which
respectively are the atomic mass of the particle and the collision frequency



of the particle on the medium) are constants. Let us note that this oper-
ator is the linear version of the non linear ion-electron collision operator
studied in [5] in which €, U, and T, depends upon the time. By defining
the equilibrium distribution

)

_,
N m(v — U.)?
Mygzr, (v) = (2rT./m)32 P [_ 2T

we can also define S(f) with the two equivalent forms that is to say with

S(f) — Q%VU . [fVU IOg(f/MN,[T;:Te )]

which is called the Landau form, and with

Te
S() =9V My o 1 Vol My 1)) (2)
which is called the non logarithmic Landau form. The explicit Chang and
Cooper scheme (cf. [1]) is built in order to make the discretised fluxes
(v — [Z:)f(v) + L=V, f equal to zero when f = M 7 . which implies
that this scheme preserves the thermodynamical eqﬁiﬁbreium when it is
reached.

In this article, we will show that by using the explicit Chang and
Cooper numerical scheme to discretize the Fokker-Planck operator (1),
the distribution f converges toward the thermodynamical equilibrium
./\/IN,a:TF in large time under a classical CFL criteria. For a seak of
simplicity, we define the Fokker-Planck operator S(f) in cartesian geome-
try, the microscopic velocity having only one dimension. Then, we replace
now (27rTe/m)3/2 with /27T, /m and V, with 0.

The velocity space is discretized with the series (v;) where j € {1, ..., jmax };
the velocity step is constant and equal to Av and finally, we define

<g>= Zg(vj)Av.
J

The time subscript is n and the time step is defined with At.

1 The explicit Chang and Cooper scheme

The explicit Chang and Cooper scheme is defined by

1 n+1 ny ny
A )=S0 (3)
with
S(f"); =
% [(Uj+1/2 - Ue)f:n+l/2 - (Uj—l/z - Ue)f:n—l/Q] (4)
QT.

oz (@ i = 0 5+ e fi)

where a; = ¢; = 1 et b; = 2 except at the frontier of the velocity domain

(see below). f';, is an approximation of f(t = tn,v = vj41/2) defined
with the following definition (cf. [1]):



Definition The Chang and Cooper average ]?j+1/2 of the quantities f;
and fjy1 is defined by

Fivrje = 0i51y2fi + (1= 8j1172) fimn

with . i
05 = —
2T e exp(wyaye) — 1
where A
mAv
Wjt1/2 = T (Uj+1/2 - Ue)‘

Boundary conditions and the mass conservation To make the scheme
conservative, we have to impose boundary conditions of the type Robin
that is to say we impose on the boundary velocity domain

T
(v=Ue)f+ —0f=0
m
which is equivalent to define for the numerical scheme

a; = 1 Sij#jma)ﬁ

bj =25l j € {2,..., jmax — 1}, (5)
cj=1sij#1,

br = b = 1 and @ = €1 =0

and _ _
J1/2 = fimaxt1/2 =0 (6)
We have the following conservation property:

Property 1.1
<Mt s=< >

Let us now introduce the following notations:

Notation We define
Mo jp1Myo;

M\fo j+1/2 =
Mo 172

where vaO’jJrl/z is the entropic average of Myo ;11 and of Mo ; that is
to say

Mo ji1 — Mo
log Mo ;11 —log Mo ;-

Mo jtis2 =

The entropic average was firstly introduce to discretize the ion-electron
collision operator (see [5]) and the isotropic ion-ion collision operator (see
[6]; see also the first part of [7] for more details). Now, we establish the
following property and lemma:

Property 1.2 When fjﬂl/z is the Chang and Cooper average of fj' and

of fi%1, we can define J?Jn+1/2 in the following way

g fj"n-ﬁ»l - f]n
' — 7
T2 log Mo ;1 —log Mo r, ; @)
+< fit o fin ) Mo j 1Mo
Myo;  Myo i) Myo i — Mo



Lemma 1.1 When E”+1/2 is the Chang and Cooper average of fj' and of
fi41, the operator S(f™); defined with (4) can be written with

S(f); =
e { Mo g o[ M) = (" Mio)5] ®)

= Myo g1l M)y = (£ Myo)s1]}

where the boundary conditions (5) and (6) are replaced with the boundary
conditions
Mo ; 1

and " = f2imaxt1 9

f]max+1 f]lnax Mfo,jmax ( )
In other words, the Chang and Cooper average makes equivalent from
a discretized point of view the convection-diffusion form (1) and the non
logarithmic Landau form (2). More over, let us remark that the boundary
conditions (9) are equivalent from a discretized point of view to the Robin
type boundary conditions

Ou(f/ M) =0.
Proof of the property 1.2 We easily verify that

mAv
Wit1/2 = T(Uj+1/2 —U.) = —[(log Mj0)41 — (log Myo),] . (10)

Then
Oj41/2 = — ! b Mo
! log Mo ;11 —log Mo ; ° Mo jiq — Mjo
Then
. [ = £ = I
fiviye = : ’ +Myor, i1 — +fit

log Mo j 11 —log Mo Mo i1 = Mpo;

which shows that

fivi— I ( fi _ fit ) Mo jr1Myo
log Mo ;11 —log Myo ;" \Mypo; Mo jps ) Myo i — Mpo

f;l+1/2 =
g

Proof of the lemma 1.1 By using (7), we obtain that when j ¢ {1, jmax

n Q 4 fi Mo i1 Myo
S(f"); = Aw ( I ) L ’]H_ L0 (00— Ue)
v \Mypo; Mo ) Mypo i — Myo
Q (fit I Mo i Myo i
-2 -, (35272 Vo)
A'U Mfo,j—l MfO,]' Mfo,]' - Mfo,j—l
Q [ = fF fi =1
~ j =U.) — i—172 — Ue
+Av [10g./\/lfo7j+1 —log Mo ; (UJH/Q ) log Mo ; —log Mo ;4 (UJ 1/2 )
QTB n n n
JFW (fj+1 —2f; +fj—1) .

But, by taking into account (10), we can write that

Mo j 1Mo ;
Mo ji1 — Myo

T —
(Uj+1/2 - Ue) = _7mAeUMf°,j+1/2



and that
(vit1/2 = Ue) T.

log Mo j 1 —logMypo;  mAv’

Then, we have

S(fn)g _ QTe |:( fg"ﬂﬁ»l fgn

- Mo ;
mAv? [\ Mo ;14 Mfo,]-) Rt/

I fi =
(Mfo,j Myo i Moz

QT@ n n n
AL (fir =217 + fi-1)
QTE n n n
oz (i =26 + fih)
that is to say
QT,

SU™ =~ { Mo s al(f"/Mg0)sa1 = (7 Myo);]
— Myo s jal(f" [ Myo)s = (" Myo)s1]
If j € {1, jmax}, we easily verify that the equality (8) remains true when

,/\/lfo 0 Mfo .

n n , n n »Jmax+1
= - —=2=  and i = . .
fO fl Mfo,l f]max+1 Jmax ./\/lfo

sJmax

2 Positivity of the scheme

Let us introduce some new notations:

Notation Let us define

At = AL - Z;max where  Af) = 45;6 : ﬁ;’j :
s (),
hmin = min; (Afl—zo)j ,
Myo = N° m(v — Ue)2]7

exp[—
Tt P
M° = max (7Mf0’ji1)
J 10,5

and

H" =< [f"log (f”/./\/lfo)}j >
We have the following proposition:
Proposition 2.1 For all strictly positive initial condition, when ﬁﬂ+1/2

is the Chang and Cooper average of fj' and of fl'\1, the explicit scheme
defined with (8) and with (4) verifies the inequality

1 1
h&in S hn+ S hg:x S h&ax

min



when
At < 2AL9.

More over, the time step At™ wverifies
A" < AT < ALY
Let us note that this proposition implies that

inf f;* >0
J,n

and allows to establish that the time step will never be equal to zero.
Then, the numerical scheme preserves the positivity of the distribution
under a CFL criteria, it exists hoy, and hin., such that the series (hiy)

and (hjh.x) admits the respective limits hoy, and hon, when n goes to

+o00. But, we do not have still proove that hoy, = hmax, equality which
would imply that it would exist a constant C' > 0 such that

Jim (ff') = C- (Myo ;).
Proof of the proposition 2.1 By defining h} = f;'/M ;o ; and by using
the lemma 1.1, we can say that
AtQT.
mAv?

Then, it is obvious that

S = g SO (Mo e (W = 15) + Myoago (11 = 1)

pn AtQT, Mo ji1y2 + Mo ;170
J mAv? Mo ;

and that

(hjl - hg)in) S h?+1

AtQT, ) Mo 1170+ Mo ;10
mAv? MfO,j

W< n (M — 1)

Let us suppose that At is such that
mAv? Mo ;

Vi, At < _ J_ .
QTc Mo jiajn+Mpo ;12

Then, we obtain that
- gn n+1 n
VJ . h/min S h’g S h’max‘

More over, we have

Mo jyij2 + Mo 12 log (Mfo,j/MfO,jH)JrlOg (Mo /Mo ;1)

Mo ; Mo i/ Myo o1 =1~ Myo j/Myo ;=17
Then
Myo,ji1y2+ Myoio1yo < L " 1
Mo ; ~ min(1, Myo ;/Myo ;1) min(l, Mo ;/M;jo ;1)
since Yz > 0 : min(1,z) < (z — 1)/logz. But
1 i 1 2

: < -
mln(l,./\/lfoyj/./\/ifo’j,l) mlnk(MfO’kil/MfO’k)
kaaX(Mfoykil/MfOJC)

min(l, Mfo,j/MfO,j+l)

= 2M°.



Finally, we can then write that

V.] 10 S __ Mf()’]'
2M Mo

gtz T Myoi1/m
which allows to state that

At <2A — b, < BEED < BREL < Bl

— "’min
More over, it is obvious that

B < hIEL < RIEL < Bl = A" < AT

min

]

3 Convergence toward the thermodynam-
ical equilibrium

The following proposition shows that the distribution f™ converges toward
the thermodynamical equilibrium:

Proposition 3.1 For all strictly positive initial condition, when j:ﬂlﬂ
is the Chang and Cooper average of fj' and of %1 and when

At < At",

the explicit scheme defined with (3) and with (4) verifies the entropic in-
equality

Hn+1 S Hn
and o
; o N _
LA () = <My, > (Myo;)

Then, we have
lim A" = Af.
t" —+o00
Proof of the proposition 3.1 Since At < At?, we have f;LH > 0 by
using the proposition 2.1: then, we can evaluate H"*. And, by using the
inequality
Ve >0:log(z+1) <,

we easily obtain that

n n\2
H™ < H" + At) {S(f”)j log (Afl ) + Ats(j:n)j] Av.  (12)
7 07 j

More over, by applying the Schwarz’s inequality, we obtain that

n QTS o 'on
SUM; < x5 (Mfo,j+1/2 +Mf0,j—1/2) '
QT A n n A n n
A2 [Mfo,jﬂ/z (er = 15)" 4 Mo j1jo (W1 — b )2}

where we have define h} = f}'/ Mo ;. And, by using (11), we obtain

S(f™)? Q7. 2M° 2QT. —~ " 2
Z IR s < mAv: Rt mAw? Z'/\AJ‘OJJH/2 (thrl - hj) :
7 min j

J



And since

-y
> > —— <
Ve >0,YVy>0: log(m/y) max(z,y),
we have
S(fM2  QT. 2M° 20T. " N
3 e < e T s S M (s 1) g
i min
More over, we have
ZS j - log(f"/Myo); =
Lt 5 Mgy M) = (1 Mg 108(S" M)
- sz ZMM 12l (" [ Myo)s = (£ Mi0);-1]log(f" /M o),
that is to say
ZS ;- log(f"/Mjo); = (13)

mAUQ ZMfO j+1/2 (h]Jrl h; ) (IOg h]-‘rl IOg h?) <0

by using the convex1ty property of x +— logx. Then, we can write that

S(fn)? 4QT6 hmax 0 n f’ﬂ
< - : : .
2T S A h MZS(f b (3 )

J

Finally, we obtain

lOg h ) hmax

Hn+1 < Hn+At (1 - AT, Mohrr;ax/hmm> Z S(fn)J log < f ) Av.
J J

“mAv? Mo

Then, when At < At", by using the inequality (13), we obtain the in-
equality

H"+1§H”+At<1——> ZS log< I ) Av < H™. (14)
J

MfO

()0

Conclusion

In that paper, we have shown that for a particular Fokker-Planck linear
operator, the explicit Chang and Cooper scheme has very good prop-
erties: under a classical CFL criteria, it preserves the positivity of the
distribution, the entropy decreases and the distribution converges toward
the thermodynamical equilibrium.

This theoretical results are similar to those obtained with this linear
Fokker-Planck operator by replacing the Chang and Cooper average with
the entropic average introduced in [5]. But, we have to focus on the fact
that all these results are obtained in the linear case.



Although, by using the entropic average, it is possible to obtain sim-
ilar theoretical results in the non linear case (cf. [5]) which is not at all
the case when we use the Chang and Cooper average (cf. [7], first part).
This is underlined by the fact that when it is simulated ion-electron colli-
sions under very hard conditions (as those met in the field of the Inertial
Confinement Fusion: see the last chapter of the second part of [7]) with
the non linear version of the linear Fokker-Planck operator discretized in
that paper, it is possible to go to the end of the simulation without any
computer error only by using the entropic average. Then, it seems that it
will be very difficult to obtain good theoretical results in the non linear
case for the Chang and Cooper average.
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